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HUGNG DAN SU DUNG SACH

Moi bai hoc trong sach Tean 11 thudng co cac phan nhu sau:

Hay bao quan, giir gin sach giao khoa dé danh ting cac em hoc sinh 1op sau!



Loi noi dau

Ciac ban hoc sinh, quy thiy, ¢6 gido thin mén!
Sach Tedan 11 thuge b sach gido khoa Chan troi sang tao duge bién soan theo Chuong trinh
gido dyc pho thong nam 2018 cua By Gido duc va Dao tao.
Ciu tric sach Todn 11 duge chia thanh hai tap.
Tap mft bao gém ba phan:
Dai s6 va Mot sb yéu tb Gidi tich gom ba chuong: Ham s6 lwong gide va phiong trinh
lieong gidie; Day so. Cdp s6 eong. Cdp s6 nhdn; Gidi han. Ham s6 lién tuc.
Hinh hoc va Po ludmng gdm mot chwong: Pudng thing va mdt phang. Quan hé song song
trong khong gian.
Thiing ké va Xde suft gom mdt chuong: Ceie 56 diic trung do xu thé trung tdm cho mdu so ligu
ghép nhom.
Piu mdi chuong déu ¢d néu rd cae kién thirc co ban s& hoe va cic yéu cdu cin dat cua
chuong. Céc bai hoe déu xdy dyng theo tinh thin dinh hwéng phat trién ning lye va thudng
duge thong nhat theo cac bude: khai dong, kham phd, thue héanh, vin dung. Sich s& tao nén
mot moi frwdmg hoe tdp va giang day twong tac tich cye nhim dam bao tinh dé day, dé hoc
dong thai ho trg cac phwong phap giang day hidu qua.
No1 dung sach thé hién tinh tich hop, gfm b6 mén Toan v cic mon hoc khac, Nhimg hoat
dong trai nghi¢m duge ting cuong gitp ngudi hoe co thém co hdi van dung Toan hoc vio
(hwre tién, dng thoi img dung cong nghé thong tin vio viée hoe Todn,
Ching t6i tin twong ring vai cach bién soan nay, sach gido khoa Todn 17 s& hd trg quy thay,
¢6 gidgo mot cich tich cyre va higu qua trong qua trinh day hoc, t‘lf‘mg thon giap cac ban hoc
sinh hirng tha hon khi hoe tap bé mon Todn.
Rét mong nhiin duge sy gop ¥ cta quy thiy, ¢ gido va cac ban hoc sinh dé sach duge ngay
cang hoan thi¢n hon.
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Prnan PA SO VA MOT SO YEU TO
GIAITiCH

HAM SO LUONG

Chuong | wﬁx@ﬂé@

Lugng gidc ddng vai trd quan trong trong cudc séng va khoa hoc. Khéi nguén tir nhu cau tinh toan trong hinh hoc va
thién van, dén nay Iugng gidc <6 vd 56 (ing dung trong kién tric xay dung, vat li, ki thudt va cong nghé.

Trong chuong nay, ta sé xay dung khai niém géc luong gidc vdi sd do bat ki va gia tri luong giac cha ching, @éng thai
tim hiéu cac cdng thiic Iuong gidc, ham s6 luong gidc, phuang trinh lugng gidc va mdt s6 (ng dung cia lugng gidc
trong thuic té,

Y

@' Hoc xong chuang nay, ban €6 thé:

- Biéu dién dugc cac goc lugng giac trén dudng tron lugng giac va tinh dugc cac gia tri
lugng giac cua chung.

- Surdung dugc cac hé thic co ban gilia cac gia tri lugng giac, céng thic cdng, cdng thiic
gbc nhan dbi, céng thiic bién ddi tich thanh téng va céng thic bién déi téng thanh
tich dé giai cac bai toan lugng giac.

- Gial quyét dugc mét sé van dé thuc tién gan vdi gia tri luong giac cla géc luong gidc
va cac phép bién ddi lugng giac.

- Nhan biét dugc ham sé chan, ham sé &, ham s tuan hoan va cac dac trung hinh hoc clia
dé thi cda chang.

- Vé duagc d6 thi cla cac ham s y = sinx, y = cosx, y = tanx, y = cotx va giai thich dugc cac
tinh chat co ban clda ching.

- Giai quyét dugc mot sé van dé thuc tién gan vdi ham sé lugng giac.

L



Bai 1. GAc luong giac

Tir khoa: Goc lugng gidc; S6 do goc lugng giac; Radian; Hé thic Chasles.

@ Méi hinh dudi day thé hién chuyén dong quay cila mét diém trén banh 14i tau tir vi tri A
dén vi tri B. Cac chuyén déng nay cé diém nao giéng nhau, diém nao khac nhau?

B B B
A A A
a) b) c)

1. Géc lwong gide
Khai niém géc luong giac

B  Mat chiée banh lai tau c6 thé quay theo ca hai chiéu. Trong
#“1  Hinh 1 va Hinh 2, lic ddu thanh OM & vi tri OA.

a) Khi quay banh 1ai nguge chiéu kim dong ho (Hinh 1), eir
moi gidy, banh lai quay mot gée 60°. Bang dudi day cho ta
gde quay o cta thanh OM sau ¢ gidy ké tir ltic bat dau quay.
Thay déu ? bing s6 do thich hop.

Thon gian ¢
(gidy)

Gocquayo | 60" [ 120" | ? ? ? y,

w P00 £) o9 B Hinh 1

b) Néu banh ldi duge quay theo chicu nguge lai, nghia la
quay cung chiéu kim dong hé (Hinh 2) véi ciing toe dé nhur
trén, nguoi ta ghi —60" dé chi goc mé thanh OM quay duge
sau moi gidy. Bang dudi diy cho ta géc quay o cia thanh
OM sau 1 gidy ké tir lic bit diu quay. Thay déu ? bing s6 do
thich hop.

Thoi gian ¢
(giay) Hinh 2

Goc quay oo | —60" |=120°] ? ? ? ?




Khi xét chl{yén dong quay cﬁa1m-:jtr tia Om quanh géc () cua né\ tinh tir 4—._:\

vi tri ban dau Oa theo mot chiéu ¢6 dinh, ngudi ta quy udce chiéu quay i
nguge chiéu kim dong ho 1a chiéu duong va chiéu quay ciing chiéu kim \_'
ddng ho la chiéu am.

Mot vong quay theo chiéu duong tuong (mg vai goe quay 360°, mét vong

quay theo chiéu 4m tuong g voi goc quay —360°,
Khi tia Om quay:

3 . 1
e nira vong theo chiéu duong thi ta noi Om quay goc 2" 3607 = 1807

| 2 : y .
e — vong theo chiéu duong thi ta ndi Om quay goc 3 L3607 = 607,

L

e = vong theo chiéu 4m thi ta noi Om quay goc % (=3607) =—450°,
* Cho hai tia Oa, Ob.
o Néu mot tia Om quay quanh goc O ctia nd theo mét chiéu ¢d dinh bit ddu tir vi tri tia Oa

va dimg & vi tri tia Ob thi ta noi tia Om quét mot gde legng gide 6 tia didu Oa, tia cudi Ob,
ki hi¢u (Oa, Ob).

e Khi tia Om quay m0t goc a, ta noi s6 do cia goc lugng gidce (Oa, Ob) bing o, ki hiéu
sd(Qa, Ob) = «.

s

i

Hinh 4

Chd y: Vi hai tia Oa va Ob cho trude, ¢6 vo s6 goe lugng gide tia dau Oa va tia cudi Ob,
Ta dung chung ki hi¢u (Oa, Ob) cho tit ¢a cac goc lugng gide ny,
Vi du 1. Xéc dinh s6 do cia céc goc lugng gidc (Oa, Ob) trong Hinh 5.

b b b
b
0 17 o a el
(8] i
c) d)

al b)

Hinh 5



Giai
Sé do cua goc luong giac (Oa, Ob) trong Hinh 5a la 90°.
Sé do clia goe lugng gide (Oa, Ob) trong Hinh 5b 14 90° + 360° = 450°,
So do cua goc lugng giac (Oa, Ob) trong Hinh 5S¢ la 90" + 2. 360" = 810",

Sé do cua goe lugng giac (Qa, Ob) trong Hinh 5d Ia — (=360 = 270",

Nhan xét: S6 do cia cac goc luong gide co cing tia ﬂau Oa va tia cudi Ob sai khac nhau
mét boi nguyén cua 360°nén ¢6 cong thirc tong quat la:

sd(Oa, Ob) = 0 + k 360° (k & Z), thuomg viét 1a (Oa, Ob) = a” + k 360°
voi o 1a sd do ctia mét goc lugng giac bt ki ¢6 tia dau Oa va tia cudi Ob, Chﬁng han,
trong Hinh 5a, (Oa, Ob) = 90° + k 360° (k € Z).

Cho MON =60°. Xic dinh s6 do cua céc goe luong gide duge biéu dién trong Hinh 6
va viét cong thire tong quat ciia s6 do goc lwgng giac (OM, ON).

.'.'lull ‘ﬁ,‘r Ji'l,'r
() M
o M
() M
a) b) c)
Hinh &

fﬁ.\\ Trong céc khoang thoi gian tr 0 gidr dén 2 gidr 15 phat, kim phat quét mot goe lugng gide
2414 bao nhiéu d6?

Hé thic Chasles (Sa-lo)

'® Cho Hinh 7.

a) Xac dinh s6 do cac goc lugng gide (Oa, Ob), (0b, Oc)
vil (Oa, Oc).

b) Nhiln xét vé méi lién hé giira ba s6 do goc nay.

i

Hinh 7
Ta thira nhin hé thirc sau vé s6 do cua goc lugng gide, goi la hé thike Chasles:

Vi ba tia Oa, Ob va Oc bit ki, ta ¢o
(Oa, Ob) + (0b, Oc) = (Oa, Oc) + k 360° (k € 7).

W Tmn;3 Hinh 8, chiéc quat c¢6 ba canh dunrc phin b
déu nhau. Viét cong thirc tong quét sd do cia goc
lwong giac (Ox, ON) va (Ox, OP).

Hinh &




2. Pon vi radian

@ V& duong tron tim O ban kinh R bét ki. Dung mot doan

diy mém do ban kinh va danh dau dugc mot cung AB

6 do dai ding bing R (Hinh 9). Po va cho biét AOB

c6 s6 do héng bao nhicu do.

Hinh 9

* Trén duomg tron ban kinh R tuy ¥, goc ¢ tim chin mét cung co dd dai ding bing R dugrc
goi 1a mot goc o s6 do 1 radian (doc 1a 1 ra-di-an, viét tit 1a 1 rad).

Trén dudmg tron ban kinh R, mét goe & tim co s6 do o rad B aR
thi chin mot cung ¢6 do dai «k (Hinh 10).
Vi goc bet (180°) chin nira dudng tron vai do dai 1a R, ") y
nén goc bet ¢o s6 do theo don vi radian 1a . Khi d6 ta viét '
180" = m rad.
Hinh 10

Suyra,voim=3,14taco "= %md =0,0175radva l rad= (%J = 57.3" (hay 57°17'45").

Do dé ta ¢6 cong thire chuyén doi s6 do goc tir don vi radian sang d6 va ngugc lan nhu sau:

. *
= =
@ -

*q° —%md 'urad=(m:a)

Vil du 2. Dbi cac s6 do goe sau diy tir radian sang do hodce nguoe lai:

a) —60°; b) % rad; ¢) 3 rad.
' Gidi
2)~60°= -2 ad=-T rad: by 27 rad=[2—“.@) _ 720
180 3 5 5 n
¢) 3 rad = (3.@j =[ﬂ] ~171.89"
T b

Hoan thanh bang chuyén doi don vi do cia cac goc sau day:

S6 do theo d§ | 0° ? 45" | 60° ? 120° 7 1507 | 180°

So dotheorad | 7 %rad ? 9 [Zradl 2 |2 rad| ? |nrad




Chay:
a) Khi ghi s6 do cua mét goe theo don vi radian, ngudi ta thuomg bo di chir rad sau sé do.

Vi du, g rad dugc viét 1a g 2 rad duge viét 14 2,

b) Vi don vi radian, cong thire s6 do tong qudt cua goc lwong gide (Oa, Ob) 1a

(Oa, Ob)y=o+2n (k e 7).
trong do6 o 12 s6 do theo radian cua mot goc lwong gide bit ki ¢o tia diu Oa va tia cudi Ob.
Luu y khéng duge viét a + k360° hay o + k2 (vi khong cting don vi do).

3. Pwong tron lwgng giac
f@ Trong mit phing toa d6 Oxy, v& duémg tron tim O bén kinh biang 1 va diém A(1: 0).
a) Cho diém B(0; 1). S6 do goc lugng gide (OA, OB) bang bao nhiéu radian?
b) Xac dinh cac diém A’ va B' trén dudng tron sao cho cde goe lugng gidc (04, OA"),

- L y , It
(OA, OB8") co so do lian lugt L v —E.

0 "
* Trong mit phing toa do Oxy, cho dudmg tron im O
ban kinh bang 1. Trén dudmg tron nay, chon diém A(1; 0)
lam gdc, chiéu dwong la chiéu nguge chiéu kim dong ho f{ 1:0) >
vii chiéu dm I chiu cing chiéu kim déng ho. Pudng tron ’j /
cling vai goe va chidu nhu trén duge goi 1a duwdng tron B
lwgng gidc. Hinh 11

‘\+

Yy

v [

=

Cho sd do goc o bit ki. Trén dudng tron lugng gidc, ta xdc dinh
duge duy nhit mot diém M sao cho s6 do goc lugng gide
(0A, OM) bang o (Hinh 12). Khi dé diém M duge goi la
diém biéu dién cia goc c6 56 do o trén dudmg tron lugng gide.

AN
E

Hinh 12

Vi du 3. Biéu dién trén duomg tron lugng gidc cie goe lugng gide ¢ so do la:

a) 865", b) —_;'Il:




Gidi
a) Ta c6 865° = 145° + 2. 360°. Viy diém biéu dién goc lugng gidc cd s6 do 865° 1a diém M
trén phan dudng tron luong gidc thude goc phin tu thir 11 sao cho AOM = 145° (Hinh 13a).

- - 2. . c . =1 .2
b) Ta ¢o % = ?ﬁ +1(=1).2n. Viy diém biéu dién goc luong gide ¢o s6 GUTH la diém N

trén phén dudmg tron lugng gidce thude goe phéin tw thir 1V sao cho AON = % (Hinh 13b).

oy
11 ¥ 1 I ¥ Y I

)
M
145"
™, A - A -
!‘/ .r Q
m v I N IV
)

a b)
Hinh 13
% Biéu dién trén dudmg tron luong gide cae goe lugng gide co s6 do 1a:
' 197
a)—1485% b) T

BAI'TAP

1. D6i 56 do cua cae goc sau day sang radian:

a) 38" b) =115 c}(i] .
n
2. D6 s6 do cia cdc goc sau ddy sang do:
s 131
a) —; b) -5, c) —.
) 12 } ) 9
3. Biéu dién cdc goc lugng gide sau trén dudng tron lugng gide:
—17n 13n :
a) ; b) —; c)=765".
3 4

- o 3 P n v A v A . & % 5
4. Goc lugng gide % ¢ cung diém bi¢u dién trén dudng tron

Ihrgng gide vai goe lugng gide nao sau day?
In 10m =257
77T
5. Viét cong thure s6 do ttfmg quat cua cac goc lugng giiac (04, OM)
va (04, ON) trong Hinh 14,
6. Trong Hinh 15, mam bénh xe 6 t6 dugc chia thanh nim phin
bang nhau. Viét cong thirc sé do téng quét cua goc lrong gidc
(Ox, ON).

-



7. Trén dudng tron luong gide, hiy biéu dién cdc goc lwong gide ¢o
s0 do co dang la:

n ) E
a}5+kﬁ{kEE}, b}k4{kEE},

8. Vi tri cac diém B, C, D trén cinh quat dong co mdy bay trong
Hinh 16 ¢6 thé duge biéu dién cho cac goe lugng gide nao sau diy?

ok (ke 2);
2 3

-1
6

Hinh 16

n% (k e Z); g”‘% k e 7).

9. Hai i 1a mot don vi chiéu dai hang hai, duge tinh bing d6 dai mét

e i
hl hai 1

cung chin mot goc o = [%] cia dudmg kinh tuyén (Hinh 17).

Pbi 86 do a sang radian va cho biét 1 hai Ii bing khodng bao nhiéu
kilomét, biét ban kinh trung binh cta Trai Dat la 6371 km.
Lam tron két qua dén hang phén tram.

Hinh 17

Bai 2. Gia tri luong giac
cua mot goc luong giac

Tir khoa: Gia tri lwong gidc; Goc ddi nhau; Goc han kém nhau 7t; Géc bis nhau; Géc phu nhau,

<'> Hinh bén biéu dién xich du /A ¢6 @6 dai 2 m dao déng
quanh truc 10 vubng géc véi truc Ox trén mat dat
va A'la hinh chiéu clia A 1én Ox. Toa @6 5 ctia A' trén
truc Ox dugc goi la li @6 cha A va (10, 1A) = o dudc
goi la li 46 goc chia A. Lam cach nao dé tinh li d6
dua vao li do gdc?

1. Gié tri lwong giac cua géc luong gide

.,.@ Trong Hinh 1, M va N 1a diém biéu dién cua cac goc

=1

- . ] . .
lugng giac By va trén dudng tron lugng giac.

Xac dinh toa dd cua M va N trong hé truc toa dd Oxy.

Hinh 1




c;:,Trén dudmg tron lugng gide, goi M la diém biéu dién

goc lugng giac co so do a. Khi do:

* Tung dé y,, cua M goi 1a sin cia a, ki hiéu sino.

» Hodnh d¢ x,, cua M goi la cdsin cia o, ki hiéu cosa.
: Vy _sina

* Néu x,, # 0 thi ti s6 ==
X, cosa

2ol la tang cua a,

=Y

ki hi¢u tan .

« Néuy,, # 0 thi ti sb 2 - ':F’w'

¥y sina
ki higu cot oL, Hinh 2

2ot la cotang cua o,

Cac gid tri sina, cosa, tana va cota duge goi la cde
gia tri lepng gidac cria goc lwong gide .

Cha y:

a) Ta goi tryc hoinh 1 frye edsin, con truc tung la truc sin.

Truc As ¢6 gbe o diém A(1; 0) va song song voi truc sin (Hinh 3a) goi la truc tang.
Néu duomg thing OM ciit truc tang thi tung dé cia giao diém do chinh 13 tana.

Tryc Bi co gﬁc o diém B(0; 1) va song song vai true cosin (Hinh 3b) goi 14 frue edtang.
Néu dudmg thang OM cét truc cotang thi hoanh do cua giao diém d6 chinh 14 cota,

J' I3 AS VoA

L )

a) b)
Hinh 3

b) sina va cosa xac dinh vor mo1 a € I
tan o chi xdc dinh van cac goc o # % +hkn (ke Z);
cota chi xac dinh vion cac goc a # kn (k € Z).

¢) Vi moi goe lugng gide o va so nguyén £, ta co

sin(o + A21) = sina; tan (o + km) = tan o
cos (o + A2m) = cos o cot(a + k) = cota.

e



d) Ta da biét bang gia tri lugng gidc cua mot sé géc a dic biét voi 0 < a E%
(hay 0° < @ < 90°) nhu sau:

a T T T bl
L N i R Y

Ciidl
wme i (0°) | (307 | (45°) | (60°) | (907)

sin o 0 l ﬂ E 1
2 2 2
cos o | E E l 0
2 2 2
tan 0 2 I NG |
¥ \’E I

cot o [ 3 | E 0

Sir dung bang trén va Hinh 4, ta c6 thé xde dinh duge gid trj lugng gide cia mét s6 goc
dic biét khac.

Vidu 1. Tinh cac gid trj lugng giac cua cac goe:

a) E; b) —45°,
3
Giai
3t m . 3o A3 B w1
dWIT_E + 4m nén: sin 3 -m|13- 5 Cos 3 —Li.'lbﬁ—z.
m’nwn mqliiﬂ
tElD]3n= 3 =~./5; cu113n= 3 =VG.
13n 3 13 3
CGET 5in ——

b) Vi diém biéu dién cua goc —45° va goc 45° trén duomg tron lugng gide doi ximg nhau
qua tryc hoanh (Hinh 4), nén ching co cung hoanh d va tung do dbi nhau. Do d6 ta co:

V2 V2

sin (—45") =—sin 45" = _T; cos (—45") = cos 45" = ?;
tan (—45°) = sm(45) _ . cot (~45°%) = M e
cos(—45") sin(—45")

% Tinh sin (_23_1:] va tan 495°,




2. Tinh gid tri lwo'ng gidc ciia mét géc bang mdy tinh cdm tay
Ta ¢ thé tinh gid tri lugng gide ctia mot goc lugng gide bit ki bing may tinh cim tay. Luu y
trude khi tinh, can chon don vi do géc nhur sau:

— Lan lugt in cac phim [HFT), MENU) va (2] dé man hinh hién |1 :Degree

Ién bang lua chon don vi do goc. 2:Radian
3:Gradian

— Tiép tyc 4n phim dé chon don vi do (Degree) hoiic
phim (2] dé chon don vi radian.

~ An céc phim @ (1] dé vao ché do tinh toan,
Vi du 2. Str dung may tinh cam tay dé tinh sin (-45°) va cnr%i

Griai

Chon don vi do gbc 1a dé. An lién ticp cac phim Y 2_5)
©@E0]E yz
2

ta duge sin (—45°) = —
m &
Pé tinh col % ta tinh - nhur sau: Tl 7
g lamT tan[T] _3(33

Chon dom vy do goc i radian. An lién liép ciac phim

() (8] (tan) (1) (3 1) (0 () (B ) & I B
3

(R
ta duge cot—=——.
3 3

. : -19
@Z Sir dung may tinh cam tay d¢ tinh cos 75" va tan[ . F J

3. Hé thirc co ban giilra cdc gia tri lwgng giac cua mét géc lweng giac

- . Py . 3 . " ; ¥ 4

’® a) Trong Hinh 5, M la diém bicu dién cua goc luong

giac o trén duong tron lugng giac. Giai thich vi sao Kpp--- )M

= 7 ¥

sin‘at+ cos'a = 1. I

b) Chia ca hai vé cta biéu thic ¢ ciu a) cho cos’o ta ot

dugce dang thire nao?

¢) Chia ca hai vé cla biéu thirc & ciu a) cho sin‘a ta

duge ding thie nao?

Hinh 5

UL



Ta co cac h¢ thirc sau lién hé¢ gitra cac gia tri luong giac caa cung mot goc luong giac o

) . m
* sin“a + cos’a = | * tanc.cota = 1 v a#k? ke Z

voia#zkn ke Z

| +tan‘a =

[ 9 n
— voiaz —+kn keZ *1+cota=—
cos o 2 sin° o

Vidu 3. Cho cos a = % v —g < @ < (. Tinh cdc gia tr lugng gide con lai cia goc .
Giai

_J'_J -

Ta co sin‘a = | —cos’ae = —

16 1l I
Do do :~*.ir|r1=—£ hodc sino = ﬁ Rl
4 4 414
% N O[N] »
Vi -3 < a < 0 nén diém biéu dién cua goc a trén N\ [__ N IM

duong tron luong gide thude goc phin tu thi 1V 1 v
(Hinh 6). do d6 sinw < 0.
Hinh 6
. : 7
Suy ra sino e
Do dé tana = S =—£ v cota = : =—31ﬁ.
COs 1 3 tan o 7

% Cho tana = % VoI T < < ?ﬂ Iinh cos« va sina.
4. Gia tri lwong gidc clua céc géc lwong gidc cé lién quan dac biét

'® Cho o = 1;— Biéu dién cac goc lugng gidc —o, a + 7w, T — @, -;E — @ trén dudng tron
lugng gidc va rat ra moi lién hé gitra gia tri lwong gide clia cic goc nay vai gia tri
luong giac cua goc a.
Hai géc déi nhau: a va -a
Céc diém biéu dién cua hai goc o va —o di ximg qua truc Ox

(Hinh 7), nén ta co:

0O

sin(—ct) = —sina
Cos (—) = cosa

tan(—o) =—tana
cot(—ot) = —cota

Hinh 7




Haigochonkémnhaumavaa+n

Céc diém biéu dién cua hai goc a va a + 1 doi ximg nhau
qua goc toa dé O (Hinh 8), nén ta co:

0):

sin(o + 1) = -sina
cos(o + ) =—cosa
tan(o + m) = lano
cot(o + m) = cota

Hinh &
Hai gécbunhau:avan-a
. YA
Céc diém biéu dién cua hai goc o va n — o ddi xing nhau
qua truc Oy (Hinh 9), nén ta co: 1\ 7 A M
N - I T I
0): | VIR
¥ sin(n-w)=sina 0 x
cos (T — o) = —cos o
tan (m — @) = —tan «
col(m—a)=—otw
Hinh 9

Tt
Hai géoc phunhau:ava —-a

Céc diém biéu dién cia hai goc « va % — o d6i ximg nhau

qua dudmg phén giac d cua goc xOv (Hinh 10), nén ta ¢o:

. ('I-E ] [n: ) :
sin| ——a | =cos a cos | ——a | = sin o
5 2

£
n n .
tan (E_uj = cot « cot [E—u} = tan « Hinh 10

Vidu 4. a) Biéu dién sin% qua gia tri luong gidc cla goe co 56 do tir 0 dén % :

b) Biéu dién tan258° qua gié tri luong gide cua goe co s6 do tir 0° dén 45°.
Gidi

. 6lm . [ 31:) : [ 311) 3 (rr 3TI:] n
a) sin—=sin| 81 —— |=sin| -— |=-sin—=-cos| —=—=— |=-cos—;
B B 8 B 2 B

b) tan 258" = tan (180° + 78" ) = tan 78" = cot (90" —12° ) = cot 12°.



m a) Biéu dién cos 638° qua gid trj lugng gidc clia goc ¢o s6 do tir 0° dén 45°,

l_ﬁ' Trong Hinh 11, vi tri cabin ma Binh va Cudng

w2 o I g . g 4 . M . . A . A
b) Biéu dién L'c-tTn qua gid tri lugng giac cua goc ¢o so do tir 0 dén E

ngdi trén vong quay duge danh diu véi diém
BvaC. R=10m
a) Chimg minh ring chiéu cao tir diém B dén
mit dit bing (13 + 10sin o) mét voi o 1a s6 do
cua mot goc lugng giac tia diu OA, tia cudi OB,
Tinh do cao cua diém B so voi mit dit khi
o = =30,

b) Khi diém B cich mat dit 4 m thi diém C
cach mit déit bao nhiéu mét? Lam tron két qua
dén hang phén tram,

>
X

F=13m

BAI TAP

1. Céc diing thirc sau ¢6 thé dong théi xay ra khong?

th

2'
a)sino = — vﬂcnsrx:—i; b) RiIIﬂ=lVﬁCﬁlﬁ=l; c) tanu:.’ivﬁmm:l.
5 5 3 2 3

. Cho sina = % VA cosoL = ——5—. Tinh sin(—wf—u} —cos(13n + o).

13

. Tinh cac gid tri lugng gide cla goc o, néu:
) 5 . m 2 .
a)sina=— va — <o <m; b) cosa=— va 0 < a < 90°;
13 2 5
c) tanc = /3 vﬁnﬁuﬁ%; d) cma:%vﬁz'}'{]“ﬂaﬂ%ﬂ“.
. Biéu dién cdc gia tri lwong gidc sau qua cac gia tri lwong gide cua goe ¢6 sd do tir 0 dén L
hofic tir 0 dén 45° va tinh: 4
. 129
a) cosﬁ; b) sin = ; ¢) tan 1020°,
6 4
. Chimg minh céc ding thire lugng gide sau:
a)sin‘a —cos'ot = 1 = 2cos’a; b) tan o + cotot = ————.
SINCLCOS 0L

. Rut gon cac biéu thire sau;

| 1

a) + :
tano+1 coto+1

b) cos(g— u] —sin(m +a);

c) sin(a—§]+cns(—a+6n) —tan(o + m)cot (3 — a).




7. Thanh OM quay nguge chiéu kim dong hé quanh truc O cia nd

B

: : ’ . . . , i anh sdng
trén mot mat phiang thing ding va in bong vudéng goc xuong 1 1 1
miit dét nhu Hinh 12. Vi tri ban dau caa thanh 1a OA. Hoi do dai

bong O'M' cua OM khi thanh quay dugce 3 ]Iﬂ vong la bao nhiéu,

biét do dai thanh OM 1a 15 ecm? Két qua lam tron dén hang

phin muoi.

bong
Hinh 12

Khi xe dap di chuyén, van ¥ ciia banh xe quay quanh truc O theo chiéu kim dong ho véi toc do
goe khong d6i 1a 11 rad/s (Hinh 13). Ban dau van nam & vi tri A. Hoi sau mét phit di chuyén,
khoang c¢ach tr van dén miit dit 1a bao nhiéu, biét ban kinh 04 = 58 ¢cm? Gia sir 40 day cua
lop xe khong dang ké. Két qua lam tron dén hang phan mudi,

Hinh 13

ai 3. Cac cong thuc luong giac

Tir khoa: Cong thitc cdng; Cong thiic g6c nhan ddi; Cong thiic bién ddi tdng thanh tich;
Cong thiic bién doi tich thanh téng.

ITrmlng kién tric, cac vom cong )y LY T | — 9!
bing dé thubng c6 hinh nifa | W
duang tron dé co thé chiu luc
tot. Trong hinh bén, vom céng
dugc ghép bdi sau phién da hai
bén tao thanh cac cung AB, BC,
(D, EF, FG, GH bang nhau va mét
phién da chét & dinh. Néu biét
chiéu réng cdng va khodng cach
tlr diém B dén dudng kinh AH,
lam thé nao dé tinh dugc khodng
cach tirdiém C dén AH?




1. Céng thirc céng

_]I.-‘H.
@ (Quan sat Hinh 1. Tt hai cach tinh tich vé hudng cua vecto % Py N vw)

-.»-
OM va ON sau day: k- M (Xr: Vi)
OM . ON =|oM||ON|cos(0M, ON) = cos(OM, ON) &lﬁ‘

O Xy Xy ."1 AN

=cos(a—p)
OM .ON = Xpe Xy + YoV
hdy suy ra cong thire tinh cos (o — P) theo céac gia tri lugng giac
Hinh 1

cua o va . Tir d6, hily suy ra cong thirc cos (o + p) bing cach
thay p hﬁng 3.
Tir day, khi khong no1 gi thém, chi xét cdc goc luong gidc ma tar do cac gia tri lugng giac
duoc dé ¢ip co nghia.
Cong thirc cong

* ecos(autP)=cosacos}—sinosmfd * cos(a =) =cosacos} + sinasin 3
e sin(w + () =sinwcos + cosasin 3 * sin(o — ) = sinwcos b — cosasin
neL+tan -
o tan (40F F)fe tan o + tan f3 o tan (o= ) = tan o —tan 3
| —tanatan 1+ tan o tan

Vidu 1. Tinh gia trj coa cns%.
Giai

n Ton L ¢ n
€08 — = CO0S| ——— | = COS—COS—+SINn—Sin
12 [3 4) 3 4 3

@l Tinh ~.m—-— vil l-:m]2

2. Cong thirc géc nhan doi
’@ Hay ap dung cdng thire cong cho trudmg hop B = o va tinh cac gia tri leong gide cua goce 2o
Cong thire tinh cac gia try lugng giac cua goc 2a qua cac gia tri lugng giac cua goc o duge
201 1a cong thirc goc nhin doi.
F e cos2u=cos’a - sin‘a = 2cos’a— 1 = 1 - 2sin‘al

* sin2a = 25N COS L

2tana

* tan 2 =
1—tan” o

2




Vidu 2. Tinh sin%,

Giai
Taco E—cn::-sE—f.:n::-S[2 —]—l 2sin? = . Suy ra sin” = = =i J_
2 4 8 8 4

2-2
7

Vio<Z <X nénsin® >0. Suy ra sin— =
g8 2 8

% Tinh uusE vil lanE.
' 8 8

3. Céng thirc bién d&i tich thanh téng

’® Tir cong thite cong, hiy tinh tong va hiu coa:

. e w4z .. 0m Sm ., . I .
Tinh gia tr1 cua biéu thirc sin—cos— va sin—smn—.
v 24 24 8 8

a) cos (o~ B) va cos(a + B); b) sin(ce — ) va sin (o + ).

Tir cong thirc cong, ta suy ra dugc cdng thire bidn déi tich thanh tong sau diy:

* coswLeosf = lzlcus[u — ) + cos(a + 3)]
* sinasin [} = %[uus{u —3) = cos(u + [3)]

*sinccosf} = % [sin(c — ) + sin(a + )]

Vidu 3. Tinh gid tri cua biéu thirc LUh%bﬁST—;
Gidi
L{J.‘:Etﬂb?—n ! 'us[E—T—E}+cu (E+T—“J l{cus£+c053—nl=l
12 12 2 12 12 12 12 2 3 2 4

S5n

4. Céng thirc bién d&i téng thanh tich

2z

Ap dung cong thire bién déi tich thanh tong cho hai goc luong gide a = = ; B vab= '32;[”
ta dugc cac ding thirc nao?



Cac cong thic dudi diy dugc goi 1a céng thire bién déi téng thanh tich.

z _ -
'cnsrx+cns.ﬁ:2¢nsa+ﬂcnsa B 'cnsrx—cnsB:—Zsinu+ﬁSina b

2 2 2 2

. F_inu+5inﬁ:25ina;ﬁcesu;B . sinu—sinB:ECDsu;BSina;H

Vi dy 4. Tinh sin > +sin %

Gidai
51rr+ T Srr_ s
12_120.ne 12
Z 2

.5t . om .
$in— 4+ sin — = 25in

2

V2 V3 e
=

12 =2:~'.ir'1%n:m;E .

ﬁ - n m
LA [inh cos —+cos—.
) 12 12
#j Trong bai toan khai dong, cho biét vom cong rong 120 ¢cm va khoang cich tir B dén
dudmg kinh AH 14 27 ¢m. Tinh sin o va cos «, tir do tinh khoang cach (r diém C deén
dudmg kinh AH. Lam tron két qua deén hang phan murdi.

"'W1 '——‘ﬂ

BAI TAP

1. Khong ding may tinh cam tay, tinh cac gia tr1 lugng giac cua cic goc:

Sn
a) —; b) —555°.
) ) )

2. Tinh sin(rx+£), CDS(E—U.J biét sina = —i vin<o< 3—”
) 4 13 2

2




6.

9.

S

. Tinh cac gia tr1 luong giac cia goc 2a, biét:

a]sinaz—gvﬁﬂ{aﬂz; h]singzivén{afizm
3 2 2 4

Rt gon cic biéu thire sau:

a]ﬁsin[m +E) — Cos o b) (cos o + sin o)’ — sin 2o

Tinh céc gia tri lrgng gide cia goc o, biét:

a) cos 2{1=Ew'1—i <=0 t:fju;in?m:—i vil E«:u{B—n.
5 2 2 4

Chimg minh ring trong tam gide ABC. ta c6 sinA = sinB cosC + sinC cosB.
Trong Hinh 3, tam giac ABC vudng tai B va ¢o hai canh A

gbc vudbng 13 AB =4, BC = 3. V& diém 1 nam trén tia
déi ctia tia CB thoa man CAD = 30°. Tinh tan BAD, tir
do6 tinh &6 dai canh CD.

D
Hinh 3

Trong Hinh 4, pit-tong M cia dong co chuyén dong tinh tién qua lai doe theo xi-lanh lam quay
truc khuyu [4. Ban du [, A, M thing hing. Cho « la goc quay cua truc khuyu, O 1a vy tri cua
pit-téng khi o = % va H 1a hinh chiéu cua A 1én fx. Truc khuyu /4 rit ngin so vai do dai
thanh truyén A M nén co thé xem nhu d¢ dai M7 khong ddi va gin bang MA.

a) Biét I4 = 8 cm, viét cong thire tinh toa d9 x,, cta diém M trén truc Ox theo o.

b) Ban déiu o = 0, Sau 1 phut chuyén déng, x,, = -3 ¢cm. Xdc dinh x,, sau 2 phit chuyén dong.
Lam tron két qua dén hang phan muoi,

A

Tryc khuyu /4 pit=tong M

Hinh 4
Trong Hinh 5, ba diém M, N, P naim & diu céc canh quat ciia tua-bin gi6, Biét cic canh quat
5 - P = A P £ 5 v = ¥ ¥ 5 2 5 £
dai 31 m, d6 cao cua diém M so vai mit dat 1a 30 m, goc gilra cac canh quat la Tﬂ va so do

goc (04, OM) la a.

a) Tinh sin @ va cos o.



b) Tinh sin cua cac goc luong giac (OA, ON) va (OA, OP), tir do tinh chiéu cao cua cac diém
N v P so vai mat dit (theo don vi mét). Lam tron két qua dén hang phin trim.

Hinh 5

ai 4. Ham sé luong giac va do thi

Tirkhod: Ham sd chan; Ham so6 1é&; Ham s6 tudn hoan; Ham sé sin; Ham s6 césin;
Ham sé tang; Ham sé cétang.

C?> Vi sao mdt cat clia séng nude trén mat hé dudc goi la ¢é dang hinh sin?

1. Ham sé lwong gidc

@ Cho su thye ¢ va M 1a diém biéu dién cia goc lugng gide
¢6 s6 do 7 rad trén duong tron luong gide. St dung
dinh nghia cua cdc gia trj luong gidc, hiy giai thich
vi sao xdc dinh duy nhat:

v
~
iy ] s B _1 . : -| -
a) G1d tri sinf va cosfr; Qj X
o £ m l
b) Gia tri tanr{neuraﬁE +km, k € Z) va cott :

(néu 1 # km, k € 7). Hinh 1

sing f----




% Ham s6 sin 1a quy tic dat twong tmg mdi s6 thue x véi s6 thue sinx, ki hiéu y = sin.x.
Ham s6 c¢ésin 1a quy tac dat twong img mdi s6 thue x vai s6 thue cosx, ki hiéu y = cosx.
Ham s6 tang 13 ham s6 duge xac dinh boi cong thirc

m .x

voix # = + kn (k € Z), ki hiéu y = tanx.
CoS X P

Ham s6 cotang 13 ham s6 dugce xac dinh bai cong thire

05X véi x # kn (k € Z), ki hidu y = cotx.
SN X

Nhu viy:
— Tép xde dinh ctia ham s6 y = sinx va y = cosx 1a I,
— Tép xac dinh cua ham 56 v=lanxlaD=R\ {g +kn|k e E}.
— Tép xdc dinh cua ham ﬁéy =cotxlAD=R\ {kn|k e Z}.
2. Ham s6 chdn, ham sé 1é, ham sé tudn hoan
Ham sé chan, ham sé lé

Xét hai ham 80 y = x*, y = 2x va do thi cua ching trong Hinh 2, Dai vai maoi trudng hop,
néu moi lién h¢ cua gia trj ham so tai 1 va —1, 2 va =2. Nhén xét vé tinh doi xirng cua
moi do thi ham so.

' 4

VA

4hmmmafy= 2

=¥

_2]—Ii(] | 2

"] .

Hinh 2
Ham s6 y = x” 1a mot vi du vé ham s6 chin va ham sé y = 2x 1a mét vi du vé ham sé 1é.
Ta c6 dinh nghia sau:

-

"8  eHamsby = f(x) v&i tap xdc dinh D duge goi 1a ham sé chdn néu véi mei x € D
ta co —x € D va f(—x) =f(x).
* Ham sd y = f(x) véi tp xac dinh D dugc goi 1a hdm sé Ié néu véi moi x € D ta cd
—x € D va f(—x)=—f(x).

B,



Chii y: D6 thi ctia ham s6 chin nhén truc tung lam truc ddi ximg.
Do thi ciia ham s6 1 nhin gdc toa do lam tim doi ximg.
Vi du 1. Xét tinh chén, Ié ctia cic ham s6 lugng gidc y = cosx, y = tanx.
Gidai
a) Ham so y = cosx ¢6 tip xac dinh la B. V&i moi x € [ ta co —x € IR va cos(=x) = cosx.
Do d6 ham so y = cosx 1a ham so chiin.

b) Ham s6 y = tanx c6 tap xac dinh A R\ {%+kn|kez}.
N n ] ;:
Vi moi x # E+krr{.ﬁ: EE}tacn—x:—E—kn[kEE],

cling co nghia la —x = g +hkn(ke Z)hay-x e R\ {%+k1‘t| ke E}.
Miit khic tan(—x) = —tanx. Do d6 ham s6 ¥ = tanx 1a ham s 1é.
@ Chitng minh ring ham s6 y = sinx va ham s6 y = cotx la cac ham s 1¢.

Ham s6 tuan hoan

!(]..;) Hay chi ra mdt 56 thyre 7 sao cho sin(x + 7) = sinx véi moi x € R,

* Ham sb y = ['(x) véi tap xdc dinh D duge goi 1a ham sé tudn hoan néu ton tai mot sé
T khic 0 sao chovoimoix e Dtacoxt e Dvaf(x+ 1) =f(x).

SH T duong nho nhit thoa min cac diéu kién trén (néu ¢6) duge goi la chu ki cua
ham s6 tuan hoan y = f(x),

Chii y: D6 thi cua ham s6 tuin hoan chu ki 7 duge 1dp lai trén timg doan gid tri cua x ¢o
do dai 7.
Vi du 2. Xét tinh tuan hoan cua ham s6 y = sin x va ham s6 y = tan x.
Giai

Ta ¢6: sin x = sin (x + 21) vl moi x € [;

; . n

tan (x + 1) = tan x voil moi x # 3 +kn, k e Z.
Do dé ham sb y = sin x va y = tan x 14 cdc ham s6 tudn hoan.
% Xét tinh tudn hoan cia ham s6 y = cosx va ham s6 y = cotx.

Chii y: Ngudi ta chimg minh dugce ring:
a) Cac ham sd y = sinx va y = cosx 1a cac ham sb tudn hoan véi chu ki 2x;

b) Cac ham s6 y = tanx va y = cotx la cac ham so tuan hoan von chu ki m.




3. Po thij clia cac ham sé lugng gidce
Ham sé y = sinx

'® Hoan thanh bang gia tri sau diy va xac dinh cac diém twong tmg trén mit phing toa dé.

Sanl 2n| = n s
——|——| == =-=]-=1 0

x| x| 2n|sm
6 3| 2| 3| 6 6 | 3

—_—
3 6

n
x -7 -
2

y=sinx | ? ? ? ? ? ? ? ? ? ? ? ? ?

Bﬁng cach tuong tu, ]é}-’ nhiéu diém M(x; sin x) v&i x € [~m; nt] va néi lai, ta duoc db thi
clia ham s y = sinx trén doan |-t 7] nhu phan dd thi mau do trong Hinh 3.

Vi ham s6 ¥ = sinx tudn hoan véi chu ki 27 nén dé vé dd thi cua ham sé y = sinx trén [,
ta v& d6 thi cua ham s trén doan [-; 7], sau d6 ldp lai d6 thi trén doan nay trén timg doan
gia try cua x co dé dai 2n.

Ta ¢6 dd thi cta ham sé ¥ = sin x trén I nhu sau:

2n
Hinh 3
Chii y: Vi y = sinx 1a ham s6 I¢ nén dé ve do thi cua n6 trén doan [-; ], ta ¢6 the ve trén
doan |0; m|, sau do lay do1 xdmg qua goc toa do.

Tir do thi trén, ta thiy ham s6 y = sin x ¢6 tdp xdc dinh 14 I8, tip gid tri 1a [-1; 1] va ¢o céc
tinh chat sau:

= C

k- ‘-Ht'lm 50 tudn hoan vai chu ki 2.
— Ham s6 1€, ¢6 do thi dbi ximg qua géc toa do O.

— Ham s6 dong bién trén cac khoang (-g +k2m; §+ anJ (k € Z) va nghich bién trén
cac khoing [g+k2u; 3?“+k2nJ (k € Z).

Ham sé y = cosx

‘,@ Hoan thanh bang gia trj sau ddy va xéac dinh cac diém tuong (g trén mit phing toa do.

S| 2w m T n 2m | 5S¢
X N |——|———=|—-—=|—=1| 0 — | — T

T|IE |
6] 3| 2| 3| 6 6 | 323 ]|6

y=cosx | 7 ? ? ? ? ? ? ? ? ? ? ? ?




Bﬁng cach tuong tu, lﬁy nhiéu diém Mi(x; cos x) voi x € [-m; nt] va noi lai, ta duoc dd thi
ctia him s0 y = cosx trén doan [—r; 7] nhu phan d6 thi mau do trong Hinh 4.

Vi ham sb y = cosx tuan hoan vdi chu ki 27 nén dé v& d6 thi cua ham sb y = cosx trén R,
ta v& do thi cua ham 56 trén doan [-n; «], sau do lap la dd thi trén doan nay trén ting doan
gid trl cua x ¢o do dai 2.

Ta co do thi cua ham s6 y = cos x trén E nhur sau:

_31/_5_1; _h_s_ﬂ\—j/ﬁ 0 EM IR N T
R I Y N g T - N A e .

n
Hinh 4

Cha y: Vi y = cosx 12 ham s6 chin nén dé v& d6 thi ctia né trén doan [~x; xt], ta c6 thé vé
trén doan [0; rt], sau d6 lay doi xing qua tryc tung,

Tir db thi trén, ta thiy ham sé y = cosx c6 tip xac dinh la R, tip gia tri 1a [-1; 1] va c6 cac
inh chét sau:

- -
- -

s _ Ham s6 tudn hodn voi chu ki 27

~ Ham s6 chiin, c6 do thi d6i xing qua tryc Oy,

— Ham sb dong bién trén cic khoiang (-m + k27 k2rt) (k € Z) va nghich bién trén
cac khoang (k2n; n + k2n) (k € Z).

Vi du 3. Nhi¢t do ngoai troi 7' (tinh bang °C) vao thoi diém ¢ gié trong mot ngay & mét
thanh phé dugc tinh bai cong thire 7= 20 + 4 sin {I—%t q%] D¢ bao quan céc tac pham

nghé thudt, hé thong diéu hoa nhiét do cua mét bao tang s& duge ty dong bét khi nhiét do
ngoai tron tr 22 °C tror 1én. Dya vao do thi cua ham so sin, hdly xac dinh khoang thon gian ¢
trong ngay (0 ¢ < 24) hé lhfmg diéu hoa dugc bit,

(Theo hitps:/rwww.sciencedirect.com/science/article/abs/pii/0168192385900139)

Giai
Ta co T'z 22 ki va chi khi 20 + 4 51n(££—5—nJ 22 hay hln{—r—s—ﬂ:] =—,
12 6 126 2
Vi0=t=<24nén —S—E{EI—S—ni?—ﬂ_
6 12 6 6

Xét do thi1 ham sn_y = sinx trén doan {—% %] (Hinh 5).




_—

e
=N

|'.n

=]

= Y

Hinh 5
: . 5 1 . .. n . St _5m
Ta thiy sm(ir——“]z— khi vé chi khi —€—¢f——<— hay 12 << 20.
12 6 2 6 12 6 6

Vdy hé thong dicu hoa duge bét trong khoang théi gian tir 12 gidr dén 20 gidr trong ngay.

@ Li d6 s (cm) clia mdt con lic dong ho theo thai gian ¢ (gidy) duge
' cho bai hiim s6 5 = 2 cos nit. Dya vio d6 thj ctia ham s6 cosin, hay
xdc dinh & cdc thoi diém ¢ ndo trong 1 gidy diu thi li 4§ s ndm

trong doan [—1; 1] (cm).
(Theo https.://www. britannica.com/science/
simple-harmonic-motion)

Ham sé y = tanx
’@ Hoan thanh bang gia trj sau diy va xdc dinh cac diém tuong (mg trén mat phang toa dé.

m n m 0 n | n

X L v ;0 L} 3 =

3 4 6 6 4 3

Yy = tanx ? ? ? ? ? ? ?

Bﬁng cach tuong tu, lréy nhiéu diém M(x; tan x) voix € (—E; EJ va noi lai, ta duge do thi
ctia ham s6 v = tan x trén khoang [—%; %] nhu phin d6 thi mau do trong Hinh 7.

Vi ham sd Yy = tanx tudn hoan véi chu ki n, nén dé vé dd thi cua ham sb y = tanx trén
Ra{g +hkn|k e z}, ta v& db thi ciia ham sb trén khoang ( -%; %J sau do 1ap lai db thi trén

doan nay trén timg doan gia tri cua x co dd dai m.




Ta c6 db thi cia ham stfmy: tanx trén R‘a{%+k:ﬂ: |k e E} nhur sau:

&
) y=tanx

M
(SR

2

k2| A

i i ]
i i ]
i i ]
i I ]
I I I
I I [
I I ]
1 I I
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| 1 | __
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Hinh 7
Chui y: Vi y = tan x 1a ham s6 1é nén dé v& dd thi cta no trén khodng (—% E] ta ¢o thé

vé trén nira khoang [{J;EJ, sau do lay doi ximg qua goc toa do.

Tir d6 thi trén, ta théy ham sb y = tan x ¢6 tip xdc dinh 1a E&R{—+ km|ke E} tap giatr la &
va ¢O cdc tinh chét sau: -

* — Ham s6 tulin hoan véi chu ki 7.
— Ham s6 1é, ¢ d6 thi ddi ximg qua gde toa d O.

~ Ham s6 ddng bidn trén cac khoang (—%+kn; %+kﬂ:} (ke Z).

.

Ham sé y = cotx
'@ Hoin thianh bang gia tri sau day va xac dinh cac diém twong (mg trén mit phing toa do.

p i = 3 LR |
6 4 3 2 3 4 6
y = cotx ? ? ? ? ? ? ?

Biing céch twong ty, ldy nhiéu diém M(x; cot x) véi x e (0; m) va ndi lai, ta duge do thi cla
ham s6 y = cot x trén khodng (0; ) nhu phén d6 thi mau dé trong Hinh &,

Vi ham sb y = cotx tudn hoan véi chu ki m nén dé vé do thj cia ham s y = cotx trén
R\ {kr|k € Z} ta vé& dd thi cia ham s trén khoang (0; 7t), sau do6 tinh tién dd thi trén khoang
ndy theo phuong song song voi truc hoanh timg doan co d dai .

Ta ¢6 do thi ciia ham s6 y = cotx trén B\ {knt |k € Z} nhu sau:

J:Illl
y=coolx

_r x
2 2 2 2

3n -, T 0 m In

|
]
A




Tir d6 thi trén, ta thay ham s y = cotx ¢6 tip xac dinh 1a R\ {kn |k € Z}, tap gia tri 1a R va
6 cdc tinh chét sau:

"% _ Ham s tudn hoan véi chu ki 7.
— Ham s6 1¢, ¢6 d6 thi d6i ximg qua gde toa do O.
— Ham s6 nghich bién trén cac khoang (kn; & + kn) (k € Z).

Vi dl'.l' 4, TI‘(]I]'Ig Elia ]i, phép Chiéll hinh tru dl['l,'l'ﬂ sur l:ll,ll’lg T e 0 B 60
dé v& mot ban d6 phang nhu trong Hinh 9. Trén ban db Qi ATy

"‘iﬁi'z

phing ldy duong xich dao lam truc hoanh va kinh tuyén
0° 1am tryc tung. Khi do tung dé cia mét diém co vi do

tp“{—ﬁil}*:tp{%}duatchobdhémsfiy=2{]tan (Lm) (cm).

180
Sir dung d6 thi him s6 tang, hay cho biét nhimg diém o
vi d6 nao nam cach xich dao khéng qua 20 em trén ban do.
(Theo https.//geologyscience.com/geology/types-of-maps/)

Giii .
Vi diém nim cich xich dao khong qua 20 ¢m trén ban do Hinh 9
nén ta c6 -20 < y < 20,
T - : y4 Pz,
Khido -20 < 20 tan [ﬁtp] <20 hay -1 < tan [ﬁm] < | " i
Ta c6 90 < ¢ < 90 khi va chi khi -L< 2 @<X. 5 -y
2 180 2 : L
X6t db thi ham sé y = tan x trén khoang [-E;EJ (Hinh10), _%: & /0 & % %
2 2 2. 4 4 2
v |
Ta thiy -1 < ta [i ]f_-’-lkh' achikhi =< <t : :
A {7807 iy, ey el T Al > ;
hay —45 < £ 45. Y I
Hinh 10

Viy trén ban do, cac diém cach xich dao khong qua 20 cm
ndm O vi dj tir —45° dén 45°.

& C6 bao nhiéu gia tri x trén doan [-27; 2nt] thoa man didu kién tanx = 29

BAI TAP

I. Céc ham s6 dudi dy co la ham s6 chin hay ham s ¢ khong?

a)y=5sin‘x+1; b) v = cosx + sinx; c) y = tan2x.
2. Tim tap xéc dinh cua cac ham s6 sau:
1 T |
ajy= : b)y=tan| x+— |; c)y=—.
)y Cos X )y [ 4) )y 2—sin’ x



3. Tim tap gid tri ciia ham s6 y = 2cosx + 1.
4. Dua vao do thi ctia him sd y = sin x, xac dinh céc gia trj x € [-n; ] thoa mén sinx = 3
S. Khi du quay hoat dong, van toc theo phuong ngang cua
mat cabin M phu thude vio goc luvong giace o = (Ox, OM)
theo ham s6 v, = 0,3 sina (m/s) (Hinh 11).
a) Tim gid tri 1on nhét va gid trj nho nhét cua v,.
b) Dua vao dd thi cua ham sb sin, hiy cho biét trong
vong quay ddu tién (0 € o < 2m), goc o o trong cac
khoang ndo thi v, ting.

6. Khoang cach tir tim mdt gung nude dén mit nude va
ban kinh ctia gudng déu bang 3 m. Xét gau G clia guong.
Ban diu gdu G ndim & vij tri 4 (Hinh 12).

a) Viét ham sd & biéu dién chiéu cao (tinh bﬁng met) cua
gau (7 s0 vai mit nudce theo goc o = (04, OG).

b) Gudng nude quay hét mdi vong trong 30 gidy. Dia
vio do thi cua ham s sin, hiy cho biét & cdc thoi diém
¢ nio trong | phat dau, khoang cich cua gau dén mit
nude bang 1,5 m. Hinh 12

7. Trong Hinh 13, mét chiée méy bay A bay & 36 cao 500 m theo mdt dudémg thing di ngang qua
phia trén tram quan sat 7 o mit dat. Hinh chiéu vudng goc cua A4 1én mit dat 1a H, o la goc
lugng gide (Tx, T4) (0 < o < m).

Hinh 13

a) Biéu dién toa d¢ x,, cua diém H trén tryc Tx theo .
3 B Ao - . v 2 " > ¥ s
b) Dya vao dé thi ham s6 cotang, hay cho biét vén g <o< ?E thi x,, ndm trong khoang nao.

Lam tron két qua dén hang phan muoi.




Bai 5. Phuong trinh luong giac co ban

(‘D Trong hinh bén, khi ban dap xe dap quay, bong M l l l 4nh sdng
clia dau truc quay dao ddng trén mat dit quanh .

diém O theo phuong trinh s = 17cos 5nt véi / B~

5 (¢m) la toa d6 cia diém M trén truc Ox va t (gidy)

la thoi gian ban dap quay. Lam cach nao dé xdc A

dinh dugc cac thoi diém ma tai d6 do dai bong 5 ‘_

OMbéng 10 cm? OFM x(em)
bong

1. Phuong trinh twong duong

S o : A o o g ,
p. Xac dinh va so sanh tdp nghiém cua cac phuong trinh sau:

a)x-1=0; byx-1=0: ¢) V2P =1 ==z,

]
-

"F Hai phuong trinh duge goi 1a rwomg dwong néu ching ¢ cing tip nghiém.

Vidu 1. Phuong trinh x* — 4 = 0 twong duomg vii phuong trinh nao sau diy?

) ; I I
a) 2x° = 8; b)x =41 E=:
Giai
a) Hai phuong trinh x* —4 = 0 va 2x’ = 8 ¢ cing tip nghiém {-2: 2} nén hai phuong trinh
nay tuong duong,

b) Ta ¢6 x = 2 1a mdt nghiém cia phuong trinh ¥* = 4 = 0, nhung khong 14 nghiém

, 1 ! ’ , .
cua phuong trinh x* — 4 + W Do d6 hai phuong trinh nay khong twong duong
X xX-

vai nhau,

Cha y:

a) D& giai phuong trinh, ta thuong bién doi phwong trinh dé thanh mét phuong trinh
twong dwong don gian hon. Céc phép bién doi nhu viy duge goi la cic phép bién doi
twong duong. Ta ¢d mt sd phép bién doi tuong duong thudmg sir dung sau

* Cong hode trir hai vé cia phuong trinh véi eiing mot s6 hofic ciing mdt bidu thirc ma
khéng lam thay d6i diéu kién cua phuong trinh.

* Nhin hoiic chia hai vé ctia phuong trinh véi ciing mét s6 khac 0 hodc cling mdt biéu thire
ludn ¢6 gid tri khac 0 ma khong lam thay déi diéu kién cua phuong trinh.

b) Bé chi sy trong duong cia cac phuong trinh, ngudi ta ding ki hi¢u “<”,



& Chi ra 15i sai trong phép bién d6i phuong trinh dudi day:

xl VA
=2 & —=2&x=2,
b i)
2. Phwong trinh sinx=m N |05 M
g L aid 41 nao ol A ol — Y -
'® a) Co gia tr] nao cua x dé b]l‘] x = 1,5 khong? T o >
b) Trong Hinh 1, nhimg diém ndo trén dudmg tron
lwgng gide bicu dién gdc lugng gide x ¢6 sin x = 0,57
Xdc dinh s6 do clia cic goe lugng gide do. B
Hinh 1

- -
- =

F Xét phuong trinh sinx = m.
o Néu |m| > 1 thi phwong trinh vé nghiém.
e Néu |m| < 1 thi phwong trinh ¢6 nghiém:
x=oati2n, kel
vix=n-a+k2n ke Z,

voi o la goc thude {—%; %} $a0 cho sino = m.

vA ,
1 GRS

i 1 M~ TN y=m
P — " X ram B IR
_Sm on ST e 7 | Ouw T a-u 1 37 2r St 3mNx

| —— ] ] T

2 -1 2 2

« - »
Hinh 2
Chuay:

a) Mot s6 truong hop dic biét:

Sin.r=l<:::a.r=% +K2n, ke &

sinx =—1 ¢='JE=—% +k2n. ke Z;

sinx=0&=xy=kn, ke Z,
bysinu=sinveu=v+i2n, ke Zhodlcu=n—-v+i2n k e 7.
¢)sinx =sing” < x=a" + k360°, k € Z hodc x = 180" = g" + k360°, k € Z.
Vidu 2. Giai cac phuong trinh sau:

. : 3 . :
a)sinx = %; b) smx=—5; c¢) sin2x = sin 3.




Giai
N T . i | I SR i
a) Vi 5= smg nén phuong trinh sin x = o sin i co cac nghiém la:

x=%+ﬁc2ﬂ;,fceE v x:n—E+k2n:%+k2n,kEE.

b) Vi —% < —1 nén phuong trinh sinxz—% vo nghiém.
¢)sinZv=sin3x < 3x=2x+k2n, ke Zhodc3Ix=n-2x+ K2n. k e Z
e x=k2n, ke Zhoicx= %+f{2?n* k e Z.
Vily phuong trinh ¢6 céde nghiém la: x =k2n, ke Zvax = %H’Z?n, ke L.
% Giai cac phuong trinh sau:
a)sinx = ? b) sin (x + 30") = sin (x + 60").
3. Phwong trinh cosx = m

‘,@; Trong Hinh 3, nhimg diém nio trén duong tron lugng gide biéu dién goc lugng gide x

co cos x = —E’? Xic dinh 86 do ctia cic goc lugng gidce do.

¥ A
v B
A" : A
i, 0 X
2,
N 5
Hinh 3

+  X¢ét phuong trinh cosx = m.
o Néu |m| > 1 thi phwong trinh vo nghi¢m.
e Néu |m| < 1 thi phuong trinh cé nghi¢m:
x=ot+k2n, kel
vix=—o+k2n, ke Z,
voi o ld goe thude [0; ] sao cho cosa = m.

1 y=Ceosxy

[
W



Chi y: a) Mot s6 truong hop dac biét:
cosx=1Sx=R2n, ke Z;

cosx=—l<x=n+k2n. ke Z;

cosy=0<x= % +kn, k e Z.

bycosu=cosveu=v+idn ke Zhodcu=—v+2n ke Z.
c)ecosx=cosa’ <> x=a"+ k360", k € Z hodc x =—a" + k360°, k € Z.
Vi du 3. Giai cic phuong trinh sau:
a) cosx = _IE; b) cos 2x = cos(x + 60°); ¢) cos 3x = sin x.
Giai

a) Vi —% = casz—; nén phuong trinh cosx = —%=cusz—; cd cde nghié¢m la
xX= ET*n: +k2m, k € Zvﬂx——i—n +k2m, k € Z.
b) cos 2x = cos(x + 60") <> 2x = x + 60" + k360°, k € 7 hodic 2Zx = —(x + 60") + k360", k € 7.
&> x=060°+k360°, k € Z holic x ==20"+ £k120°, k e Z.
Viy phuong trinh c6 cdc nghiém 1a x = 60° + 360", k € Z v x = =20+ k120, &k € 7.
€) €08 3x = sinx <> cos3x = ws(g -~ x]
& 3x= g —x + k2m, k € Z hoc 3x=—[%—x] Fk2m k€ Z
X = EH:%,.& & Ehnﬁcx:—g +kn, k € 7.

Viy phuong trinh ¢é ciac nghiém la x = EH:%. ke dvax =—§ v kn, k € Z.

@3 Giiai cac phuong trinh sau:

3
a) cos x=-3; b) cosx = cos 15 ¢) cos x+£ =::GS—TE.
12 12
H - VA A
4. Phuong trinh tanx=m i -
'® Trong mat phiang toa do Oxy, cho T la diém trén tryc Bl /s
tang cotoado la(l; 3) (Hinh 5). Nhimng diém néo trén
duomg tron luong gidc biéu dién goc lwong gidc x ¢o 1
tan x = /37 Xdc dinh sé do cua cde goe lugng gide do. A’ yf{ X
N H'
Hinh 5




V&i moi s6 thuce m, phuong trinh tanx = m c6 nghiém

x=otkn ke,

L 1 4 - n TE
voi o la goe thude (—E; E] sao cho tana = m.

VA

y=tanx
]

I L I L T
: / : r / 5 :
31(; EE (}&;E 311:% 57!:; :
2! 21 il 2! 2!
[} [} - [} ] [
Hinh 6

Cha y:tanx = tana” <> x = a" + k180°, k € Z.

Vidu 4. Giai cic phuong trinh sau:
a) tanx = V3; b) tan2x = lanﬁ.
Giai

a) Vi J3= lem% nén phuong trinh tan x = 3 = mn% ¢O che nghiém lax = % +kn, k e 7.

h]tﬁlllﬁ:‘=tanﬁ S 2x= ﬁ +kn, ke Z

mt 13
=—+k—, ke Z.
& X 2 > kel

Viy phuong trinh c6 cac nghi¢m lax = % +k g k e Z.

% Giai cac phuong trinh sau:
L

a) tan x = 0; b) tan (30" — 3x) = tan 75",
5. Phuong trinh cotx = m ; };"‘B
T} Trong mit phing toa do Oxy, cho C la diém i
’ trén tryc cotang cd toa do 1a (=1 1) (Hinh 7). :
Nhiing diém nao biéu dién gbc lugng gidce x 'Al, 7] y >
co cot x = —17 Xac dinh s0 do cua ciac goc )
lugng giac do. N
B.l'
Hinh 7



- -

= Vi moi s6 thyc m, phuong trinh cotx = m co nghiém
x=otkin kel
vol a la goc thuoe (0; m) sao cho cota = m.

y=colx
VA

1
ANNEN

y=m

.

= i) In

N

-
T

Hinh 8
Chuay: cotx = cota” <> x=a" + k180° k € Z.

Vidu 5. Giai cac phuong trinh sau:

V3

a) culx=—T'; b) ::ull\'=u-.:-1.%.
Giai
a) Vi _TS = cot 2?7: nén phuong trinh cotx = —% = cot 2—; c6 cac nghi¢m la

x=2—;+kn.ke£

b}cm}!x:uul% <::>3x=% + kn, k e &

i b
= —+k—, Z.
X 2|+ = ke

L S
Viy phuong trinh ¢o cae nghiém la x = T +k 3’ ke Z.
(iiai cac phuong trinh sau:

a)cotx = 1; b) cot(3x + 30%) = cot 75"

6. Gidi phwong trinh lwong gide bdng may tinh cdm tay

Ta c6 thé giai phuong trinh lugng gidc dang sin x = m, cos x = m, tan x = m vi cot x = m bang
may tinh cam tay nhu trong vi du sau:

» N



Vi du 6. Sir dung may tinh cim tay dé giai cdc phuong trinh sau:
a) sin x = —%, Két qua ghi theo don vi radian.

b) cot x = 3. Két qua ghi theo don vi dg.

Gidi
a) Chon don vi do goc la radian. ﬂl a
An Lidn tiéo cdc ohi sirri[-—]
An lién tiép cac phim 2

FAEODEDENE &

ta duge mot goe co sin bing —% la —-E.

Do do, ta ed cac nghiém ctaa phurong trinh sin x =—% la
x=—% KR2m k e Zvix = %“ +k2m ke Z.

b) Chon don vi do géc la dé. ﬂ"i
tan? §]

An lién tiép cac phim
18. 4349488
OEGE®LE

ta duge mot goe co cotang bing 3 1a 18,43° (lam tron dén hang phin tram).
Do do, ta ¢6 cie nghiém cua phuong trinh cotx =3 ldx = 18,43 + k180°, k € Z.

# A L 5 g w I
Cha y: Dé giai phuong trinh cot x=m (m # 0), ta giai phuong trinh tanx = —,
m

@ Str dyng mdy tinh cim tay dé giai cic phuong trinh sau:
a) cosx = 0.4; b) tanx = +/3.
Két qua ghi theo don vj radian va lam tron dén hang phz"in trim.
@ Quay lai bai toan khai dong, phuong trinh chuyén déng cia bong diu tryuc ban dap la

x = 17cosSnt (em) vai ¢ duge do bang gidy. Xdc dinh cac thoi diém £ ma tai do do dai
bong |x| vira bing 10 em. Lam tron két qua dén hang phan mudi,

BAI TAP

1. Giai cac phuong trinh lwgng gidc sau:

a) sin 2x = l; b) sin[x—EJ=sinE; ¢) sin 4.r—cus[x+£] =0.
2 7 7 6

2. Giai cdc phuong trinh lrgng gidce sau:

J3

a) cas(x+%]=—; b) cos4x=c-:us?—g; ¢)cos’x=1.

2
UL



3. Giai cac phuwong trinh luong giac sau:

a) tan x = tan 55%; b) lan[Zr+

-0

ﬂ}ﬁ{]t[l!{'+E] =—1; b} cot 3.r——£,
2 1 3

&|a

4. Giai cac phuwong trinh lugng giac sau:

5. Tai cac gia tri nao cua x thi do thy ham so v = cos x va y = sin x giao nhau?

-

. Trong Hinh 9, khi dugc kéo ra khoi vi tri ¢in bing & diém O va budng tay, lue dan hoi ctia 10 xo
khién vit 4 gin ¢ diu cua 10 xo dao dong quanh O. Toa d§ s (cm) cua 4 trén true Ox vao

that diém ¢ (gidy) sau khi budng tay dugc xac dinh ban cong thirc s = lﬂsin(I{JHg].
Vio cac thoi diém nao thi s = —5v3 cm?

(Theo https:rwww britannica.com/science/simple-harmonic-motion)

N ()
Hinh 9

7. Trong Hinh 10, ngon dén trén hii dang A cich b bién y'" mot khoang HO = | km. Pén xoay

Ik

ngugc chiéu kim domg hé v 16¢ dd } rad/s va chiéu hai ludng anh sing vé hai phia doi1 dign

nhau. Khi dén xoay, diém M ma ludng dnh sang cua hai diang roi vao bo bién chuyén dong
doc theo b,

(Theo htips:www.mnhs.org/splitrock/dearn/technology)

H
.--EI‘f---J_.'.U
| km

| km

N

y' | bir bién
Hinh 10

a) Ban déu lufjng sang tring véi dudmg thing HO. Viét ham s6 biéu thi toa do y,, cia diém M
trén truc Oy theo thoi gian 1.

b) Ngéi nha N nim trén bo bién voi toa dd v, = —1 (km). Xac dinh cic thoi diém ¢ ma
dén hai dang chiéu vao ngdi nha.

o



CAU HOITRAC NGHIEM
Chon phwong dn ding.

1. Goe lugng gide nao trong tmg véi chuyén
dong quay 3% vong ngugce chiéu kim
dong héd?

AL B. [E) .
5 5
C. 1152° D. 1152n.

2. Trong trudmg hop nao dudi day cos o = cos [}
v sina =-sin 37

A, B =—u. B.p=n-aq.

C.P=n+ao. D.En=§+u.

3. Khing dinh nao sau day dang?
A. am s6 y = sinx 1a ham s6 chiin.
B. Ham s6 y = cosx la ham s6 chiin.
C. Ham s6 y = tanx 12 ham s6 chin.
D. Ham sd y = cotx 1a him s6 chiin,
4. Nghiém am 1én nhét cia phuong trinh
lugng gide cos 2x = cns(x+§) la

N LY
3
c. -%, D, — 28,
9
5. S6 nghiém cna phuong trinh tanx = 3 trong
khoang [—E; ?—R] la
2 3
Al B. 2.
C. 3. D. 4.

6. Nhiét 4o ngoai troi & mét thanh phd vio cac
thoi diém khac nhau trong ngay c6 thé duge
mé phong bai cong thire

h(f) = 29 + 3sin %{:-9}

Vi tinh bing do C va ¢ 1a thod gian trong

ngay tinh bing gitr. Nhi¢t dé thip nhét trong

ngay 14 bao nhiéu d6 C va vio lic méiy gio?

(Theo htips:/ww.sciencedirect.com/science/
article/abs/pii/0168192385900139)

A.32°C, luc 15 gio.

B. 29 °C, ltc 9 gic.

C. 26 °C, lic 3 gic.

D. 26 °C, lac 0 gid.

BAITAP TU LUAN

7. Mot chiée quat trin ndm canh quay véi toc do
45 vong trong mdt phit. Chon chiéu quay ciia
quat la chicu thuan, Sau 3 gidy, quat quay dugc
mdt goe cé sd do bao nhiéu radian?

8. Cho cosa = % vé—g < o< (). Tinh:

a) sin o b) sin 2a;

C) cos{u+£].
3

9. Chirg minh ding thirc lwgng gidc:

a) sin(o + P) sin(a - B) = sin o — sin® f;

b) cos*a — cos? [u - g] = cos 2a.



10. Nghiém duong nho nhét ctia phuong trinh
sin[x ’%J — sin2x = 0 la bao nhiéu?

11. Giai cac phuong trinh sau:

a) sin2x + cos3x = 0

V2

b) sinx cosx= ——:
4
¢) sinx + sin2x = 0,

12. D6 sdu h(m) cua myc nude & mot cang
bién vao thoi diém 7 (gid) sau khi thuy triéu
Ién 1an déu tién trong ngay dugc tinh xédp xi
bai cong thire A(r) = 0,8 cos 0,57 + 4,

(Theo https.//noc.ac.uk/files/documents/
husiness/an-introduction-to-tidal-
modelling.pdf)
a) D§ séu cla nude vio thoi diém ¢ = 2 1a
bao nhiéu mét?
b) M{t con tau cin myc nude siu (5i
thiéu 3,6 m dé c6 thé di chuyén ra vao cang
an toan. Dya vao dd thi cta ham sé cosin,
hdy cho biét trong vong 12 tiéng sau khi
thuy tricu 1én lan dau tién, & nhitng thoi
diém 7 ndo tau co thé ha thuy. Lam tron két
qua dén hang phan tram.

13. Cho viin te v (cm/s) ctia mot con lic don
theo thai gian ¢ (gidy) duge cho bai cong thire
= —3sin(l,5.'+EJ.

1

(Theo https://www. britannica.com/science/
simple-harmonic-motion)

Xac dinh céc thai diém 1 ma tai dé:

a) Vin toe con lic dat gia trj lon nhét;

b) Vin tbc con lic hﬁng 1,5 cm/s.

14. Trong Hinh 1, cdy xanh AB nim trén duong

xich dao duge trong vudng goe vai mat dat
va ¢6 chiéu cao 5 m. Bong cua céy la BE,
Viao ngay xuan phan va ha phan, diém E
di chuyén trén duong thing Bx. Goe thién
dinh 8, = (A8, AE) phy thuge vao vi tri cia
Mt Trai va thay doi theo thoi gian trong
ngay theo cong thire

0.(f) = %(r— 12) rad

vai £ la thai gian trong ngay (theo dom vi gid,
6 <t < 18).
(Theo https:/rwww.sciencedirect.com/
topics/engineering/solar-hour-angle)
a) Viét ham s6 biéu dién toa d6 cua diém £
trén truc Bx theo 1.
b) Dya vio d6 thi ham sé tang, hay xdic
dinh cdc thai diém ma tai dé bong ciy phu
qua vi tri twémg rao N biét N ndm trén truc
Bx véi tog A 1a x, =4 (m). Lam tron két
quéa dén hang phin muri,

x‘h\ ‘5(
N
A
5
N 4m B E .r={m}
Hinh 1




» DAY sO. oONG.

—, | II|I||

uong i OARES OIN AN

Trong chuong nay, cac ban sé tim hiéu vé khéi niém day s6 va cac tinh chat co ban cia mot day s6. Chiing ta ciing sé tim
hiéu vé hai loai day so dac biét quan trong |a cap sd cong va cap s6 nhan ciing nhu nhiing ting dung cia day sé trong
gidi todn va trong cac hoat ddng thuc tién.

Déy s6 nay chifa dung nhiing diéu ki diéu gi cia khoa hoc va nghé thudt?

(48, Hoc xong chuong nay, ban c6 thé:

- Nhan biét dugc khai niém, cac tinh chét co ban va cach xac dinh mét day sé.

— Nhén biét dugc cip s6 cong va cap s6 nhan. Giai thich dugc cong thitc xac dinh sé hang
téng quat cua cdp s6 cong va cap s6 nhan.

- Tinh dugc téng cla n s6 hang dau tién cha cap sé cong va cap sé nhan,

- Gidi quyét dugc maét sb van dé thuc tién gan vdi day sé.




Bai 1. Day so

Tir khoa: Day sé (hitu han, vé han); S6 hang dau; S6 hang thit n (sé hang téng quat);
Day sd tang; Day s giam; Day sd bi chan; Cong thic tinh s6 hang thi n cha day sé.

Goiu,;u;u,;...;u,ldn lugtla dién tich cachinh vuéng co @d daicanhla 1;2;3; ....;n.
Tinhu,vau,

1. Déy sé la gi?

S -
'q Cho ham so:
w N — R
n s u(n) = n.
Tinh w(1); w(2); w(50); w(100).

Trong thye tién, ching ta thuong ¢6 nhu ¢iu danh s6 thir tw mdt loat cée gid tri s6 cdn phai
xu i, tir do dua den khai miém day so:

*  Ham sb u xac dinh trén tdp hop cic sd nguyén dwong N duoc goi 1a mot ddy sé vé han
(hay goi tt la day s6), nghia la
wN - R
n — u, = un).
Day s trén dugc ki hiéu 1a (u,).
Dang khai trién ctia day so (u,) 1a: u,; u,; ... u,;

L

Chay:
a)u, =u(l) gor la sd hang d&n, u, = u(n) gol la sé hang thir n (hay sé hang H‘ing qudt)
clia ddy so.

b) Néu u, = C vai moi n, ta noi (u,) 1a dy s khéng doi.

Vi du 1. Ham s6 trong /3 ¢6 1a ddy sé hay khong? Néu co, hay tim sb hang thir nhat,
thir hai, thir ba va s6 hang tong quat cua day 50.

s



Giai
Ham s trong /% xac dinh trén tap hop cac sb nguyén duong N* nén no la mot day sb.

. =1 - - 3 P
Taco:u,=1l;u,=4, u,=9vau, =n".

'® Cho ham so:
vi{l;:2:3: 4.5 =R

n— v{n) = 2n.
Tinh v(1), v(2), v(3), v(4), v(5).
*  Ham s6 u xéc dinh trén tdp hop M = {1:2: 3: ... m} thi duoc goi la mot ddy s6 hitu han.
Dang khai trién cua day s6 nay la u,, u,, ..., u,, trong d6 u, 1a s6 hang dau va u, 1a
50 hang cubi.

Vi du 2. Dy gém 10 s6 tw nhién 1¢ ddu tién 1; 3; 5; ... 19 ¢6 phai la day sb hiru han khong?
Néu co, tim s6 hang dau va sb hang cudi cua day s,

Gidi
Day la mét day s6 hiru han. Ta ¢ s6 hang dau «, = 1 va s6 hang cudi u,, = 19.

n—u=n,
a) Hay cho biét ddy so trén 1a hiru han hay vo han,
b) Viét ndm so hang dau tién cia day so da cho.
@i Cho 5 hinh tron theo thir tw ¢6 ban kinh 1; 2; 3: 4; 5.
a) Viét day so chi dién tich cua 5 hinh tron nay.
b) Tim s6 hang dau va so hang cudi ciia diy so trén.

2. Cach xéac dinh day sé
’Q Cho cac day so (a), (b)), (¢,), (d) duoe xac dinh nhu sau.

0q,=0,a,=1,a,=2;a,=3,a,=4. b =2n.

¢ =1
o e d_la chu vi cua dudng tron ¢d ban kinh n.
¢, =c¢, ,+1 (nz22).

H

Tim bon so hang dau tién cua cac diy so trén.



Théng thudmg mot day sé ¢o thé duge cho bang cac cach sau
Cdch 1: Liét ké céc sé hang (vdi cac day sb hiru han).

Cdch 2: Cho cong thirc ctia s6 hang tong quat u,.

Cdch 3: Cho hé thire truy hoi, nghia la

« Cho s6 hang thir nhit u, (hodc mot vai sé hang déu tién);
» Cho mét cong thire tinh u, theo u, , (hodc theo vai s6 hang dimg ngay trudc nd).

Cdch 4: Cho bang cach mé ta.

Trong A , (a,) 1a day s6 chi ¢o 5 s6 hang dugc cho bing céch liét ké, (b,) duge cho boi
cong thire cua s6 hang t6ng quat, (c,) duge cho bai hé thire truy hdi va (d,) duoe cho bing

cach md ta.
. _altel
Vi du 3. Cho day s6 (u,) véi u, = e
a) Tim ba s6 hang dau tién. b) Tinh wu,, va uy,.
Giai
% A a 1 1 1
a) Ba s0 hang diu tén la: u, = 0; u, = 2 = 3
501 49 99 -1 98 49

% Cho day s (u,) xac dinh boi: {

()

b) Ta ¢é: ug, = = | = = }
- 3.50+1 151 3.99+1 298 149

I !'4. ["I i ."' ( ”] . inh bdi‘: Hl- “'-
HH ] I [ (” E .5}.

Tinh u,.
Giai
Tach: u,=w,+u,=1+1=2;u,=u,+tu,=2+1=3; 4, =u,+u,=3+2=35
Vay u, =35.
u =3

7 =21,1:H (n=1).

.oml
a) Chimg minh u, =2.3; u, = 2°.3; u, = 2.3,
b) Dy dodn cong thirc s6 hang tong quat cua day so (u,).

Mt chong cot g0 duge xép thanh céc 1ap, hai lop
lién tiép hon kém nhau 1 cét gb (Hinh 1).
Goi u, 1 56 cot gd nam & lép thir a tinh tir trén
xuong va cho biét 1op trén cung co 14 ¢ot go.

Hay xac dinh diy so (u,) bing hai cach: )

a) Viét cong thirc s6 hang tong quat u,.
b) Viét hé thire truy hoi.




3. Day sé tdng, day sé giam

'Q Cho hai day s6 (a,) va (b,) duge xédc dinh nhu sau: @, = 3n + 1; b, = —5n.
a)Sosanha, vaa,, , Yne N,
b) Sosanh b, va b, ,, ¥n e N,

* Cho day so (u,).
Day sb (u,) duoc goi la day sé ting néuu, ., > u, ¥n e N',
Day s6 (u,) duge goi 1a day sé gigm néuu, < u, Vn e N,

Vi du 5. Xét tinh tang, giam cua cée day s6 sau:

) (a,) V6i a, =~ b) (b,) véi b, = n*: ¢) (¢,) véi ¢, = (-2
)
Giai
a)Taco: a,,, = L < L a, ¥n e N'. Viy (a,) la day s6 giam.

n+l n
b) Taco: b

i+

=(n+1y>n’=h

ne

¥n e N'. Viy (b,) 1a day s6 ting,

¢)Taco: ¢, =-2; ¢, =4; ¢, =8, suy ra ¢, < ¢, ¢, > ¢, Viiy (c,) khong 1a day s6 ting,
cling khong la day so giam.

Vidu 6. Xét tinh ting, giam cua cac ddy s6 sau:
a) (a,) voi a, = - b) (b,) vOi b, =n—n’.
n+l
Gidi

a) Ta nhin thiy cac s6 hang cua diy (a,) déu la so duong. Ta Iép ti so hai s6 hang lién tiép

n+l
2
cua day: G _ n+2 _(n+1)n+l) _n T2"+l=1+ ,1 >1, Ve N,
a, ~—_n n(n+2) n"+2n n+2n
n+1

Suyraa,.,>a, Vne N Viy(a,) la day sé ting.
byTacob,, —b,=nt1-(m+1yV]-(n-m)=-n"—-n-n+n=-2n<0,Yne N

Suyrab,, <b,Vne N Viy(b,)ladiy sb giam.

% Xét tinh tang, giam cua cac day sO sau;

. 2n-1 o _ n+2 R . L3
a](u”]vmu"——n_l_l*, b) (x,) voi x, TR c) () voie =(=1) .n".



@ Mot chng cot gd duoc xép thanh céc 16p, hai lop lién tiép
hon kém nhau 1 ¢dt gd (Hinh 2).
a) Goi u, = 25 la s6 cot gb co & hang dudi cing cua
chong cot g0, u, 1a s6 cot gb ¢6 & hang thir n tinh tir
dudi 1én trén. Xét tinh tang, giam cua day so nay.

Hinh 2

b) Goi v, = 14 1a s6 ¢Ot gd ¢6 ¢ hang trén ciing cua
chong cot go, v, 1a so ¢ot gd ¢o & hang thi n tinh tir
trén xuong dudi. Xeét tinh ting, gidm cua diy so nay.

4. Ddy s6 bj chan

'@2 Cho day s6 (u,) vai u, = L So sinhcéosé hang cta déy s véi 0 va 1,
H

@ e Diy $6 (u,) duge goi la day sb bi chin trén néu ton tai mot s6 M sao cho
u, <M, n e N*.

o Dy s6 (u,) dugce goi 1a ddy s6 bf chdn duwdi néu ton tai mot sb m sao cho
u,=zm,¥n e N*.

o Diy s6 (u,) duge goi la dily sé bj ¢hdin néu no vira bi chan trén vira bi chiin dudi,
nghia la ton tai cée s6 M va m sao cho

m=u, <M, Vn e N*

Vi du 7. Xét tinh bi chiin cua day s6 (u,) véi u, = %
Gidi

Wn e IN*. Viy (u,) bl chin trén.

"

Taco: w, = % < %
u, = Ei" >0, Vn e N* Viy (u,) bi chin dudi.
Ta thay diy s6 (u,) bi chin trén va bi chiin dudi, suy ra ddy so (u,) bi chan.
m Xét tinh bi chiin cua céc diy s6 sau:

oy b
a)(a,) vona,=cos—;
n

b) (b,) véi b, = ——.
n+l1




BAI TAP

1. Tim u,, u, va du doan cong thire 50 hang tﬁng quat u, cua day 50

u =1

= (2.
1+u,

n+

: o 1
2. Cho day sb (1) véi u, =——+——+...+
Y 80 (1) vor b, =t 3 )

. Tim w,, u,, u, va du doan céng thirc
s6 hang tong quét u,,
3. Xét tinh ting, giam cua day s6 (v,) véi v, =Jn+1- Jn.

4. Xét tinh bj chin cua cac diy s6 sau:

a) (a,) v6i a, = sin’ %t cos E; b) (u,) véi u, = 6n— 4_
3 4 n+2
5. Cho diy s (u )véi 1, ===~
n+l
Chimg minh (u,) 1& day s6 ting va bi chin,
6. Cho daiy s0 (u,) véi u, = L"-lz - Tim gid tri cia a d¢é;
"+ ,
a) (u,) 1a day s ting; b) (u,) la day sb giam.

7. Trén ludi 6 vuéng, mdi 6 canh 1 don vi, ngudi ta v& 8 hinh vudéng va té mau khac nhau
nhu Hinh 3. Tim day so bi¢u dién dé dai canh cia 8 hinh vuéng dé tir nho dén lém, Co nhan xét
gi vé ddy s trén?

mm—= *‘--:.4\

——
S

Hinh 3



Ban c6 biét?
DAY SO FIBONACCI

Fibonacci (Phi-bo-na-xi) (con co tén 1a Leonardo Fibonacci)
la mét nha todn hoc ndi tiéng ngudi Y. Trong cudn sach
Liber Abaci, nam 1202, 6ng c6 viét bai todn sau:

“Mgt déi tho (eom mét tho duc va mot tho cdi) cie moi
thang dé dwoc mét déi tho con (ciing gom mét tho duwe va
mot tho cdi); moi doi tho con, khi tron hai thang tuéi, lai
moi thang dé ra mét déi thé con, va qud trinh sinh né cir
thé tiép dién. Hoi sau mgt nim sé ¢d tdt ca bao nhiéu doi
the, néu dau ndm (thang 1) cé mot déi thé so sinh?”

(Nguon:https://www.britannica com/science/Fibonacei-number) Hinh 4. Leonardo Fibonacci
R& rang & thang 1, cling nhu & thang 2, chi cd mt A A Ty
d6i tho. Sang thang 3, d6i tho nay s& dé ra mot doi mi : !
tho con, vi the & théang 3 s& co 1 + 1 =2 ddi tho. n \ .
Sang thang 4, vi chi ¢ déi tho ban déu sinh con
nén ¢ thing niy ¢6 1 + 2 = 3 doi tho. Sang thing wd & s

5, hai d6i tho gom doi tho ban déu va déi tho dugc |
sinh ra ¢ thang 3 ciling sinh con nén thing nay co %‘ }.’? f a
3+2=15d61tho; ... _

8. de L 88

Hinh 5

Khai quat, néu ki hi¢u F 1a s6 d6i tho c6 & théng thir n, thi véin = 3, ta co:
F,=F, _, +s0doitho duge sinh ra ¢ thang thi a.
Do cac doi tho dwoce sinh ra ¢ thang thir (n — 1) chua thé sinh con @ théng thir n va mdi
d61 tho ¢o ¢ thang lhq‘ (n—2)sé :ainh ra mol doi tho con, nén so doi tho con duge sinh ra
o thang thir n chinh bang F, _, (56 dbi tho co o thang thir (n - 2)).
Nhuvdy: F,=F  +F, _,
Viée giai quyét bai todn trén cia Fibonacci din dén viée khao sat day so:
F =1
F,=1
F=F_ +F_, (n23).
Day so trén sau nay duge nha toan hoc Phap Edouard Lucas goi 1a diy so Fibonacei.

Ap dung quy ludt ddy s trén, ta tinh duge s6 doi tho sau mdt nam 1a £, = 144,




Ba

i 2. Cap s6 cong

Tir khoa: Cap sé cong; S0 hang dau; Cong sai; Tong cia n 56 hang dau tién,

») , - o
Mot rap hat c6 20 hang ghé. Tinh tirsan khau, s6 luong ghé clia cichang tang dan
nhu trong hinh minh hoa dugi day.

Ban hay dém va néu nhan xét v_i! s ghé m
clia nam hang dau tién. ? :

San khdu
Lam thé nao dé biét duoc s ghé cha mot hang bat ki va tinh dugc tong s6 ghé co

trong rap hat do?

1. Cap s6 cdng

’C‘} Tim diém gidng nhau cua céc day s sau;

0

a)2:5;8;11;: 14 (xecm Hinh 1).

14

11
5 8
2

Hinh 1

b) 2: 4; 6; 8. ¢) 5; 10; 15; 20; 25. d)-5;-2:1;4;7;10.

1 Cdp 6 ¢png 1a mot ddy s6 (vo han hodic hiru han) ma trong do, ké tir s hang thir hai, mdi

.

s6 hang déu bing tong ctia s6 hang ding ngay trude né vai mot s6 d khong doi, nghia la:
u,,,=u,+d voi ne N".

Sb d dwoc 201 la edng sai cua cép 50 cing.

Vi du 1. Tim cép s6 cong trong cac day s sau:

a) 5;10; 15; 20; 25; 30. b)1;2;4;8. 7.7 7.7 7.
Giai

a) Day sd: 5; 10; 15; 20; 25; 30 1a cap so cong vdi cong sai d = 5.

b) Day s6: 1; 2; 4; 8 ¢6 u, — u, # u, — u,nén khong phai la cap so cong.

¢) Day sd: 7;7; 7; 7; 7 la cap s6 cong véi cong sai d = 0.



Vidu 2. Cho cﬁp 50 cong: 3:6;9;12; .. Tim ) hang déu, cOng sai va u;.
Gidi

Ciép s0 cong da cho ¢o s6 hang dau v, = 3; cong sai d = 3.

Tacou,=12nénu,=u,+d=12+3=15.

Vi du 3. Chimg minh mdi diy so sau la cap s cong. Xac dinh s6 hang dau va cong sai cua

mdi cap s6 cong do.

a) Day s6 (u,) véi u, =2n + 1. b) Dy s6 (v,) véi v, =-3n + 5.
Giai

a)Tacoru,=2.14+1=3,

U, =2+ D)+1=2n+1)+2=u,+2, Vn e N¥
Viiy day s6 (u,) la cip s6 cong voi s6 hang diu u, = 3 va cong sai d = 2.
b)Taco:v,=-3.1+5=2,
vV, ==3(n+1)+5=(3n+5)-3=v +(-3),Vn € N*.

Viy day s6 (v,) 1a ¢ip s6 cong vai s6 hang diu v, = 2 va cong sai d = -3.

Vidu 4. Cho a, b, ¢ 14 ba s6 hang lién tiép cua cip s6 cOng. Tinh b theo a va c.
Giai

Goi d 1a cong sai clia cdp s6 cong, tacod=h-a=c~h. Dodo b= %

Nhdn xét: Néu (u,) 1 ciip s6 cong thi ké tir s6 hang thir hai, mdi s6 hang (trir s6 hang cudi
d6i vai cap s6 cong hiru han) déu la trung binh cdng cia hai s6 hang ding ké né trong day,
tire la:

il &

H* ;”kll “'( }2}

@ Chimg minh mdi day sé sau la cip s cong. Xac dinh cong sai cia mdi cip sé cong do.

a)3; A 15 1519528,
b) Day so (u,) voi u, = 9n -9,

¢) Day s6 (v,) vai v, = an + b, trong d6 @ va b la cac hiang so.

86 do ba goc cua mét tam gidc vuong lap thanh cép s6 cong. Tim s6 do ba goc do.

Mt cit cia mot t6 ong co hinh ludi tao bai cdc 6 hinh
luc gide déu. Tir mot & ddu tién, bude thir nhit, cic ong tho
tao ra vong 1 gfjm 6 0 luc giac; budc thir hai, cac ong tho
s€ tao ra vong 2 ¢6 12 6 bao quanh vong |; budc thir ba,
cac ong tho sé tao ra 18 0 bao quanh vong 2; cur thé
tiép tuc (Hinh 2). S& 6 trén cac vong theo thir tu c6
tao thanh cdp s6 cong khong? Néu co, tim cong sai cia
cép ) cong nay.




2. S6 hang tdng quat cluia cdp sé céng

'Q Cho cip s cong (u,). Hay cho biét cac hidu so sau ddy gip bao nhiéu lan cong sai d cua (u,):

T N TR TR TR TR TR T

Dinh I 1

* Néumét cap sé cong (u,) c6 s6 hang dau u, va cong sai d thi sb hang tong quét u, cia nd
duge xac dinh boi cong thire:

HH=H|+{H—]]d,ﬂ22.

Vidu 5. Tim sb hang tong quét u, cuia cdp s6 cong co s6 hang déu u, = 3 va cong sai
d=9.

Giai
Tacou,=u+(n=1)d=3+(n-1).9=9%-6.
Viy s6 hang tong quat ctia cap sb cong la u, = 9n - 6.

% Tim s6 hang tdng quat cua cic cip so cong sau:
a) Cép sb cOng (a,) ¢6 a, =5 va d = -5;
b) Cép s6 cong (b,) c0 b, =2 va b,, = 20.

@ Tim s6 hang lﬁng quat cua ufip 50 cOng (c,) co ¢, = 80 va ¢, = 40.

3. Téng clia n s6 hang ddu tién cla cdp sé céng

'@ Cho ce:ip 50 cong (u,) cO cong sa1 d.

a) Tinh cdc tong: w, +uwu, +u, u,+u, ... u+u . theou,nvad.

ne

wooow,ou W, 2 W, , U,
] : o
2d 2d
_ -

Hinh 3

b) Chimg to ring 2(u, + u, + ... +u,) = n(u, + u,).



Dinh Ii 2
= Gia sir (u,) 1a mot cép sd cong co cong sai d. Dat S, =u, + u, + ... + u,, khi do
N niu, +u,)
" 2
n[2u, +(n-1)d]

h —
ay S, 5

Vidué.

a) Tinh tong 100 s6 nguyén duong déu tién.

b) Cho cdip s6 cong (u,) ¢6 u, + 1, = 20. Tinh tong 9 s hang déu tién cua cip s6 cong do.
¢) Cho cp s6 cong (v,) ¢6 §, = -3 va S, = -15. Tinh S,

Giai
a) Ta c6 thé sdp xép 100 s6 nguyén duong dau tién thanh cdp sé cong co u, = 1,
o= 100,
Suy ra 8y, = I{]ﬂ{l—;]ﬂﬂ} =50.101 = 5050.

9(2u, +8d) 9.20

b) Ta cO uy + 1= (u, + 3d) + (u, + 5d)=2u, + 8d=20. Suyra S, = > 5 90.
c}'l‘ucb:iﬁMHT%=—3.suymvl+d=—l; (1)
§y= VM) _ 15 suyrav+2d=-3. ()
Tir (1) v (2) ta duge hé phuong trinh {V' ot
v, +2d =-3.

Giai h¢ phuong trinh trén ta duge v, = 1 va d = -2,
50(2v, +49d) _50.[2.1+49.(-2)] _

b 85y = =—2400.
Do do Sy 3 3 24

& a) Tinh tong 50 so ty nhién chin dau tién.
" b) Cho cép s cong (u,) ¢6 u, + u,, = 100. Tinh tdng 30 sé hang du tién cua cép sb
cong do.

¢) Cho cip s cong (v,) c6 S, = 18 va S, = 110. Tinh S,

@3 Mot rap hat c6 20 hang ghé xép theo hinh quat. V“ ------ __\
~~ Hang thir nhéit ¢6 17 ghé, hang thir hai c6 20 ghé,

hang thir ba ¢6 23 ghé, ... cir thé tiép tuc cho dén
hang cudi ciing (Hinh 4).

a) Tinh s6 ghé co & hang cudi cling.

b) Tinh tfmg sd ghé cO trong rap. -




BAI TAP

1. Chirng minh day 36 hiru han sau 1a L‘élp 50 cong: 1;-3; -7, -11; -15.

2. Cho (u,) l1a cép sb cong véi s6 hang dau u, =4 vacong said =-10. Viét cong thirc s6 hang
tong quat u,.

3. Cho c:”ip s6 cong (u,) co 56 hang diu u, = -3 va cong sai d = 2.
a) Tim u,,. b) S 195 1a s6 hang thir bao nhiéu cua cip sé cong d6?

4. Trong cac day s6 sau déy, day s6 nao 1a cép s6 cong? Tim s6 hang diu va cong sai cia no,

a)u, =3 —4n; b)u,,=£—4; c)u,=5" d}u"=g_5”.
2 3

5. Tim s6 hang du va cong sai cia cap s cong (u,), biét;

a) uy =1, =20 b) uy + 1ty =0 c){u,—uri:S

u, +u, = 54; u, + 1, =80; ug . Uy =24,

6. MOt ngudi mudn mua mét thanh gd du dé ¢it ra lam céc thanh

ngang ctia mét cai thang, Biét rang chicu dai cdc thanh ngang

cua cdi thang do (tr bac dudn ciang) lin lugt 14 45 em, 43 em,

4l em, ..., 31 cm.

a) Cai thang d6 co bao nhiéu bic?

b) Tinh chiéu dai thanh gd ma nguéi do can mua, gia sir chiéu dai .

cac moi noi (phan gd bi cit thanh min cua) la khong dang ké.

7. Khi mét vin dong vién nhay du nhay ra khoi may bay,
gid str quing dudmg ngudi dy roi ty do (tinh theo feet)
trong moi gidy lién tiép theo thir tyr trude khi bung di
lan luot 1a: 16; 48; 80; 112; 144; ... (cac quing dudng
ndy tao thanh cdp sb cong).

a) Tinh cong sai cua cap s6 cong trén.

b) Tinh téng chiéu dai quang duémg roi tr do ctia nguoi
do trong 10 gidy dau tién.

Hinh 6

8. O mot loai thue vat ludmg boi, tinh trang chiéu cao ciy do hai gene khong alen 1a A va B cing
quy dinh theo kiéu tuong tic céng gop. Trong kiéu gene néu cir thém mét alen trdi A hay B
thi chiéu cao cdy ting thém 5 ecm. Khi trudng thanh, cdy thap nhit cua lodi nay véi kiéu gene
aabb co chiéu cao 100 cm. Hoi cdy cao nhét véi kiéu gene AABB ¢6 chiéu cao bao nhiéu?



Bai 3. Cap s6 nhan

Tir khoa: Cap sé nhén; Cdng bdi; Tong cla n sé hang dau tién.

Mét qua béng rai tit mét vi tri c6 d6 cao 120 cm. Khi cham ddt, né luén nay lén 46 cao
bang mét nira dd cao cta lin roi trudc do.

Goi 1, = 120 la @6 cao ctia lan roi dau tién va u; u,; ...; u,; ... la o cao cia cac lan roi
ké tiép. Tim 5 50 hang dau tién cia day (u,) va tim diém dac biét cia day 56 dé.

1. Cép s6 nhan

s

q a) Tinh thuong cua hai s6 hang lién tiép trong day so: 2; 4; 8; 16; 32; 64,

b) Tim diém giong nhau cua cac diy s0 sau:

) 3: 6 12: 24: 48, i 1 e

l: l; ; ™. ) 2; —6; 18; =54, 162; —486.
2 4 8 16

0

1 Cdp s6 nhén 1a mot diy s6 (hiru han hodic vo han) ma trong do, ké tir s6 hang thir hai,
moi s6 hang déu bang tich cua s6 hang dimg ngay trude no voi mot s6 g khong doi, nghia la:
u,,,=u,.qvoi ne N,

S6 g duge goi 1a edng bdi cua cip s nhén,

Vidu 1:

Tim s0 hang dau va cong b cua cac cap s0 nhan sau:

a)3;6;12;24;48;...; b) l;—l; l; —l; L c)9:9:9:9:9; ...
2 4 8 16

57




Gidi
a) Day s6: 3; 6; 12' 24: 48; ... la cap s6 nhdn vai u, = 3 va cong boi g = 2.
1 l l
2 4’ 8 16"
c) Day s0: 9:9:9:9:9 . la cap s6 nhin voi u, =9 vacong borg=1.

b) Dy so: 1; - . 1a cap s0 nhin véi u, = 1 va cong boi g = —% .

Vidu 2. Trong cac day 50 sau, day 50 nao la c:“ip s6 nhan? Tim sb hang déu va cdng boi
ciia cdp s6 nhin do.
a) 1;11; 121; 12321; 1234321, by 1;=1;1;-1; 1. c)4;8;12; 16.

Giai
a) Day s6: 1; 11; 121; 12321: 1234321 la cip s6 nhin voi s6 hang dau u, = 1 va cong boi
g=11.
b) Day s6: 1; =1; 1;—1; 1 é cép 56 nhan véi s6 hang déu w, = 1 va cong bdi g =1,

¢) Day sb: 4: 8: 12: 16 ¢6 “2 % 2 nan khong 1a cip sb nhan.
W u,

Vi du 3. Cho cép s6 nhin: 1; 10; 100; 1000; 10000, Biéu dién s6 hang 10 va 100 theo
hai sé hang ké no.
Giai
Tacd: 10°=1.100; 100* = 10.1000.
Chu y: Day s6 (u,) 14 cap s6 nhén thi

¥ .
w, =u, .U, voinz2l

i1 n+l

@1 Cho ba s6 tw nhién m, np thcu thir t 1dp thanh Lap s6 cOng. Ching minh ba sh 2" 2" 2

theo thir tur lap thanh cip s6 nhén.
Mot quée gia ¢6 din s6 nam 2011 la P triéu ngudi. Trong 10 ndm tiép theo, mdi nim

dan s6 ting ¢%. Chimg minh ring dan sd cdc ndm tir ndm 2011 dén nam 2021 cua
quoc gia do tao thanh cap so nhan. Tim cdng bdi cua cap s6 nhin nay.

Tén s0 cua ba phim lién tiép Sol, La, Si trén mdt
ciy dan organ tao thanh cép s6 nhin. Biét tan so [ 1]]

cua hai phim Sol va Si lin Irot 14 415 Hz va 466 Hz

(theo: https://vi.wikipedia.org/wiki/Dé_(ndt nhac)). Hinh 1
Tinh tin s6 ctiia phim La (lam tron dén hang
don vi).



2. S6 hang téng quat clia cép sé nhan
'@ Cho l::frlp s6 nhan (u,) cO cong bon g. Tinh w,, u,, u, va u,, theo u, va g.
Dinh li 1
¥ Néumdt cip sé nhin (u,) 6 s6 hang diu 1, va cong bdi g thi sé hang tdng quat u, cua
no duoe xdc dinh b cong thire:

u,=u, .q ',n=2.

Vi du 4. Cho cép s6 nhan co 8 s hang, s6 hang déu 1a 4374, s6 hang cudi 1a 2. Tim
cong béi cua clp sé nhan do.

Giai
Ta 6 u,= 4374 vi u, = 2. Goi g la cong bdi cta cip sé nhin ndy, ta co:

u 2 | 1Y 1
=y .q,suyrag = —-t=——=—nu=|=|,dodé6g=-
WAL SRS T a3 2187 (3) =3

% ‘v'lei cong thire s6 hang téng quat u, theo sé hang diu u, va cong boi ¢ cua cac
ciip 56 nhan sau:

1 ! I

2 10: 20; 40: BO: l; —; 5 ; . .

a) 5; 10; 20; 40; 80; ... b) 10°.700°-1000° 10000

6&\' Chu ki ban rd cua nguyén lu phong xa poloni 210 1a 138 ngay, nghia la sau 138 ngay,
khéi luong cua nguyen t6 dé chi con mot nira (theo: https://vi.wikipedia.org/wiki/
Poloni-210). Tinh khoi lugng con lai ctia 20 gam poloni 210 sau:

a) 690 ngay; b) 7314 ngay (khoang 20 nam).
3. Téng cha n sé hang déu tién cla cdp sé nhan

’@ Cho cap s6 nhan (1) c6 cong bdi g. Dat S, =u, +u, +... + u,.
a)Sosanhg.S va(u,tu,+...+u)+tq.u,; b) So sanhu, +¢.5 vas, +u,.q".
Dinh li 2
*  Gia sir (u,) la mét cdp s6 nhan c6 cong bdi g # 1. Dat S, =u, +u, + ... + u,, khi do
S = ”|{1—ij‘"]"
n l—q

Chay: Khig=1thiS,=n.u,.




Vi du 5. Tinh tong 10 50 hang diu tién cua cz’rlp s6 nhan (u,) co 50 hang diu u, =1 va
cong boi g =2.
Giai
1-¢" . (1-2"
Q)*IHCGSW= ( )
l-g 1-2

Ap dung cong thirc S, = =2 ~1=1023.

& Tinh tong n s6 hang dau tién cua cap so nhan (u,) trong cac truomg hop sau:

a)u, = 10°,g=0,1;n=25; b)u, = 10; u,=-20; n=35.

N . T : 3 . : =4 A < ad cn
I#-fd Trong bai toan & (» dau bai hoc, tinh tong cac d¢ cao cua qua bong sau 10 lan ron dau tién,

BAI TAP

1. Trong cac day sO sau, day s nao 1 cip s6 nhan? :
U =
a)u, = 3(-2)"; byu, =(-1)""'.7 ¢) J !
lu"” =2u +3.
2. Tim s6 hang déu va cong boi cuia cép sd nhan (u,), bit:
] u, —u, =15 b) U, =ty + Uy =65
a )
U, —u, =6 u, +u, =323,
3. a) $6 do bin goc cua mot tor giac ip thanh :.:?Lp sO nhiin. Tim s6 do cta bdn goc do biét rfmg
s0 do cua goc lém nhat gap 8 lan s6 do cua goe nho nhit.
b) Viét sau s xen giira cac 56 —2 va 256 dé dugce cdp s6 nhan cé tim s6 hang, Néu viét tiép thi
s0 hang thir 15 1a bao nhiéu?
I 2 I 2 - a 5 A A - =] . ) '
4. Baso VA E 5 theo thir tyr Idp thanh cap so cdng. Chirg minh ring ba so a, b, ¢ theo
-a h—c¢

thir ty 1dp thanh cap s6 nhén.

5. Tinh cdc Ong sau:

a) S, = 1+%+_:—1+...+ir b) S, =9+99+999 + _ +99 9.

-;Jr 3 [ —

n chirsd 9
M6t loai vi khuian duge nudi cdy trong phong thi nghiém, cir moi
phuat s6 lugng lai ting 1én gap doi so luong dang ¢6. Tir mét vi
khuan ban dau, hiy tinh tong s6 vi khuin c6 trong ong nghiém sau

20 phut.

Hinh 2



7. Gia sir m6t thanh phd c6 din s6 nam 2022 1a khoang 2,1 triéu ngudi va toc do gia ting din
sO trung binh mdi nam 1a 0,75%.
a) Du doéan dan s0 cua thanh phﬁ do vao nim 2032,
b) Néu tdc do gia tang dan sb vén giir nguyén nhu trén thi wéce tinh vao nim nao din sb cua
thanh phd d6 sé ting gip doi so vai nam 2022?

8. Trong tro choi mao hiém nhay bungee, mdi lin nhay,
nguot choi sé duge diy an toan co tinh dan hon kéo nay
nguoc lén 60% chiéu sdu cua ci nhay. MOt ngudi cho
bungee thuc hién ¢ nhay dau tién ¢6 do cao ndy nguoc
Ién a9 m.

a) Tinh do cao nay ngugc Ién cua ngud do o lén nay
thir ba.

b) Tinh tong cic do cao nay nguoe 1én ciua ngudi do
trong 5 lin nay dau.

Hinh 3

BAI TAP CUOI CHUONG Il

CAU HOI TRAC NGHIEM

Chon phwong an ding,

3. Cho day so (1) véi u, = N . Phat biéu
n+2

\ % L h X \ T
1. Cho day s0O (u,) voi u, =3 Ba s0 nao sau diy diang?

hang déu tién cua diy s6 (u,) lan lugt 14 A. Day 50 ting va bi chin.

B. Day s6 giam va bi chiin,

A 1 W B B r W 3 . _
"2’ a' 27 2’4 2% C. Diy s0 giam va bj chin dudi.
L 17t L D. Dy s6 giam va bi chin trén.
C. === D. 2o . . ,
2 4 25 2 3 28 4. Cho cép s6 cong (u,) co so hang dau u,,
1111 cong sal d. Khi do, voin = 2 ta co
2. Cho day s0: i; ?; 3_1; 3_=1; 3_~‘ Au=u+d B.u =u +(n+l)d.
S6 hang tong quat cua day so nay la C.ou,=u,~(n—1)d. D.u,=u,+(n-1)d.
A u :l . LL B. u, = l . 5. Cho cip sb cong (1) cou, =3 va w, ==1.
33 3 Khi d6
C u”=%- D. u, = 31_|_ A u,=4. B.u,=2.

C.u,=-5. D.u,=7.




6. Cho cip s6 cong (u,) c6 s6 hang dau
u, = -1 vi cong sai d = 3. Khi do S, bing
A1l B. 50.

C. 10, D. 25.

7. Co6 bao nhiéu so thue x dé 2x - 1: x;
2x + 1 theo thir ty 1ap thanh cép s6 nhan?

Al B.2.
C. 3 D. 4.
8. Mot tam gide ¢6 s6 do cde goc lap thanh

cdp sO nhén ¢o6 cong boi ¢ = 2. SO do cde
goc cua tam gide do lan luot 1

6 3 2 S
C. E; E; 4—“ D. E; H; ﬂ
6 6 6 T TN, 7

BAI TAP TU LUAN
9. Xét tinh tang, giam cua day so (u,) voi

_ 3 -1
R zn r
10. Xét tinh bi chin cua day so (u,) voi
_2n+1
"on+2

11. Tim s hang déu u, va cong sai d cua cap
s6 cong (u,), biét;

Su, +10u, =0 b u, +u,, =60
E' 3
S, =14; w, +u, =1170.

12. Tim s6 hang dau u, va cong bodi ¢ cua
cap s0 nhén (u,), biét:

a) ug =96 b) Uy, +u, =72
u, =192; u, =, =144,
13. Gid strmdt quan thé dong vat & thoi diém
ban diu c6 110000 ca thé, quéin thé nay
6 1i 18 sinh 14 12%/ndm, xudt cur 1a 2%/nam,

tir vong la 8%/ndm. Dy dodn s ¢4 thé cua
quén thé d6 sau hai nam.

14, Mot ¢y dan organ ¢6 tin s6 dm thanh
cac phim lién tiép tao thanh mdt cép so
nhin. Cho biét tin s6 phim La Trung la
400 Hz va tin s6 cia phim La Cao cao
hom 12 phim la 800 Hz (nguén: https://
vi.wikipedia.org/wiki/Organ). Tim cdng
boi cia cap sO nhin noi trén (lam tron
két qua dén hang phén nghin).

15. Déin so Viét Nam nam 2020 la khoang
97,6 triéu ngudi (theo Nién gidm thong ké
ndm 2020). Néu trung binh mdi nim ting
1,14% thi uéce tinh dédn s6 Viét Nam nim
2040 1a khoang bao nhiéu ngudi (lam tron
két qua dén hang trim nghin)?



Chuong il GIGI HAN. HAM SO LIEN TUC

Trong chuong nay, chiing ta sé tim hiéu vé mat phép todn méi: phép toan gidi han. Nho phép todn nay, nguoi ta
xdy dung nén nhiing khai niém ca ban cla Gidi tich todn hoc nhu tinh lién tuc, dao ham va tich phan.

Néi dung cia chuong nay gom: gidi han cha day s, gidi han cia ham sé va tinh lién tuc cia ham sé.

Qud trinh tao ra mét hinh fractal

(ﬂ } Hoc xong chuang nay, ban cé thé:

- Nhén biét dugc khai niém gidi han cla day s6, van dung cac gidi han co ban va cac
phép todn gidi han dé tim gidi han mét sé day s6 don gian,

- Tinh duogc téng clia mét cdp s6 nhan |0i vé han va van dung vao giai quyét nhing
van dé trong toan hoc va cudc séng.

- Nhén biét khai niém gidi han hitu han, gidi han mét phia cla ham sé tai mot diém, tai
v cuc, gidi han vé cuc cia ham sé tai mét diém théng qua xét mot sé gidi han cd ban;
tinh gidi han cia ham s6 béng ciach dung nhiing gidi han co ban va cac phép todn
trén gidi han ham sé; gidi quyét duge mét sé van dé thuc tién gan vdi gidi han ham sé.

- Nhan dang dugc ham sé lién tuc tai mot diém, hodc trén mot khodng, hodc trén mét
doan; nhan biét tinh lién tuc cda téng, hiéu, tich, thuang cla hai ham sé lién tuc, tinh
lién tuc cia mot sé ham sb so cap co ban.




Bai

1. Gidi han cia day so

Tir khod: Gidi han hitu han clia day sé; Tong cia cap s6 nhén lhi vé han.

®

Khéng thé nhu vay duac, vi

2

56 thap phan A >
06<—066<—0666<—...
3 3 3

vo han tudn hoan 0,666, ..
vaso ; |4 hai 56 bang nhau.

1. Gi¢i han hiru han clia day sé

Gidi han 0 cia day s6

’C‘P Cho day s6 (u,) voi u,

"D

st l r’.l
n
a) Tim cédc gid try con thiéu trong biang sau:

n 10 20 50 100 1 000
|u,| 0,1 0,05 0,02 ? i
b) Vi n nhu thé nao thi lu,| bé hon [],{_}1: 0,0017?
¢) Mot s0 50 hang cua day s6 duge biéu dién trén truc s6 nhu Hinh 1.
LT Wy
I, My Ny N, U, TH
t ——rt i F—t f >
-1 0 1
Hinh 1

Tir cac két qua trén, ¢6 nhin xét gi vé khoang cach tir diém u, dén diém 0 khi # tré nén
rat 16m?

Ta noi day so (u,) ¢ gidi hgn 0 khi n din téi duwong vo cuc, néu |u,| nhd hon
mot sO duong bat ki cho trude, ké tir mdt s6 hang nao do tro di, ki hiéu “TL u, =0
hay u, — 0 khi n — +o0. Ta con viét la lim u, = 0. =

Vidu 1. Voi diy s6 u, = ), o ﬁ? sir dung dinh nghia, chimg to ring lim u, = 0.
n
Giai |
Vi s6 thue duong d bé tuy v cho trude, lay s6 tu nhién N sao cho N = —. Khi do, vai moi
sO tw nhién n sao chon = N, taco |u,|= D =l£ l{d.
n n N

Theo dinh nghia, lim u_ = 0.



Ta thira nhéan mot s gidi han co ban duéi day. Ching thudmg duoc sir dung dé tim gidi han
ctia nhiéu diy s6 khac.
o, ,
* lim— =0, v&i k nguyén duong bat ki.
n

* lim ¢" = 0, v&i ¢ la 6 thyc thoa man |g| < 1.

Vidu 2. Ap dung gidi han co ban, tim ]lm—

(4/3)

Gidagi

| Y
Ta 6 =[=].
By [ﬁ]

1 l — <] nén llm(;-llm[LJ =0

Do |—

3B J3

% Tim céc gion han sau:

a) IimlT; b) lim(—EJ /
/ 4

n

Gidi han hiiu han clia day s6

,@ Cho day so {{:J,] valu, = »
a) Cho day so (v,) vo1 v, = u, — 2. Tim gid han lim v,

b) Bicu dién cac diém u,, u,, u,, u, trén truc s6. C6 nhin xét gi vé vi tri clia cde diém u,
khi n tré nén rit 1on?

¥ Tanoi day sb (u,) cé gidi han hitu hgn 1 s6 a (hay u, din téi @) khi n din i
durmgvécuc,néuhm{u —a)=0, Khi do, ta viét Ilmu —ahuyhmu =a hayu,—a
khi n — +eo,

Chi y: Néu u, = ¢ (c 1a hing s0) thi lim u, = limc¢=c.

. - . S— . 30’ +]
Vidu 3. Ding dinh nghia, tim giéi han lim———.
Giai
|
Dt u,= 3= =
l n
Suyra lim (4, - 3) =lim—=0.
H
2
Theo dinh nghia, ta ¢6 lim u, = 3. Viy lim>"—"1=3.
n
@l Tim cac gid han sau:

S

a) Iim[2+[2] ]; b) nm(l“‘” _
3 n




2. Cdac phép toan vé gi¢i han hitu han cta day sé

@ &5 trén ta da biét lim| 3+ |=lim"*1 -1
! Hz .ﬂ'z

a) Tim céc giGi han lim 3 va limlz.
n

b) Tir d6, néu nhén xét vé ]im[.’i - i] va lim 3 + lim Lz
n H
Pé tim gidi han hitu han ctua diy s, ngudi ta thuomg van dung cde phép todn vé gidi han
hiru han cua day so.

¥ Cho limu,=a, limv, = b va ¢ la hing s6. Khi d6:

¢lim(u,+v)=a+bh ¢lim(u,-v,)=a-b

*lim(c.u)=c.a elim(u,.v,)=a.b

-|imﬁ=g(b¢n} « Néuw, >0, Yn e N* thia> 0 va lim\fu, =va
v

Vidu 4. Tim céc gid han sau;

3n+2, \Von* +1

lim - i
a) Y b) lim .
Giai
2
3+
a) Ta ¢co e iy (chia ca tir va mau cho n).
n-1 2_1
n
3422 lim[3+2 ) tim3+2tim!
Y 2 ) Hnsal e K p) PR 349 0 3
Tirdd lim =lim W, 1 = b 7 ==,
E 2 - Iim(Z—} lim2-lim— 270 2
n n n

b) Ta

3 2 2
- VO +1 Non* +1  [9n® +1 _\/9+ [

n Jr Vo TN
Tir d6 lim Y21 =1im\/9+L1=Jlim[9+ilJ =J|im9+umi2 =\970=3.
n

n n n
% Tim cac gidn han sau:
20’ _ A4n® +3
a) I|m2n1+3ﬂ; b) lim e :
n+1 n



3. Téng cla cdp s6 nhan lui vé han

D)
’

Ti mdt hinh vuong c¢é canh hﬁng 1, t0 mau mot nura
hinh vudng, ro1 t6 mau mot nira hinh con lai, va cu
tiép tuc nhu vay (xem Hinh 2).

a) Xac dinh dién tich u, cta phan hinh dwgc t6 mau
lan thak (k=1,2,3,...).

b) Tinh tong dién tich S, cua phan hinh duge 16 mau
sau lanto thirn (n=1,2,3, ...).

¢) Tim gidi han lim §, va so sinh gidi han nay voi R
dién tich hinh vudng ban déu.

Xét cip s6 nhan vo han (u,) ¢6 cong bdi ¢ thoa man |g| < 1.
Téng S, cia n s6 hang dau cua cap so nhan nay la:

. 1—q" u o .
3“=u,+u2+...+u"=u,1_£;=I_‘q—l_'qq.
Vilgl < 1 nén lim ¢" = 0 vi do d6
limsS, = — - fimg" = M- 9= th
l-g 1-¢ 1-q 1-g 1—¢

Gidi han nay duoe goi 1a tdng cua cap s nhin (u,), ki hiéu 1
S=u+u, +u, +..+u, +..
¥ Chp sb nhan vd han (1) c6 cdng bdi ¢ thoa man |g| < 1 duoc goi 14 edp sé nhdn lii vé han.
Cap s6 nhén 10i vo han nay c6 tong 1a

u
5=H1+H1+«--+H,+---=l—'—'
-4

Vidu 5. Tinh tong cua cap so nhéin i vo han: I—I—+L—]—+...+[—I-J +onn
4 16 64 4
Giai

Téng trén 1a tong cua cip s6 nhin 1ai vo han c6 s hang diu u,= 1 vacong boi g = -% nén

4

1 1 1 {IJ I 4
l-——t———+_ ]| —— | +...5——=—.
4 16 64 4 1_[ I} 5




vi du 6. Biét ring co thé coi s thap phan vé han tudn hoan 0,666. .. 1a tong ciia mot cip
s0 nhan lui vo han:
0,666...=06+006+0006+...=0,6+ ﬂ,ﬁ.%+ ﬂ,ﬁ-.L+....
Hay viét 0,666... dudi dang phén s6.
Giai
S60,666.. . i tong cua cip so nhén [0 vo han ¢6 s6 hang dau bing 0,6 va cong boi bing % .

0,6 6 2
Do do 0,666... = ———=—==.
T L 93
10
O ; = Ty Ry
gl Ti“ht"”gﬂuﬂﬂépﬁﬂﬂhﬁﬂ|uwﬁhan.l+§+ 3] Fetl3) e

@ Tir 0 gidy, it mot hinh tron bén kinh R (cm) nhu Hinh 3a. Tiép theo, ciit hai hinh
tron ban kinh % roi ching 1én hinh tron diu tién nhu Hinh 3b. Tiép theo, cit bon hinh

tuc mdi. Tinh tong dién tich cua cic a) b) c)

hinh tron. Hinh 3

tron bén kinh % roi chong lén céc

hinh trude nhu Hinh 3¢. Cir thé tiép

4. Gidi han vo cuc

'Q Dung mét day hinh vuéng bang cach ghép tir cac hinh vudng don vi (canh bang 1 don vi
d6 dai) theo cac bude nhu Hinh 4. Ki hiéu u, (don vi dién tich) la dién tich hinh vudng
dyng dugc ¢ budc thir n.

|

Bude 1 Bude 2 Buac 3
Hinh 4
a) Voi n nhu thé nao thi w, vugt qua 10000; 10000007
b) Cho hinh ¢6 dién tich S. V&i n nhur thé nao thi u, vuot qua S?



* Ta n6i day s (u,) cé gidi han 1a +o khi n —+o0 néu u, 1én hon mét s6 duong bat ki,
ké tir mot sb hang nao d6 trar di, ki hidu lim u, = +o0 hay u, —> +o0 khi n — +x,

* Ta néi day sb (u,) cé gidi han 13 —o khi n — +o0 néu lim(-u,) = +oo, ki hi¢u
lim u, = —o0 hay u, — =0 khin — 40,

Chi y: Ta co cac két qua sau:
a) lim u, = +o0 khi va chi khi lim (-u,) = —0;

b) Néu lim u, = +o0 hodc lim u, = —o thi Iimi =0,
u

L]

¢) Néu lim u, = 0 va u, > 0 véi moi n thi lim—l- = 400,
u

Vidu 7. Tim gidi han lim ¢" vai g > 1,
Giai

Tirg = | suy ra U-::éc: 1. Do do, lilnlJT:lim[l] =0.
q

Ma g" = 0 véi moi n nén lim g" = +uw,
Nhan xét:
a)limn'=+w (ke N, k= 1)

b) limg" = +w (g > 1),

BAI TAP
1. Tim cac gidi han sau:

2n+l Ji6n® -2

a) lim : b) im—;
n "
2—
&) lim——; d) lim 22143,
2n+1 2n
2. Tinh téng cia cdc cap so nhan lti vo han sau:
| | 1y I 1 | 1Y
a) ——+———+...+[——J +...; b) —+—+—+...+[—} +....
2 4 8 2 4 16 64 4

3. Viét s6 thip phan vo han tuin hoan 0,444. .. dudi dang mot phan so.




4. Tir hinh vuéng dau tién co canh bang 1 (don vi dé dai), ndi céc trung diém
ctia bon canh dé ¢o hinh vuéng thir hai. Tiép tuc ndi cac trung diém cua
bdn canh ctia hinh vudng thir hai dé duge hinh vuéng thi ba. Cii tiép tuc
lam nhur thé, nhin duge mot day hinh vudng (xem Hinh 5).

a) Ki hiéu a, 1a dién tich cua hinh vuong thir n va S, la tong dién tich
ctia n hinh vudng déu tién. Viét cong thic tinh a,, S, (n=1,2,3, ...)

&

va tim lim S, (gioi han nay néu ¢6 duge goi la tong dién tich cua cic
hinh vuong).

Hinh 5

b) Ki hi¢u p, 1a chu vi cua hinh vudng thit » va O, 14 tong chu vi cta # hinh vudng déu tién,
Viét cong thirc tinh p, va Q, (n=1,2, 3, ...) va tim lim Q, (gii han nay néu c6 dugc goi 1a

tong chu vi ctia cic hinh vudng).

th

. Xét qud trinh tao ra hinh c¢6 chu vi v cue va dién tich bﬁng 0 nhur sau:

Bit dau bang mot hinh vuéng /7, canh bang 1 don vi do dai (xem Hinh 6a). Chia hinh
vudng /7, thanh chin hinh vuéng bing nhau, bo di bon hinh vuéng, nhan duge hinh 71,
(xem Hinh 6b). Tiép theo, chia mdi hinh vudng caa H, thinh chin hinh vudng, rdi bo di
bén hinh vuéng, nhan dwec hinh 77, (xem Hinh 6¢). Tiép tuc qua trinh nay, ta nhin dugc

mdét day hinh I (n=1,2,3, ...).

Y I, 1,
a) b) c) d)
Hinh 6
x. 45 41
Ta ¢6: H, ¢6 5 hinh vudng, moi hinh vudng c¢o6 canh bing E;
H,¢6 5 .5 =15 hinh vudng, mdi hinh vudng c6 canh bing % . % = BLE;

Tir do, nhin duoe H, ¢6 5" hinh vuéng, mdi hinh vudng c6 canh bing SL"
a) Tinh dign tich S, coa /7 va tinh lim §,.
b) Tinh chu vi p_cua /{1 vatinh lim p .

f}':-
“{;} e

(Qua trinh trén tao nén mot hinh, goi la mét fractal, dwoe coi la co dién tich lim S, va

chu vilimp ).



Bai 2. Giéi han ctia ham sé

Tir khoa: Gigi han hitu han ciia ham s6 tai mot diém; Gigi han mot phia ciia ham so;
Gidi han hitu han cdia ham s tai vé cuc; Gidi han vé cu'c ciia ham sé.

@ Quan sat hinh bén, cho biét hinh chirnhat |
OHMK thay ddi nhung diém M luén nam

trén 46 thi clia ham séy = - (x>0).
X

Dién tich hinh chif nhat sé thay d6i nhu thé
nao khi diém H tién gin dén gdc toa d6?
Khi H tién xa sang phia bén phai thi sao?

1. Giéi han hiru han ctia ham sé tai mét diém

2x* -2
x=1
a) Bang sau déy cho biét gia trj ctia ham s6 tai mot s6 diém gén diém 1,

,q Xét ham s6 y = flx) =

X 0 0,5 {09 [099]|0,999 I 1,001 | 1,01 | 1,1 1,5 | 2

fley| 2 3 3,8 | 3,98 | 3,998 | 4002 | 402 | 42 5 6

Co nhéin xét gi vé g1d (r1 cua ham s6 khi x cang gfm dén 17
b) O Hinh 1, M la diém trén d6 thi ham s6 y = fix); H va P
lin luot 1 hinh chiéu cua M trén truc hoanh va truc tung.
Khi diém H thay d6i gin vé diém (1; 0) trén truc hodnh thi
diém P thay d61 nhu the nao?

Xét ham sé & 1. Ly day sé (x,) bt ki sao chox, # 1 va limx, = 1. Ta ¢6

2x) -2 2x, +D)(x

S(x,)= "_”=2x,, +2.

x, —1 x. =1

Do do, lim flx)=lim (2x, +2)=21limx, +2=2.1+2=4
Ta néi ham s6 y = f{x) ¢6 gidi han la 4 khi x dan téi 1.
Dudn day, ta viét 1a khoang K thay cho cac khoang (a; b), (—ec; b), (a; +o) hay (—ec; +0).

7



Cho diém x, thudc khoang K va ham s6 y = f(x) xac dinh trén K hodc K\ {x,}.
Ta néi ham s6 v = f(x) ¢d gidi han hitu han 14 56 L khi x dan ti x, néu véi day so (x,)
batki, x, € K\ {x,} vax,— x,, thi f(x,)— L, kihiéu lim f(x)=L hay f(x) = L
khi x — x,. ik

2

x -4

Vidu 1. Cho ham sb f{x) =
x+2

. Tim lim f(x).
Gidi
Ham s6 y = f(x) xdc dinh trén R\ {-2}.
Gia sur (x,) 1a day s bat ki, thoa mén x,# -2 vdi moi n va x, — -2 khi n — +0. Ta ¢6

2 _ — 2) (%42
lim fix,) = lim’“"—j Pl e EERN »Wy _2=2_2=4
xﬂ

X, +2
Viy Iin_’:gf{x}: —4.

Nhén xét: lim x = x,; lime = ¢ (c 1 hing s0).

o =kig

@1 Tim céc giéi han sau: a) lim(2x° —x); b) Iiml%.
1 Tl § o= w i

2. Cac phép toan vé gi@i han hiru han ctia ham sé

;@ Cho hai ham s6 y = f(x) = 2x va y = g(x) = J—EI

a) Gid s (x,) 1 day 56 bét ki thoa man x,Z=-lvoimoinvax, — | khin - +o,
Tim gidi han lim| f(x,) + g(x,)].
b) Tir do, tim gidi han I_ilrlllf'{x}+ £(x)|, va so sanh vl l_in|1 f(x)+ Iin;-;.{l[x}.

Tir cée phép todn vé giéi han hitu han cua ddy so, ta nhin duge cdc két qua sau day:

0):

¥ a)Cho lim /(x) = L vi lim g(x) = M. Khi do:
« lim [f(x)+g(x)]=L+M
X—lxn
* lim [f(x)-g(x)]=L-M
. }Lﬂ; [f(x).g(x)=L.M
_=% (Vi M #0)

b) Néu f(x) = 0 va lim f(x)=L thi L= 0va lim [/ (x) = VL.

(Dau cia f(x) duge xét trén khoang tim gidi han, x # x,.)

m =



Nhan xét:

a) lim x* = x}, k 1a s0 nguyén duong;

XXy

b) lim[¢f(x)] = clim f(x) (c € R, néu ton tai lim f(x) € R).
.f—:t.ru .f—h'l:'u x—wtu

Vidu 2. Tim cdc gidi han sau:  a) lim(x” —4x + 2); b) hm3 2,
o =1 2x+1
Gidi
a) lim (x* —4x+2}-hmx —hm[4x)+l|m2-Iz—4lmr.r+2—1—4 1+2=-1,
el x=l X

5 i 3y — 2_ling{Sx—2}_3_lri_1:1%x—2_3_2_3
Hllr+l 1111;{21+1} 21in;1.r+l 2.2+1

xl -4 . Ax+1-=-2

_4
5

Vidu 3: Tim cac gidi han sau:  a) hm - b) lim
=2 y_7 ] r—3
Gidi
1
a) hm 1W lim(x+2) = limx + lim2 =2 +2= 4.
l'—i' I— A= x— '.—i... l'—b..

o i T =2 (JEHT-2)(JFT+2)
L qupy
e ) G
et S

1 |

- lim(ﬁ+ 2) \‘"_

(nhén ca tir va miu vai Vx +1+2)

1 1
Jhm{x+1)+2 \[llmx+l+2 Brle2 4

% Tim cac giol han sau: a) limj(x! +5x-2); b) lim x =1 |

=] y—

3. Gi¢i han mét phia

’@ Gia cude vin -::huy—::n buru kign gitra hai thanh phﬂ do mgt don vi cung cap durge cho bani

bang sau:
Khéi lwgng buu kién (100 gam) Gid cude cdn ving (nghin dong)
dén 1 6
trén 1 dén 2,5 7
tir 2,5 dén 5 10




- #
B Y8
=+

Néu chi xét trén khoang tir 0 dén 5 (tinh theo 100 gam) thi VA

ham so gid cude (tinh theo nghin dong) xac dinh nhu sau: wl e
6 khi xe(0;1] o p=flx)
f(x)=47 khi xe(l;2,5] 4

10 khi xe(2.5; 5].
D6 thi cua ham s6 nhu Hinh 2.

a) Gia sir (x,) la day s6 bat ki sao cho x, € (1; 2,5)
va limx, = 1. Tim lim fix,). of 1 25 5 'y

b) Gia sir (x') la day s6 bt ki sao cho (x') € (0; 1) Hinh 2
va lim x) = 1. Tim lim f(x] ).

¢) Nhén xét vé két qua ¢ a) va b).

e Cho ham sé ¥ = f(x) xac dinh trén khodng (x; b).
Ta néi ham s6 y = /'(x) cé gidi han bén phdi 14 s6 1. khi x dén tdi x, néu véi day s (x,)
bt ki, x, < x, < b vax, = x, thi f(x,) = L, ki hi¢u lim f(x) = L.

e Cho ham sé ¥ =f(x) xac dinh trén khoang (a; x,).

Ta n6i ham s6 y = f(x) cd gidi han bén trdi 4 s6 I. khi x dan tdi x, néu véi diy so (x,)
bt ki, a <x, <x, vix,— x, thi fix,) = L, ki hiéu lim f(x) = L.
X=bXy

Chu y:
a) Ta thira nhéin cac két qua sau;
o lim f(x)=L va lim f(x) =L khivachikhi lim f(x)=L;

¥ Xy T=hIy b

e Néu lim f(x) # lim f(x) thi khong ton tai lim f(x).

x—+x,

b) Céac phép toan vé gidi han hiru han coa hiam s6 ¢ Muc 2 van ding khi ta thay x — x,
bing x — x! hodc x - x; .

0 khix<0

Vi du 4. Cho ham s =
Vi€ Cho bk 00-(x) {1 khi x > 0.

a) Tim cac gion han HI# fx) va li]El f(x).

b) C6 ton tai gidi han lim f (x)?



Gidgi
a) Gia sur (x) la day 56 bt ki, x, = 0vax — 0. Khidof(x)=1nénhmf(x)=lml=1.
Viy lirg! flx)=1
Gia s (x,) 1a day s6 bat ki, x, < 0 vax, — 0. Khi d6 f(x,) = 0 nén lim f (x,) = lim 0 = 0.
Viy ]il'gl f(x)=0.
b) Vi lirﬁ! flx)# l.’il}‘l'_ f(x) nén khong ton tai l_in&f{x).
. 1-2x khix<-1
% Chohamsé f(x)={ . = 7"
v x'+2 khx>-1.

Tim cdc giéi han lim f(x). lim f(x) v lim f(x) (néu c6).

4. Gi¢i han hiru han ctia ham sé tai vé cuc
\ k _i : a4k . 3
;Q Cho ham so f(x)= » ¢ do thi nhu Hinh 3.

a) Tim cic gid tr1 con thiéu trong bang sau:

|
X 10 | 100 | 1000 | 10000 | 100000 -
yef |01 001 2 | 2 2
Tir d6 thi va bang trén, néu nhan xét vé gia tri f(x)
khi x cang lén (dén tai +o0)? gt ; —
— - X

b) Tim cdc gid tri con thiéu trong bang sau;

X =100000{-10000{ 1000 | 100 | <10

y=f(x) ? 7 7 |=0,01]-0,1
Tir d6 thi va bang trén, néu nhin xét vé gia tri f(x)
khi x cang bé (dan Lo —0)? Hinh 3

Xét ham sb y = f(x) & <4, Ly day sé (x,) bt ki sao cho x, £ 0 va limx, = +o0. Khi do

lm f(x,) = Iim]— =1{),

¥ e Cho ham s6 y = f(x) xdc dinh trén khoang (a; +o).
Ta n6i ham s6 y = f(x) cé gidi han hitu hgn 14 56 L. khi x — oo néu véi day so (x,) bat ki,
x, > avax —» +oo, thif(x)— L, kihiéu lim f(x)=L hayf(x) — L khix — +o0.

e Cho ham sé y = f'(x) x4c dinh trén khoang (—o0; a).
Ta noi ham s6 y = fx) ¢6 gidi hgn hitu han 13 s6 L khi x — —o0 néu véi day s6 (x,) bét ki,
x,<avax, — —oo, thi f(x)— L, kihiéu lim f(x)=L hay filx) - L khix — —oo.

7s



Vidu 5. Cho ham s f (x) = =

lim f(x).
Gidi
Ham sé xac dinh trén (—o0; —2) va (—2; +o0).

Gia sir (x,) 1a day s6 sao cho x, > -2 va x, — +o0. Ta 6

, 21 2 fiml -
lim f(x,) = lim =2 = lim —— = ‘; =22
X, 1+ 1+lim= 140
xl‘i‘ xl'il
Vay lim 2= 22
s T
Chii y:
a) Voi ¢ 1a hing s6 va k 14 s6 nguyén duong, ta ludn co:
Lot S NG Jﬂ?‘“

b) Céc phép todn trén giéi han ham s6 & Muc 2 vin dang khi thay x — x, bing x — +o0
hodc x — —oo,

Vidu6. Tim lim —— x 3
o 2x% 1
Giai
3
b 2 hm(l— J |- lim
li x—Jx_lim x='f""'" Jr—irx_l—u=l
= x4+ | x—sw2+ Iz llm(2+L,] e T 2+0 2
5 T —p i x* T=b— =
) I. | ¥ ] t‘l 14
Tim céc giti han sau: a) lim : b) lm ——,
i y? 4 Dy x—-2 x +

Mot cai ho dang chia 200 m® nude min voi nong dé mudi 10 kg/m’. Ngudi ta ngot hod
nude trong ho bang cach bom nude ngot vao ho vai toe do 2 m*/phit.

a) Viét bi¢u thire C(7) biéu thi ndng dé mudi trong ho sau ¢ phut ké tir khi bat dau bom.
b) Tim gidi han f]_i'lllr C'(r) va giai thich ¥ nghia.



-

5. Gidi han vé cuwc ciia ham sé tai mét diém

,@ Cho ham sb f(x) =

-

x—1

¢t do thi nhu Hinh 4.

a) Tim céc gié tri con thiéu trong bang sau:

X

1,1

1,01

1,001

1,0001

y=f(x)

10

100

?

‘?

Tir do thi va bang trén, ¢o nhin xét gi

khi x din tdi 1 phia bén phai?

vé gid tri f(x)

=
|
|

b) Tim céc gid tri con thiéu trong bang sau:

X

0,9

0,99

0,999

00,9999

v flx)

-10

~100

?

?

Tir dd thi va bang trén, c6 nhan xét gi vé gid tri f(x)
khi x dén tdi 1 phia bén trai?

"% Cho ham sb y = f(x) xéc dinh trén khodng (x,; b).

o Ta ndi ham s6 y = f (x) cd gidi han bén phii la +o khi x — x, vé& bén phai néu véi
day s6 (x,) bit ki, x, <x, < b vax,—> x,, thi f(x,) = +o0, ki hiéu lim f(x) =+ hay

S(x) = +eo khi x = x; .

o 1 x
=1

Hinh 4

=kky

o Ta noi ham s6 y = £ (x) cé gidi han bén phii i —o khi x — x, vé bén phai néu voi
day sb (x,) bt ki, x, < x, < b v x, = x,, thi f(x,) = —0, ki hi¢u lim f(x)=- hay

Chay:

e lim

x—+a" ¥ — {1

o lim x* =+ voi k nguyén duong;

X—+m

Sflx) = ~o khi x—x;.

a) Cac gion han lim f(x)=+oo,

X—+X5

=490 Vi

b) Ta c6 cac gidgi han thudng ding sau:

lim
x—a X — (0

e lim x* = 4o néu k 1a 56 chin:

X=p=m0

o lim x* = —o0 néu k la so lé.

X——m

-©  (a € R),

X=Xy

Jityrf{x] = 0, rl_i.lflﬂx:' =— dugc dinh nghia twong tu nhu trén.

lim /() =<0, lim f(x) =+, lim f(x) =,




¢) Cac phv:p tﬂan trén gidi han ham sé cua Muc: 2 chi 4 a]:l dl,mg duac khi tat ca cac ham s

Néu lim f(x)=L=0 va llm g(x) =+ (hodc hm g(x)=—«) thi llm [f(x). g(x)]

E—xg Ty

duoc tinh theo quy tic cho bm bang sau:

lim £ (x) jl}g g(x) lim[£(x) . g(x)]
4ot 400
L=0
—a0 -0
+o0 —a0
L=0
—0 a0

Céc quy tic trén van dung khi thay x, thanh x, (hogic +o, —o0).
Vidu 7. Tim céc gion han sau:

a) lim l—2x; b) Tim (x* +1).
=2 y=2 K==
Giai
&) Taco lim(1-2x)=1-2Jimxr=1-2, 2 =-3, Ilm%=+w.
x=2 =2ty -

Do d6 liml_zx=lim[[l—2x}. 1 :|=-oo,
=22 x =2 p=p2' x—2

b) Viét x* +I-x'[l+xl—J Tacd lim x* =+ Iim(I+I—J=I+ Iimi=l+ﬂ=l.

K== X =i 2 1

X Eeaak

Do dd lim(x* +1) = lim {xi[H%H = +0,
X

X == § ==l

@ Tim cdc gidn han sau:

a) lim -2, b) lim (3x—1).

¥—=3 ¥ - X

Xét tinh huéng & (») ddu bai hoc. Goi x la hoanh do diém H. Tinh dién tich S(x)
ctia hinh chir nhat OHMK theo x. Dién tich nay thay doi nhu thé nao khi x — 0
va khi x — +o,



BAI TAP

1. Tim céac gio1 han sau:

x=3 . 3-4x+8
2 - =

a) lim(x* =7x+4);  b) lim ©¢) lim
o =3y Y]

—x* khix<l

2. Cho ham s6 f(x)=
/) {x khi x=1.

Tim céde gion han lim f(x); lim f(x); lin|1 £(x) (néu co).
=l x=s =¥

3. Tim céc gidi han sau:

1
) tim B33,y im 2 SR
T Dy xvw Jp 4 | xpim x|

4. Tim cdic gid han sau:

. 1 . 2 . X
a) im —; b) lim(1-x°}; ¢) lim—,
}r—t-l'x+l :Irrdr.( o ] )r..ﬂ. 3—.1'
5. Trong hd ¢6 chira 6000 lit nude ngot. Ngudi ta bom nude bién ¢6 ndng do mudi 1 30 gam/lit
vo hd véi e do 15 lit/phit.
a) Chirng 10 ring ndng do mudi cua nude trong ho sau ¢ phat ké tir khi bit ddu bom la
30t

Clt)y=—
© 400+ ¢

b) meg do mudi trong hé nhu thé ndo néu ¢ — +oo,

(gam/lit),

6. Mot théu kinh hoi tu ¢6 tiéu ey 1a f = 0 khong d6i. Goi d va d' lan lugt 1a khodng céch tir

viit thit va anh cua nd tdi quang tim O cia thau kinh (Hinh 5). Ta c6 cong thire: l + I—' = I—
hay d' = —df Ny
}; d e f F

Xét ham so g(d) = -&i Tim cac gidi han sau day va giai thich ¥ nghia.

a) ,}i.rf}- gld). by lim g(d).




Bai 3. Ham so lién tuc
Tit khoa: Ham s4 lién tuc tai mét diém; Ham sd lién tuc trén mot khoang;
Ham sé lién tuc trén mét doan;
Tinh lién tuc clia téng, hiéu, tich, thuong cla hai ham sé lién tuc;
Tinh lién tuc cia mét s& ham sé so cap co ban.
(»)
“.__/ Hai do thi & hai hinh dudi day cho biét phi gt xe y ctia 6 td con (tinh theo 10 nghin dong)
theo thi gian gui x (tinh theo gid) cia hai bai xe. C6 nhan xét gi vé su thay déi clia
50 tién phi phai tra theo thoi gian gli & moi bai xe?

J-'.“. _}'JI.
4 4
[
3 : 3 o—a
g
Z 2 O——n
I | f—a
e N IR B 2 N4 S ¥
a)Bdixe A b) Bdixe B

1. Ham s6 lién tuc tai moét diém

1 khi<x=<1 3

N - Y S VIR N L8 ' y=f(x)
‘,q Cho ham s0 v = f(x) w]‘l"l khil<x<2 , /\

5-x khi2<x=<3
c6 d6 thj nhu Hinh 1. ) A

Taimbidiémx, = | vax,=2, coton tai gidihan lim f(x)
XXy 0 1 2 3

khong? Néu co, gio1 han do ¢o bang f(x,) khong? Hinh 1

¥ Cho ham sb vy =f(x) xac dinh trén khoang K va x, € K.
Ham sb v = (x) duge goi 1a lién tuc tgi diém x, néu lim f(x)= f(x,).

Nhan xét: Dé ham sb vy =f(x) hén tuc ta1 x, thi phai co ca ba diéu sau;

1. Ham s6 xéc dinh tai x,; 2. Ton tai lim f(x); 3. lim f(x)= f(x,).

X=Xy

= ¥



Chu y:
Khi ham s6 y = f(x) khong lién tuc tai diém x, thi ta noi f(x) gidn dean tai diém x, va
x, duoc goi la diém gidn doan ciia ham s f(x).

Vi du 1. Xét tinh lién tuc cua ham sé:

42 khix>0
2x khix<0

tai diém x, = 0.

a)f(x)=x"—-2x+3tai diémx“=2; b) f[.x}:{
Giai

a)Taco f(2)=3 valim f(x) = lin;l(xj ~2x+3)=2"-2.2+43=3,suyra lim £ (x) = £(2).

Viy ham sd y = fix) lién tuc tai diém x, = 2.

y
b) Taco: f(0)=2.0=0;

3
Iim f(x)=lm(2x)=2lmx=2 . 0=10; 267!
Kl gl Kl I
lim £(x)=lim(x’ +2)=0+2=2. Sl 0 N
x—l’ xsl i | X
Suy ra khong ton tai lim f(x). {12
Viy ham s6 y = f(x) khéng lién tyc tai diém x, = 0.

; Hinh 2
% X¢t tinh lién tye cua ham so:
a) f(x) = 1 —x’ tai diém x, = 3; b) f(x) = i/ kh'_ it tai diém x, = 1.
-X khix <1

2. Ham sé lién tuc trén mét khodng, trén mét doan

. x+1 khil<x<2
1'@ Cho ham s6 y = f(x) —{ 1 8,0
a) Xét tinh lién tuc cia ham s6 tai moi diém x, e (1: 2).
b) Tim |_in J(x) va so sanh gia tri nay voi £(2).
¢) Vi gid tri ndo cua k thi lim f(x) =47
‘9.. il
* o Cho ham sb y = f(x) xdc dinh trén khodng (a; b).
Ham so y = f(x) duoc goi 1a lién tuc trén khodng (a; b) néu f(x) lién tuc tai moi diém
trong khoang y.
e Cho ham s6 y = f'(x) xdc dinh trén doan [a; b].

Ham s6 /' (x) dugc goi 1a lién tuc trén dogn [a; b] néu f(x) lién tuc trén khoang (a; b) va
lim f(x)= f(a), lim f(x)= /(b).



Nhdn xét: Do thi coa ham sb y = f(x) lién Ay
tuc trén doan [a:; b] la mét dudng lién,

co diém dau, diém cudi (Hinh 3). Néu S |- --ooommmiiie .
hai diém nay nim vé hai phia so vdi truc |
hoanh thi dudng lién n6i trén ludn cit truc a /ST~ :

hoanh tai it nhit mét diém. Diéu nay co 0 /c ~— b x
fla) f--4

thé duoc phat biéu dudi dang nhu sau:

Neu ham s6 y = £ (x) lién tuc trén doan
la; b] va £ (a) . f(b) < 0 thi ludn on tai Hinh 3
it nhat mdt diém ¢ e (a; b) sao cho f(¢) =0.

Vi du 2. Xét tinh lién tuc cia ham sb f(x) =v1—x" trén doan [-1; 1],

Giai
T . v
Vo moix, € (-1; 1), ta co: B y=l-2
lim £ (x)=limy/1-x" = \/I —limx’ =\1-x2 = f(x,).
Do d6 £ (x) lién tue tai moi diém x, € (~1; 1), : , —
Ta lai co: N !
Hinh 4

lim f(x)= lim v1-x’ =J1- lim x* =+1-1=0= f(-1),

r=p=|' == ==’

lim /(x) = lim JI-x* = \/1 —limx* =1-1=0= £(l).

sl vkl

Vay ham s»‘fry = f(x) lién tyc trén doan |=1; 1| (Hinh 4).

@Z Xét tinh lién tuc ctia ham s6 y = x=1++2-x trén [1; 2],

(..ﬁj Tai mgt xuwong san xudt bot da thach anh, g1a ban (tinh theo nghin dﬁng} cua x (kg) bot
' da thach anh duge tinh theo cong thire sau:

[4,51: khi 0 < x =400

|4x+k khi x> 400

a) Vi k = 0, xét tinh lién tuc cua ham so P(x) trén (0; +0).

b) V@i gia tri nao cua k thi ham 50 P(x) lién tuc trén (0; +o0)?

P(x) = (k 1a mot hing so).

3. Tinh lién tuc ctia ham sé so’ cap
,@ Cho hai ham sb y:f[x):ﬁ va y=g(x)=4-x.

a) Tim tip xac dinh ctia mdi ham s6 da cho.
b) M&i ham s6 trén lién tuc trén nhitng khoang nao? Giai thich.



Nhé céac phép tinh trén gioi han ham s, ¢6 thé kiém tra cdc ham s6 y = f(x) va y = g(x) & /3
lién tuc trén tirmg khoang cua tdp xac dinh cia ching. Mo rdng hon, ta thira nhin cic két qua sau:
=, Ham s6 da thirc y = P(x), cac ham sb lugng gidc y = sinx, y = cosx lién tuc trén .
. HamséphanthﬁcF%,hmns&canmac y = JP() , céc ham s6 lugng gidc y = tan x,
o
y = cot x lién tuc trén cac khoang cua tip xac dinh cua chung,.

Trong d6 P(x) va Q(x) la cac da thirc.

Nhdn xét: Ham so thude nhig loai trén dugce goi chung 1a ham sé so cdp.
Sau déy, khi noi xét tinh lién tuc ctia mot ham sé ma khong noi gi thém thi ta xét tinh lién tuc
ctia ham s6 do trén nhimg khoang cua tip xédc dinh cia no.

Vi du 3. Xét tinh lién tyc cia cdc ham sb sau:

2 —
a)y=73x -4 + 5x + 2; b}y=M+
x—-2
Giai

a) y = 3x’ — 4y’ + 5x + 2 1a ham s6 da thirc nén n6 lién tue trén R;

2

b) y= 3"+_’;‘1 la ham s6 phén thire, ¢6 tap xie dinh (—0; 2) U (2; +0) nén né lién tuc
x—

trén céc khoang (-o0; 2) va (2; +=);

% Xét tinh lién tyc cua ham sd y=+/x* -4,
x* =2x

ﬁ Cho ham s6 f(x)= NPT khi x#0
a l':hl X = [}

Tim a dé ham s6 y = £ (x) lién tuc trén R.
@ Mot hing taxi dwa ra gid cuoc T(x) (ddng) khi di
quiing dudng x (km) cho loai xe 4 chd nhu sau;

10000 khi0<x<0,7
T(x)=410000+(x—0,7) . 14000 khi 0,7 <x <20
280200+ (x—20) . 12000 khi x > 20.

Xeét tinh lién tuc cua ham s0 T(x). Hinh §
4. Téng, hiéu, tich thuwong clia ham sé lién tuc

: . 1
'@ Cho hai ham so y:f(x]:—l vai y=g(x)=+4-x.
_x_

Ham s6 y = f(x) + g (x) ¢6 lién tuc tai x = 2 khong? Giai thich.




Cho hai ham s6 y = f(x) vi y = g(x) lién tuc tai diém x,. Khi do:
¢ Cac ham sf}y =fx)+gx),y=f(x)—gx)vay=[(x).g(x) lién tuc tai x,.

* Ham s6 y = fi{{x) lién tuc tai x, néu g (x,) # 0.
Vidu 4. Xét tinh lién tyc ctia ham s6 y = sy
x+1
Giai

Téip xéc dinh cia ham sb: D = (—o0; 1) U (=1; + ). |
Céc ham s6 y = sinx va y=x + 1 lién tuc tai moi diém x, € R. Do do, ham s y = _5“:’1“
x

lién tue tai moi diém x, # =1 (hay lién tuc trén cac khoang (-90; 1) va (=1; +=)).
% Xét tinh lién tue cua cac ham s

a) J-'—«.F.r: +14+3-x;

b) y= -

X

1
COS X,

@'} Trong mit phing toa d6 Oxy, cho dudong tron (C) |

7 tam O, ban kinh bang 1. Mot duong thing d thay (C) m N
doi, ludn vudng goc vai truc hoanh, c¢iit true hoanh Sx)

tai diém M ¢6 hodnh d6 x (=1 < x < 1) va cit dudmg % )

tron (€) tai cac diém N va P (xem Hinh 6). - 3

a) Viét biéu thirc S(x) biéu thi di¢n tich ctia tam giac ONP.
b) Ham s6 y = S(x) ¢é lién tyc trén (~1; 1) khéng? Giai thich, » [

¢) Tim cac gidi han lim S(x) va lim S(x). -5
x—+l

i
BAI TAP

1. Xét tinh lién tuc cia ham so:

x+1 khix=20 . . ¥ +2 khix=zl .
a) f(x)= taidicmx=0; b)/fi(x)= tai dicmx=1.
)/(x) {l—x khix <0 ‘ )/ () {x khix <1 ¥
x -4 .
2. Chohamsb f(x)={ x32  FM¥#-2
a khi x =-2.

Tim @ dé ham s6 y = f(x) lién tuc trén .



3. Xét tinh lién tuc cua cic ham so sau:
a) f(x)= xz 4 b) g(x)=nl'9—x1; ¢) h(x)=cosx+tanx.

4. Cho ham sd f (x) = 2x — sin x, g (x) = Vx -

Xét tinh lién tuc ham s6 y = f(x) . g(x) va y= S {{3

5. Mot bai dau xe 6 t6 dua ra gia C(x) (ddng) khi théi gian dau xe 1a x (gio) nhu sau:
60000 khi 0 <x < 2;
C(x) =1 100000 khi 2 <x < 4;
200000 khi 4 < x < 24,
Xeét tinh lién tuc cua ham sé C(x).

6. Luc hip din do Trai Dat tac dung 1én mot don vi khéi luong & khodng cach 7 tinh tir tim cia

no la

% khi0<r<R

F(r)=

trong do M 1a khéi lugng, R 12 ban kinh ctia Trai Dét, G 1 hing s6 hap din.
Ham s6 £(r) ¢6 lién tuc trén (0; + =) khing?

s
CAU HOI TRAC NGHIEM 3. lim - ': bing:
K=, x—-
Chon phirong dn ding, A. 0. B. 6.
( llmn+3 bing: C.3. D. 1.
n’ 4. Ham s
AL B.0. - x'+2x+m khixz2
C.3. D.2. Sx)= Khi x <2
2. Téng clia cAp sé nhan i vo han: lién tuc tai x = 2 khi
e 11 1 bl A m=3. B.m=5.
+4+41+,,+4T+,., ng: Cm=-3 Dom—_5
3 5 —1 ..
A —. B. —. 5 I :
4 4 rl—lmﬂ x bang
A2 B.-1.
c.i .8
3 5 C.0. D. 1.




BAITAP TU LUAN 9. Tim cac gioi han sau:

. =Xx+2 . x-2
6. Tim cac gioi han sau: a) lim : b) lim ——.

aim 4] o e

2
a) |im3”_l~ b) lim = +2; 10. Tim céc gidgi han sau:

: ) X
a) him : b) lim——.
C) lim d] Lim (ﬂ+l}[2ﬂ = 2} ] oty =4 22— x

3n+1 : )

11. Xét tinh lién tuc cua ham sd
7. Cho tam gidc déu co canh bing a, goi la :
‘ ) ' p Jx+4 khixz0
tam gidc H,. N&i c4c trung diémcua H, 4  f(x) =<{ *
tao thanh tam giac H,. Tiép theo, ndi cic
trung diém cia /7, dé tao thanh tam gidc /7, 12, Cho ham sé

2eosxy Khix<0.

(Hinh 1), Cir tiép tuc nhur viy, nhén dugc 2% |

day tam gidc H,, H,, H,, .... Sl =AmTmE R 3
Tinh tong chu vi va 1ong dién tich cic tam a khi x = 5.
gidc cua day.

Tim a dé ham sé ¥ = f(x) lién tyc trén I

13. Trong mot phong thi nghi¢m, nhiét d
trong i sdy dugc diéu khién ting tir 10 °C,
mai phut ting 2 °C trong 60 phit, sau dé
gmm moi phat 3 °C trong 40 phat. Ham
50 biéu thi nhiét do (tinh theo °C) trong ti
theo thai gian 7 (tinh theo phit) co dang

Hinh 1 - _{10+2: khi 0<1<60
8. Tim cac gidi han sau: k=3t khi60<r<100
a) lin_1(3x:’ —F0 (k 1a hing s0).

Biét ring, 7(¢) la ham lién tuc trén tip xac

b) llm 16 dinh. Tim gia tri cua k.
x—wd x_d_

c) lim—3_ ,x+'?1
=2 x_z



Phéin|HINHHOC VA DO LUONG

PUGNG THANG VA MAT PHANG.
Chuong IV QUAN HE SONG SONG TRONG
KHONG GIAN

Trong chugng nay, chiing ta sé tim hiéu vé khai niém duding thing, mit phing trong khdng gian va quan hé song song
giifa cac duong thang va mét phing ciing nhy iing dung cac tinh chat cia duéng thing, mat phang, quan hé
s0ng song vao viéc giai toan va gidi quyét mét sb van dé thuc tién.

E]

L 4 e a2 > e N
Cac mat rudng bac thang ngap nudc cho ta hinh dnh ciia cdc mat phdng song song.

@') Hoc xong chuang nay, ban co thé:

- Mé ta dugc cach xdc dinh mat phang. Xac dinh dugc giao tuyén clia hai mat phang.
Nhan biét dugc hinh chép, hinh td dién.

— Nhan biét va van dung dugc cac tinh chit vé quan hé song song gilta cic dudng thing
va mat phang. Biét sir dung dinh li Thalés trong khéng gian. Gidi thich dugc tinh chat
ca ban cha hinh lang tru va hinh hép.

— Nhan biét dugc phép chiéu song song. St dung dugc phép chiéu song song dé mé ta
mdt s6 hinh dnh trong thuc tién.

g7



ai 1. Diém, dudng thang va méit phang
trong khong gian

Tir khod: Mat phang; Giao tuyén; Hinh chdp; Tit dién; Tir dién déu.

@ Mén hoc Hinh hoc phang tim hiéu tinh chat cta cac hinh ciing thudc mét mét phang.
Mén hoc Hinh hoc khdng gian tim hiéu tinh chat ciia cac hinh trong khéng gian,
nhiing hinh nay cd thé chifa nhiing diém khdng cing thudc mdt mét phang.

Hay phan loai cac hinh sau thanh hai nhém hinh khidc nhau.

lC e d
) I

90

1. Mét phang trong khéng gian

;@ Mit ban, mat bang cho ta hinh anh rmfsl phan
-:l.m mit phang. | ldy chi thém cac vi du khdc
vé¢ hinh anh mét phan ciia mat phing,

Hinh 1
Diém, dudmg thing va mit phfing 14 ba dbi tugng co ban cla hinh hoc khéng gian. Ta da lam
quen val diém va dudmg thang trong hinh hoc phang. Trong phén nay, ching ta s€ lam quen
vo1 mit phing.

Mit bang, mit ban, mit san nha, mat hé nudce yén lang cho ta hinh anh mdt phfm cua mot
mit phing. Mit phing khéng cé bé day va khong cé gidi han.

Ta thwomg dung hinh binh hanh hay mdt mién goc dé biéu dién mat phing va ding chir cai
in hoa hodc chir cai Hy Lap trong déu ngodic dé ki hiéu mat phing,

L/ 4

a) Mit phing (P) b) Mit phing (o)
Hinh 2

Chd y: Mit phing (P) con duge viét tit 1a mp(P) hodc (P).




Diém thudc mat phang
Cho hai diém A, B va mit phang (P) nhu Hinh 3. B

¥ _ Néu diém A thudc mit phiang (P) thi ta néi A4 nam trén (P)

hay (P) chira A, hay (P) di qua 4 vi ki hi¢u la 4 € (P). 4
— Néu diém B khong thugc mit phing (P) thi ta n6i B nim
ngoai (P) hay (P) khong chira B va ki hi¢u la B ¢ (P). Hinh 3

Biéu dién cac hinh trong khéng gian I1&én mét mit phing
Dé biéu didn mét hinh trong khong gian 1én mt mat phing (t& gidy, mat bang, ...), ta thuéng
dyra vao cic quy tic sau:
— Hinh biéu dién cua dudng thing 14 dudmg thiang, cua doan thing 13 doan thing.
— (Gitr nguyén tinh lién thuge (thude hay khong thude) giita diém véi duong thing hojc voi
doan thang.
— Giix nguyén tinh song song, tinh cit nhau gitra cac duomg thing.
— Biéu dién duomg nhin thiy bing nét vé lién va biéu dién duong b che khudt bing nét vé
dirt doan,

— : \
n ' A
ALl B K \” /
Fl l;-} {I II'\
n "J;}\ Cr P.vi‘ B A
c A \
a) b) c) d)

Hinh 4
a) V& hinh bi¢u dién ctia mét hinh hop chit nhit,
b) Quan sat Hinh 4a va cho biét diém nao thude, diém nao khéng thude mat phang (P).
¢) Quan sat Hinh 4b va cho biét diém nao thude, diém nao khong thude mat phiang (Q).

2. Cac tinh chét duoc thira nh@n cla hinh hoc khéng gian

Quan sat Hinh 5 va cho biét mubn gac mot
cdy sao tap nhay cao, ngudi ta cian dya nd
vao may diém trén hai coc da.

Hinh 5




Tinh chiit 1

'.@: ) . B
¥ Co mét va chi mét duong thang di qua hai diém 4 d
phan bigt cho trudc. Hinh 6
Dudng thing di qua hai diém phén biét A, B duoc ki hiéu la AB. Ta ciing noi dudmg thing
AB xac dinh boi hai diém 4, B.
Vi du 1. Cho ba diém phan biét M, N, P khong thing hang. C6 bao nhiéu dudng thing
di qua hai trong ba diém da cho?
Giai
Do qua hai diém phén biét chi ¢6 mét duong thing nén qua ba diém phén biét khing
thang hang M, N, P, ta xac dinh dugc ba dudng thing 1a MN, NP va PM.
Cho bon diém A, B, C, D phén biét, trong d6 khong
) cd ba diém nao thing hang. Co bao nhiéu dudng
thing di qua hai trong bon diém dé cho?
/ Quan sat Hinh 7 va cho biét gia d& may anh tiép
dat tai miy diém. Tai sao gia d& may anh thudmg
¢6 ba chan?
Hinh 7
Tinh chit 2

0

) Quan sat Hinh 10 va cho biét ngudi the moe kiém

oy

. : : &
Co mdt va chi mot mit phing di qua ba diém /4 H'
khdng thang hang cho trudc,

Hinh 8
Chd y: Mat phiing di qua ba diém A4, B, C khong thang hang dugc ki hi¢u la mat phing
(ABC). d

Vidu 2. Cho dudmng thing a di qua hai diém phan biét

M, N va diém O k‘ht‘}ng thu¢e a. Co bao nhiéu mit /ﬁ

phang di qua ba diem M, N, O?
po— Hinh 9

Do O khong thude a nén ba diém M, N, O khong thang hang. Do do chi c6 mot mat phing

di qua ba diém M, N, O.

C6 bao nhiéu mit phing di qua ba dinh cua
tam grac MNP?

tra mit ban co phing hay khéng bing mét ciy

thude thing nhu thé nao. : —
Hinh 10




Tinh chit 3

F  Néu mdt duong thing c6 hai diém phan biét thude B 7
mot mat phﬁng thi moi diém cua duong thﬁng déu A
thuc mit phing do. »
Hinh 11
Chi y: Dudng thang d nam trong mat phang (P) thuong duoc ki hiéu la d © (P) hoac
(P)yod.

Vidu 3. Cho ba diém A, B, C khéng thiang hang va mot diém M nim trén duomg thing BC.
Goi (P) 1a mit phang di qua ba diém 4, B, C. Chimg to ring M € (P).

Giai
Ap dyng tinh chiit 2, ta ¢6 (P) 1a mit phing duy nhit

. ; : M
di qua ba diém A4, B, C. Ap dung tinh chat 3, ta ¢6 moi )
diém cua duong thing BC déu thuge mit phéng (P). 5 ‘
Ta lgi c6 M € BC (gia lhiél). Suyra M e (P).
P A

Hinh 12

& Cho mit phing (Q) di qua bon dinh cta tr gidc
' ABCD. Céc diém nim trén cdc dwomg chéo cua
tr gidc ABCD c¢6 thubc mit phing (Q) khong?

Giai thich.
’@ Quan sat Hinh 13 va cho h'{ét bén dinh 4, B, fT'.. D
cua cdi banh gio c6 cang nam trén mt mit phing

hay khong.

Hinh 13

Tinh chit 4
¥ Ton tai bon diém khong ciing ndm trén mot mat phing.

Chuay: Néu c6 nhiéu diém cung thudc mot mit phfmg thi ta noi nhimg diém dé .':J'-:?:ng phﬁﬁg,
con néu khong c6 mit phing nao chita cac diém do thi ta noi ching khéng dong phang.

Vi du 4. Cho bon diém A4, B, C, D khéng cung nam trén mdt mat phing, Cé bao nhiéu
mit phing di qua ba trong bén diém da cho?

Giai

Goi 4, B, C, D 1a bon diém khong ciing ndm trén mdt mit phiang trong khong gian (16n tai
theo tinh chat 4). Ta xac dinh dugce bon mit phiang phén bi¢t la: (ABC), (ABD), (ACD), (BCD).

Cho tam gidgc MNP va cho diém O khong thudc mat phang chira ba diém M, N, P,
Tim cac mit phing phén biét duge xac dinh tir bon diém M, N, P, O.



Quan sat Hinh 14 va mé ta phan giao nhau cua hai

’ birc tuong.
Hinh 14
Tinh chit 5
.,@: ¥ . . "‘.'w H
*  Néu hai mit phing phin biét c6 mot diém chung a
thi ching ¢6 mot dudng thing chung duy nhat d
chira tit ca cac diém chung cha hai mat phing dé.
\._\-“
Hinh 15

Chd y: Dudmg thang d chung ctia hai mit phang (P) va (Q) duge goi 1a giae tuyén cia (P)
va (Q), ki hi¢u d = (P) "~ (Q).

Vi du 5. Cho tam giac ABC v mét diém O khong thude mit phé:ing (ABC). Xiac dinh
giao tuyén ciia hai mit phing (OARB) va (4BC).

Giai
Ta ¢6 A, B 14 hai diém chung ctia hai mit phing (OAB) va (ABC). Suy ra A8 1a giao tuyén
ctia hai mit phiing (OAB) va (ABC).

/A\
Cho A, B, C la ba diém chung cia hai mit phing B
) ph;‘m biét (o) va () (Hinh 16). Chimg minh 4, B, C
thing hang. C
o ;3

’C‘.} Trong mait phfmg (P), cho tam gidc ABC ¢6 M, N

lan lugt 1a trung diém cua cic doan thang AB, AC
(Hinh 17). Tinh ti s6 22
BC

Hinh 17

Tinh chit 6

- -
- -
- -

*  Trong mdi mat phing, cac két qua da biét cia hinh hoc phing déu ding.
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Vidu 6. Cho bén diém A, B, C, D khéng cting niim trén
mot mit phing.

a) Goi O la trung diém cia CD, G va G lan lugt 1a
trong tdm cua tam giic ACD va BCD. Chung minh
GG'/l AB.

b) Cho diém E trén AB sao cho EG cit mit phing
di qua ba diém B, C, D tai . Chitng minh bon diém g
B, G', O, F thing hang. Hinh 18

Giai
a) Goi (P) 14 miit phiing di qua ba diém O, A, B duge xic dinh theo tinh chit 2.
Trong mit phing (P) ta ¢o:
oG 1 L s .
od 3 (vi G la trong tam cua tam giac ACD);
oc' |
OB = — (w G' 1d trong thm cua tam giac BCD),
G {';'{""
= "’,F' )
04 OB ra GG I AB

b) Goi (Q) 1a mit phiing di qua ba diém B, C, D, Cée diém B, G', O, F li diém chung cia
hai mat phang phén biét (P) va (Q). Theo tinh chit 5, chiing phai cling nam trén giao tuyén
cta (P) va (Q). Viy B. G', O, F thiing hang.

@ Iqu sa0 muon canh ctra dong ma duge ém thi cdc
~ diém gain ban I¢ A, B, C cia canh cira va mit tuong
(Hinh 19) phai ciing nam trén mot duong thang?

3. Cach xac dinh méat phang Hinh 19
Theo tinh chét 2 da biét;

¥ Mot mat phﬁn g dugce xac dinh néu biét nd chira ba A,
diém khong thang hang. .
B oC
Mit phiang xdc dinh boi ba diém A, B, C khéng thing Hinh 20

hang ki hiéu 1a mp(4BC) hay (4BC) (Hinh 20).




’

Vidu 7. Cho ba diém A, B, C khong thing hang va khong c
ndm trong mit phing (P). Biét ba duong thing AB, AC,

BC lan luot cit (P) tai cac diém M, N, E (Hinh 21). // | “V
Ba diém M, N, E ¢6 thing hang khong? Giai thich. A N

Hinh 21

Giai
Goi (0) 1a mit phing xéc dinh boi ba diém A, B, C.
TacoM e ABvaAB < (Q). suyra M € (0Q).
Mit khic, M € (P). Viy M € (P)n (0).
Tuong tu, ta cling c6 N e (P)  (Q) va E e (P) ~ (Q).
Suy ra ba diém M, N, E thing hiang vi cting ndm trén dudng thing giao tuyén cua hai mit
phing (P) va (Q).

Cho dudng thing a v diém 4 khong nim trén a. Trén a 4,
lay hai diém B, C. Dudng thing a ¢ ndm trong mit phing a
(ABC) khong? Gidi thich. ’E/‘:I/
Hinh 22
MGt mit phing duge xdc dinh néu biét no chira A
mot duong thang va mét diém khéng thude dudng /«-/E"
thiing do.
Hinh 23

Mt phing xac dinh bai diém A va duong thing a khéng qua diém A ki higu la mp(A, a)
hay (A4, a) (Hinh 23).

Vi du 8. V&i dudmg thing d va hai diém M, N phin biét
khong thude d, ta xéc dinh dugc bao nhiéu mit phing? /\

Giai d
Vai duong thang d va diém M khong thudc d, ta xac dinh N
duoc mit phing thir nhét 1a (M, o). Néu diém N thude
(M, d) thi ta chi xac dinh duge mét mat phang, Néu diém N

M L]
khong thude (M, d) thi ta xac dinh duge mat phﬁng thir hai //\

la (N, ) (Hinh 24). Hinh 24




mit phiang di qua ba diém M, N, O (Hinh 25). Mat phang
(P) c6 chira ca hai dudmng thang a va b khong? Giai thich.

'Q Hai dwong thang phan biét a va b cit nhau tai diém O. b N
Trén a, b liy lan lugt hai diém M, N khac O. Goi (P) la . \\o
P :w _\H‘

Hinh 25
0 a
* Mot mat phing duge xdc dinh néu biét no chira hai X
durdng lhiing cit nhau. 2
Hinh 26

Mt phing xic dinh bai diém hai dudmg thing a, b ¢dit nhau ki hiéu 1a mpia, b) (Hinh 26).

Vidu 9. Vi ba dudmg thang a, b, ¢ khéng cling nim trong
mét mt phing va ciing di qua mét diém O (IHinh 27), ta
xéac dinh dugce bao nhiéu mit phing?

Giai
Tir ba cip duong thang cit nhau a va b, hva e, ¢ vaa,
ta xac dinh duge ba mat phang 1a mp(a. ), mp(h, c), b
mp(c, a). Hinh 27

% Cho hai duéng thing a va b cit nhau tai O va diém M khong thude mp(a. b).
a) Tim giao tuyén cua hai mit phiing (M, a) va (M, b).
b) Lay A, B ldn lugt 14 hai diém trén a, b va khde vdi diém . Tim giao tuyén cia (MAR)
va mp(a, h).
¢) Lﬁy diém A' trén dogn MA vi diém B' trén doan MB sao cho duomg lhE'ng A'B' ciit
mp(a, b) tai C. Chimg minh ba diém 4, B, C thang hang.

@ Giai thich tai sao ghé bdn chan c6 thé bj khap khiéng con ghé ba chén thi khéng,

Hinh 28

@ Trong xdy dung, ngudi ta thuong ding may quét tia laser dé ké cac duomg thang trén
twong hodce san nha. Tim giao tuyén ciia mit phing tao boi cdc tia laser 04 va OB véi
cdc mat tudong trong Hinh 29.



4.
Hi

Hinh chép va hinh t dién
nh chép

,CR. a) Chic cOng trinh kién triic, 3 vat trong Hinh 30 6 mit bén 13 hinh gi?

UL

b) Tim diém giéng nhau ctia cdc hinh trong Hinh

L4 4

H.I‘n.h 31

Cl}u da giac 16 A4,...4, nim trong mat phi‘ang (c) va diém § khéng thude ().
NO1 § voi cic dinh 4, 4,, ..., 4, ta dugc n tam giac S4, 4,, S4,A4;, ..., SA,A,.
Hinh tao boi n tam giac do va da giac 4,4,...4, duge goi la kinh chdp, ki hi¢u
8.4,4;..4,

Trong hinh chop 8.4 ,4,...4,, ta goi:
—Diém S 14 dinh;

— Céc tam gide S4,4,, S4,4,, ..., 54,4, 1a
cac mdgt bén;

—Da gac 4,4....4, 1a mdt day;,

— Cac doan thang SA,, S4,, ..., S4, 1a cac
canh bén;

— Cic canh cua da giac 4,4,...4, 1a cac
canh ddy.

Ta goi hinh chop co day tam giac, tir giac,
ngil gidc, ... lin Irot 1a hinh chdp tam gidc, Hinh chop tr gidc S.ABCD Hinh chop ngii gidgc S.ABCDE
hinh chop tlr giac, hinh chop ngi giae, ... Hinh 32

Vi du 10. Cho hinh chop S.ABCD (Hinh 33). Goi tén cac mat bén, mat day, canh bén,
canh day cua hinh chép S ABCD.



Gidai S
Hinh chop S.ABCD cé:
e Cac mat bén: SAB, SBC, 5CD, §DA;

o Mit day ABCD; A
e (Cac canh bén: §4, 5B, SC, 5D, ¢
e Cac canh day: AB., BC, CD, DA. )3

Hinh ti dién FAEI=e

I@ Trong Hinh 34, hinh chop nao co s6 mat it nhat?

b) ¢)
Hinh 34

@ 4
¥ Cho bén diém 4, B, C, D khong déng phing. Hinh tao
bai bén tam gidc ABC, ACD, ADB va BCD dugc goi la
hinh tir di¢gn (hay tir di¢n), ki higu ABCD., B D

Trong tir dign ABCD (Hinh 35), ta goi:

— Céc diém A, B, C, D 1a cac dinh.

— Cac doan thfu:tg AB, AC, AD, BC, CD, BD li cac eanh cua tir dién.
— Hai canh khong di qua mot dinh 12 kai canh déi dién.

— Cie tam gide ABC, ACD, ADB, BCD 1a cic mgt cua tr dign,

— Pinh khong thude mét mat cua tr dién 14 dink doi di¢n voi mat do.

Hinh 35

Vidu 11. Goi tén cdc mit, cdc ciip canh déi dién cia nr dién
MNPQ (Hinh 36).
Giai

Tir dién MNPQ co:

* Cac mat: MNP, MPQ, MON, NPQ. N 0

e Céc cip canh déi dién: MN va PO, MP va NO, MO va NP. 3
Chay: Hinh 36
a) Hinh ttr dién c6 bon mit 1a cic tam gide déu duge goi 14 hinh tir di¢n déu.
b) Mat tr dién co thé xem nhu 1a mdt hinh chop tam gide vai dinh la mét dinh tuy v cua
tir dién va day la mit cua tir dién khéng chira dinh do.



Vidu 12. Cho tir dién SABC. Goi M va N lan lugt 14 hai diém trén hai canh AB va BC sao
cho MN khong song song vai AC.
a) Tim giao diém cua duong thing MN va mat phang (S4C).
b) Tim giao tuyén ctia cdc mit phing (SMN) va (SAC); (SAN) va (SCM).

Gidi
a) Trong mit phing (ABC), v& giao diém E cua MN
vi AC. TacOd E € AC, suy ra E € (SAC). Viy E la
giao diém cia dudmg thing MN va mét phang (S4C).
b) Ta ¢6 S va £ 1a hai diém chung cua hai mat phang
(SMN) va (S40), suy ra (SMN) n (S4C) = SE.
Trong mit phiing (4BC), vé giao diém F ctia AN va MC.
Ta ¢6 S va F 1a hai diém chung cia hai mit phing
(SAN) va (SCM), suy ra (SAN) n (SCM) = SF.

Hinh 37
g g
& Cho i dién SABC. Goi H, K lin luot 14 hai diém trén hai canh
' SAvaSC(H#S,4; K# 8, C) sao cho HK khing song song K

vOo1 AC. Goi [ la trung diém cua BC (Hinh 38). I
a) Tim giao diém cia dudmg thing HK va mil phing (48C). A C
b) Tim giao tuyén cua cac mit phéing (SAD va (ABK); 7
(SAD va (BCTD).

i

Hinh 38

@ Cho hinh chop S.ABCD. Trén cac canh bén cta hinh chop
~ lay lan lugt cac diém A', B, €', D'. Cho bict AC cét BD
tai O, A'C" cit B'D' a1 O', AB cit DC tai E va A'B' ca
D'C" ta1 £ (Hinh 39). Chimg minh ring:
a) S, ', O thing hang;
b) §, F', E thing hang.

Hinh 39

@ Néu cach tao lap tir dién déu SABC tir tam giac déu S§'S" theo goi ¥ & Hinh 40.
- s

Si



BAI TAP
1. Cho hinh chép S.ABCD, goi O la giao diém ctua AC va BD. Lay M, N lan luot thude cac
canh S4, SC.
a) Chirng minh duéng thing MN nim trong mit phing (SAC).
b) Chirng minh O 14 diém chung cta hai mit phing (SAC) va (SBD).

2. Cho hinh chop S.ABCD ¢6 day 1a hinh binh hanh. Goi M 14 trung diém cua SC.
a) Tim giao diém / cua duéng thing AM va mit phang (SBD). Chimg minh [4 = 2IM.
b) Tim giao diém £ cua duong thing SD va mit phing (4BM).
¢) Goi N 1a mét diém tuy y trén canh AB. Tim giao diém cua duéng thing MN va mit
phang (SBD).

3. Cho hinh chép S.ABCD c6 day la hinh binh hanh. Goi O la giao diém cua AC va BD; M, N
lan luwot 14 trung diém cua SB, SD; P thude dogn SC va khong 13 trung diém cia SC.
a) Tim giao diém £ cua duomg thing SO va mit phing (MNP).
b) Tim giao diém @ cua dudmg thing S4 va mit phang (MNP).
¢)Goi l,J, K lan lurgit 1a grao diém cua OMva AB, OP va AC, ON via AD. Chimg minh /, J, K
thang hang.

4. Cho tr dién ABCD. Goi £, F, G lan lugt 1a ba diém trén ba canh AB, AC, BD sao cho EF cit
BC tai I (I # C), EG cit AD tai H (H # D).
a) Tim giao tuyf:n clia cac mit phi‘mg (EFG) va (BCD); (EFG) va (ACD).
b) Chimg minh ba duémg thing CD, IG, HF cing di qua mot diém.

5. Thudoc laser phat ra tia laser, khi tia nay quay s@ tao ra mit
phiing dnh sang (Hinh 41). Giai thich tai sao cic thudc ké
laser lai gitip ngudi tho xdy dung ké duge dudmg thing
trén tudmg hofic san nha.

Hinh 41

oo




Bai 2. Hai dudng thang song song

Tir khod: Hai dudng thang ddng phang; Hai dudng thang song song;
Hai duéing thang chéo nhau.

@ Mo ta vi tri giifa cac cap dudng
thingavab, bvac cvad i
trong hinh bén. '

1. Vi tri twong déi cla hai dwdng thang trong khéng gian

a) Néu cdc truomg hop ¢6 thé xay ra ddi vai hai dudmg thang a, b cing ndm trong mot
miit phiing.

/// A/ =/

Hlnh !

b) Cho tir dién ABCD, Hai dudng thing AB va CD ¢
cling nim trong bét ki mat phiing nao khong?

Hinh 2
Cho hai dudng thang a va b trong khong gian, Khi d6 ¢é thé xay ra mét trong hai truong
hop sau:
— Truong hop 1: Co mot mit phang chira @ va b. Khi d6 ta ndi a va b dong phang. Theo két
qua cta hinh hoc phing, c6 ba kha ning sau diy xay ra:
* Néu @ vi b 6 hai diém chung thi ta n6i a trimg b, ki hiéu a = b.
» Néu @ va b ¢c6 mot diém chung duy nhit M thi ta néi a va b cdt nhau tai M, ki hiéu
amb=M.
* Néu a va b khong c6 diém chung thi ta noi a va b song song véi nhau, ki hiéu a // b,
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— Trwiomg hop 2: Khong co mét phﬁng nao chira ca a va b. Khi do ta néi hai duomg thing
a va b chéo nhau hay a chéo voi b.

=7 [

= anb=M allb abcheunhau

a) b) c) d)
Hinh 3

* Hai duong thing goi 1a song seng néu ching nim trong cliing mdt mat phang va khong
¢ diém chung.

Chay:

a) Hai dudmg thiing goi 14 chéo nhau néu ching khong dong phiing.

b) Cho hai duémg thang song song a va b, C6 duy nhit mot mit phang chira hai duomg

thiing do, ki hiéu mp(a, b).

Vi du 1. Cho tir dién ABCD ¢6 M, N lan luot 1a trung diém cia AB, AC. Xét vi tri

twong d6i cuia cde elip dudmg thing sau day:

a) MN va BC, b) AN va CD, c) MNva CD,
Giai

a) Trong mit phing (4BC), ta c6 MN 1a duémg trung bink

cua tam gidac ABC, suy ra MN // BC.

b) Trong mat phﬁng (ACD), ta c6 AN it CD tai diém C.

¢) Gia sir MN va CD cing nim trong mot mit phing (P),

suy ra duong thing NC' nam trong (P), suy ra (P) chira diém 4. 8

Tuong ty, ta cing o AM ndm trong (P), suy ra (P) chia

diém B. Suy ra () chira ¢ béon dinh caa tr dién ABCD.

Didu nay vé i,

Viay hai duong thing MN va CD khéng nam trong bat ki

miit phéng nao, suy ra MN chéo vin CD,

Cho hinh chop S ABCD c6 day ABCD la hinh binh hanh.
Xeét vi tri tuong ddi cua cac cap dudng théng sau day:

a) AB va CD; b) S4 va 8C; ¢) 54 va BC.

Hinh 5




'/-_-.\" B [ r H 13 5 v
'@1 Hay chi ra cac vi du v¢ hai duong thang song song,
N cat nhau va chéo nhau trong hinh cau sat ¢ Hinh 6.

Hinh 6

2. Tinh chét co ban vé hai dwéng thang song song
’Q a) Trong khong gian, cho diém M & ngoai dudmg thing d. | d'
Dat (P) = mp(M, d). Trong (P), qua M v& duémng thing o d
song song vl o, dat (Q) = mp(d, d'). Co thé khme dinh
Hinh 7

hai mit phing (P) va (Q) tring nhau khong?

b) Cho ba mit phing (P), (Q), (R) cit nhau theo ba giao tuyén a, b, ¢ phin biét vdi
a=(P)(R); b= (D) (R); ¢ = (P)n(Q) (Hinh 8).

Néu a v b ¢o diém chung M thi diém M ¢6 thude ¢ khong?

M

i
i !
| ¢ b

N D

a) b)
Hinh 8

Tir kham pha trén, ta ¢6 cac dinh li sau:
Pinh Ii 1

"

*  Trong khong gian, qua mdt diém nam ngoai mit duomg thﬁng. co mot va chi mot
dudmg thﬁng song song vol dudmg lhfmg do.

Vidu 2. Cho tir dién ABCD. Trong mat phang (ABC) vé ‘H..H
hinh binh hanh ACBE. Goi d 1a dudng thing trong khnng
gian di qua A4 va song song véi BC. Chimg minh diém E
thude dudng thing d.

Giai
Ta co6 ACBE 1a hinh binh hanh, suy ra AE // BC. Do trong
khong gian chi ¢é duy nhat mét duémg thang di qua 4 va
song song vai BC, suy ra AE phai tring d, vdy diém E phai
thuge d.
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Cho hinh chop S.ABCD. V& hinh thang ADMS ¢6 hai day 1a AD va MS. Goi d la duong thing
trong khong gian di qua S va song song véi AD. Chimg minh duong thing d nim trong
mit phing (S4D).

Dinh Ii 2
"% Néu ba mat phing doi mot cit nhau theo ba giao tuyén phan biét thi ba giao tuyén ay
hodic dong quy hodc déi mdt song song.

Vidu 3.
a) Trong Hinh 10a, hai tam giac ABC va ABD khéng cing nim trong mot mit phéng.
Tim ba ciip mit phiing c6 ba giao tuyén dong quy.
b) Trong Hinh 10b, hai hinh binh hanh ABCD va ABMN khéng ciing ndm trong mot mit
phiing. Tim ba cdp mit phing c6 ba giao tuyén song song.

D N M

C D o

a) b)
Hinh 10

Gidi
a) Trong Hinh 10a, ta ¢o:
(BAC) N (BAD) = BA; (BAC) n(BCD) = BC, (BCD) " (BAD) = BD.
Ba giao tuyén vira néu dong quy tai B. Viy ba ciip miit phiang c6 ba giao tuyén dong quy la
(BAC) va (BAD), (BAC) va (BCD); (BCD) va (BAD).
b) Trong Hinh 10b, ta co:
(ABCDY ™ (ABMN) = AB; (ABCD) m (CONM) = CD; (CDONM) ~ (ABMN) = MN.
Ta ¢6 AB // CD /I MN. Viy ba ciip mit phiing c6 ba giao tuyén song song la (4BCD) va
(ABMN); (ABCD) va (CDNM), (CDNM) va (ABMN).
T Dinh 1i 2, ta ¢6 h¢ qua sau:
H¢ qua
@ Néu hai mit phang phén biét lin lugt di qua hai duong thing song song thi giao tuyén
ctia ching (néu c6) song song vai hai dudmg thing dé hodc trang véi mét trong hai

dudmg thing do.
d, (]
y d, d, p d,
a) b) c)

Hinh 11




Vi du 4. Cho hinh chop §.ABCD co day la hinh binh hanh.

Xae dinh giao tuyén ctia hai mat phang (SBC) va (SAD).
Giai

Hai mit phang (SBC) va (SAD) c6 diém chung S va 1an lugt

di qua hai duémg thing song song BC va AD, suy ra theo hé

qua cia Pinh 1i 2, giao tuyén cua (SBC) va (SAD) la duong

thﬁng d di qua § va song song vin BC va AD (Hinh 12). Hinh 12

Ta da biét trong ciing mot mét phing, hai dudng thing phén biét ciing song song vai mot
dudng thing thir ba thi song song vdi nhau (Hinh 13a).

Trong khong gian, cho ba dudmg thing a. b, ¢ khong dong phing, a va b ciing song song
voi ¢. Goi M 1a diém thude a. d 14 giao tuyén ciia mp(a, ¢) va mp(M, b) (Hinh 13b).
Dob/lenéntacdd// bvad/l c Giaithich tai sao d phai tring véi a. Tir d6, néu két luan
vé vi tri giita a va b.

~ e
/Nu)" /h /

Hinh 13

Pinh li 3

42

* Hai duomg thing phan biét cling song song véi mot dudmg thang thir ba thi song song

v nhau.

Chui y: Khi hai dudng I.hﬁng phin biét a, b‘cimg song song vol dudng lhﬁng ¢ thi ta ¢6 thé
ki higu laa /1 b// ¢ va go1 1 ba dwong thang song song.
Vidu5.Goi M, N, P, O, R, § la trung diém cac canh cia
tr di¢n ABCD nhu Hinh 14, Chitng minh rang cac doan
thing MN, PO, RS co6 cung trung diém.

Giai
Ta ¢ MP la dudng trung binh cua tam gidc ABC, suy ra

MP /[ ACvaMP = %

Ta ciling ¢6 ON la dudng trung binh cua tam giac ADC, ' Hinh 14

suy ra ON [/ ACva QN = %



MP va QN cung song song voil AC suy ra MP // ON. T giac MPN(Q co hai canh doi
song song va bing nhau nén 13 hinh binh hanh, suy ra MN va QP ¢6 ciing trung diém /.
Chirng minh tuong ty ta ciing ¢cd MN va RS ¢o cing trung diém /. Viy cac doan thing MN,
PQ, RS c6 cing trung di¢m.

canh BC va BD. Goi (P) 1a mit phing di qua /, J va ciit hai
canh AC va AD lan lugt tai M va N.

a) Chimng minh LJNM la mot hinh thang.
b) Tim vi tri caa diém M dé LJNM 1 hinh binh hanh. o

: Cpox gk . 2 S A
% Cho tir dién ABCD ¢6 [ va J lan lugt 1a trung diém cua cac ,cﬂ(

(1
Hinh 15

2 Mot chiée 1éu (Hinh 16a) duge minh hoa nhu Hinh 14b.

a) Tim ba mat phing cit nhau tirng d6i mot theo ba giao tuyén song song.

b) Tim ba mit phing ¢it nhau timg d6i mdt theo ba giao tuyén ddng quy.

Hinh 16

BAI TAP

1. Cho hai duomg thing song song a va b. Ménh dé sau diy dung hay sai?
a) Mot duong thﬁng ¢ ciit @ thi cling cit b.
b) M6t dudng thiang ¢ chéo vai a thi ciing chéo voi b,
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2. Cho hinh chép S.ABC va diém M thuée mién trong tam giac ABC
(Hinh 17). Qua M, v& dudmg thang d song song véi SA, cit (SBC) c
tai N. Trén hinh v&, hiy chi 13 vi tri cua diém N va xac dinh A
giao tuyén cua hai mit phang (SAC) va (CMN). %
Hinh 17

3. Cho hinh chop S.ABCD ¢6 diy ABCD 1a hinh binh hanh.
a) Tim giao tu yén cua hai mit phing (SCD) va (S4B).
b) Lay mét diém M trén doan S4 (M khéc S va 4), mit phing (BCM) ciit SD tai N. Tir gide
CBMN la hinh gi?

4. Cho hinh chép S.4BCD c6 déy 1a hinh binh hanh. Goi / 1 trung diém cua SP. Hai mat
phéng (IAC) va (SBC) ciit nhau theo giao tuyén Cx. Ching minh ring Cx // SB.

5. Cho hinh chép S.ABCD c6 day la hinh binh hanh, AC va BD cit nhau tai O. Goi 7 14 trung
diém ctia SO. Mt phiing (/CD) ¢t S4, SB lin luot tai M, N.
a) Hiy noi cach xdc dinh hai diém M va N. Cho AB = a. Tinh MN theo a.
b) Trong miit phiing (CDMN), goi K 14 giao diém cia CN va DM. Chimg minh SK // BC I/ AD,

6. Chi ra céc dudng thing song song trong mdi hinh sau. Tim thém mot s6 vi dy khac vé cae
duong thang song song trong thye t&.

€)
Hinh 18



Bai 3. Pudng thang va méat phang
song song

Tir khoa: Duing thing song song vdi mat phing.

@ Duiing thang a trén mép hién cia toa nha
¢6 diém nao chung véi mat (P) cia phd

di bo Nguyén Hué khéng?

1. Pudng thang song song vé&i mét phéng

, M
'@ Cho hai hinh binh hanh ABCD vi ABMN khong dong
phiang. Tim s0 giao diém cua mit phing (ABCD) lin
lugt vii cde dudmg thing MN, MA va AC. 4 B
D .

Hinh 1
Cho dudmg thing ¢ va mit phing (P). Khi d6 ¢o thé xay ra mdt trong ba trudmg hop sau:

— Trwimg hgp 1: a va (P) ¢6 tir hai di¢m chung phén biét trg 1én (Hinh 2a), suy ra moi
diém thudc a déu thude (P), ta néi @ nim trong (P), ki hi¢u a = (P).

— Truwdmg hgp 2: a vi (P) c6 mdt diém chung duy nhit A (Hinh 2b), ta n6i a cit (P)
tai A, ki hidua n (P) = A.

— Truwing hop 3: a va (P) khong ¢6 diém chung nao (Hinh 2¢), ta ndi @ song song vai (P),
ki hiéu a // (P).

= g =

Hinh 2

- -

k- Dudng théng a song song voi mit phéng (P néu chung khong co diém chung.

Vidu 1. Trong /&), xéc dinh vj tri twong di cia mat phang (4BMN) lan lugt véi cac
duong thang CD, BD va BN,
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Giai
Néu CD c6 diém chung O voi (ABMN) thi O thude N M

giao tuyén 4B cta hai mat phang (4BCD) va (ABMN),
suy ra CD cat AB (méu thudn voi gia thiét ABCD la
hinh binh hanh). Viy CD // (4BMN). A B
BD ¢6 mét diém chung duy nhét B véi (ABMN), suy ra M/
BD cit (ABMN) tai B. I A

y J .
BN ¢6 hai diém chung B va N v&i (ABMN), suy ra
BN < (ABMN). Hinh 3

Cho E va F lan lwgt 1a trung diém cac canh AB va AC cua
tr dién ABCD. Xac dinh vj tri tuong doi cua cdc dudng
thang BC, AD va EF véi mit phang (BCD).

Hinh 4

2. Piéu kién dé mét duong théng song song véi mét mat phéng

@ Cho dudmg thing @ khéng nim trong m.?il phing (P)

vil g song song vai mot dudmg thiing b nam trong (P).  \¢
bt (Q) = mp(a, b).
a) Tim giao tuyén cta hai mit phang (P) va (O). .

b) Gia sir @ ¢6 diém chung M véi (P) thi diém M
phai nam trén dudmg thing nao? Diéu nay ¢o trai
vl gia thiét a // b hay khong?

Ta ¢ dinh li:
Pinh i 1

0:

¥ Néu dudmg thang « khong nim trong mit phing (P) va song song

vi mot dudmg thing b ndo d6 nim trong (P) thi @ song song vai (P). . ; -

1

Vi du 2. Cho hai diém 4, B cing thuje mit phing (P) va \C d.

mot diém C khong thude (P). Vé dudmg thiang d, diqua 4, B; \

d, di qua A, C; d, di qua C va song song vai AB (Hinh 7). A\ B /

Tim s6 diém chung ctia mdi duémg thing vira vé vai (P). P\ 4

Xét vi tri twong d6i cia mit phing (P) lin lugt doi véi cac \d,

duong thing d.,. d,, d.. Hinh 7



Gidai
Pudang thing d, chira hai diém A, B thude (P), viy d, < (P).
Pudng thing d, khong nim trong () vi ¢6 chira diém C khéng thude (P). Mt khéc, d, lai
c6 diém A chung véi (P), suy ra d, cit (P) tar A.

Pudng thing d, khong ndm trong (P) va song song véi duomg thing d, nam trong (P),
suy ra d,// (P).

Cho hinh chép S.ABC ¢6 A", B', C" lan luot 1a
trung dlnm cua SA, 5B, SC. Tim cac dm:mg thang
ldn luot ndm trong, cét, song song véi mit phing

(ABC).

@1 Hay chi ra trong Hinh 9 ¢ic dudmg thing lan luot
ndm (rong, song song, c¢it mit phing sin nha.

Hinh 9

3. Tinh chét co bdn cha duwéng thang va mat phdng song song

Cho dudmg thing a song song v&i miit phing (P), ———Z-ccomaeo, ) /
mit phing (Q) chira a va cit (P) theo giao tuyén b b \

(Hinh 10). Trong (Q), hai duomg thing a, b cé bao
nhiéu diém chung? T

Ta co dinh i:
Dinh li 2

- #

= Cho dudmg thing a song song voi mit phing (P). Néu mit phing () chira a, cit (P)
theo giao tuyén b thi a song song véi b.

Vi du 3. Cho tir dién ABCD ¢6 M va N lan luot 1a trong tim caa tam gidc ACD va BCD
(Hinh 11). Chimg minh duong thing MN song song voi cac mit phing (CAB) va (DAB).
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Gidi
Goi E la trung diém cua CD. Do M, N lan luot 1 trong tam A

cua cic tam giac ACD va BCD nén ta co ﬁ _ﬂ ]

EA EB 3
suy ra MN // AB.
Pudng thang MN khéng nim trong (CAB) va song song

véi dudmg thiing 4B nim trong (CAB), suy ra MN // (CAB). B ‘ b
Tuong tu ta ciing c6 MN // (DAB). & E
Tir DPinh 1i 2, ta co cac hé qua sau: Hinh 11
Hé qua 1
¥ Cho duimg thiing a song song voi mit phing (£). Néu qua !
diém M thude (P) ta v& dudmg thing b song song véi a thi —
b phai nam trong (P).
Hink 12
H¢ qua 2
-‘@ _-'.-*--]
=

4]

Néu hai mit phﬁni, phén biét cﬁnb song song vai mét dudmg i

thing thi giao tuyén cta ching (néu ¢d) ciing song song voi b |

dudmg thing do. ; f@
Hinh 13

Vidu 4. Cho hinh chép S.ABC ¢6 M la trung diém cua AB. Goi (P) 1a mat phing chira CB
va song song vai S4, (Q) 1a mit phiing chira CM va song song vai SA.
a) Tim giao tuyén cua hai miit phiing (P) va (Q).
b) V& dudmg thiing b qua B va b // SA.
Ching minh b < (P).

f,':‘iﬁi |
a) Ta cd hai mit phang (F) va (Q) cung cd diéfn
chung C vi cing song song v(i SA4, suy ra giao tuyén
cua () va (Q) la duong thang a di qua C va a // 54.
b) Ta cd SA4 // (P) va B thude (P), b 1a dudmg théng di
qua Bva b/ S4,suyra b < (P).

-

Hinh 14
Mat phang di qua mét trong hai duding thang chéo nhau va song song véi dudng con lai

@ Cho hai dudmg thang chéo nhau a, b. Ldy mét diém M

trén a, vé duomg thﬁng b di qua M va song song vl b.
bt (P) 1a mat phf]ug diquaa, b'. / /
a) Co nhan xét gi vé moi lién hé g gitra b va (P). /

b) Goi (P) la mat phaug chira @ va song song voi b. Hinh 15
Cé nhin xét gi ve moi lién hé gitra &' va (P'); (P) va (P')?

1o



Dinh Ii 3
*  Néuavablahai dudng thﬁng chéo nhau thi qua @, c6 mét va chi mot mat phang
song song vl b.

Vidu 5. Cho tir dién ABCD.

a) Néu cich vé mit phing (P) chira AB va song song vai CD. Ta ¢6 thé vé& bao nhiéu mat

phang (P) nhur viy?

b) Tim giao tuyén cia hai mat phing (P) va (BCD).
Giai

a) V& dudmng thing « di qua A4 va song song vdi CD.

Dat (P) = mp(a, AB). Ta c6 CD /! a, suy ra CD [/ (P).

Do AB va CD chéo nhau nén chi ¢6 mot mit phing ()

duy nhit chira AB va (P) // CD.

b) Ta ¢6 B la diém chung cua hai mit phing (P) va

(BCD). Ta lai ¢6 (BCD) chira CD va CD /! (P), suy ra

giao tuyén cua (P) va (BCD) 1a dudng thing b di qua B

va song song vai CD,

Hinh 16

% Cho hinh chép S.ABCD ¢6 ddy ABCD la hinh binh hanh
va M, N, E lan luot 14 trung diém cua cdc doan thing A8,
CD, 54 (Hinh 17). Chimg minh ring;

a) MN song song vi hai mit phiing (SBC) va (S4D);
. D
b) SB vi SC song song vl miit phing (MNE).
Hinh 17
(ﬁ\fﬁ Lam thé nao dé dit ciy thude ké a dé nd song song voi
) cic trang cua mot cudn sach?

Hinh 18

BAI TAP

1. Cho hinh chop S.ABCD, day ABCD 1a hinh binh hanh ¢ O la giao diém hai dudng chéo.
Cho M la trung diém cua SC.

a) Chirng minh dudmg thing OM song song vdi hai mat phang (SAD) va (SBA).
b) Tim giao tuyén cia hai mit phing (OMD) va (SAD).
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2. Cho hai hinh binh hanh ABCD va ABEF khong nim trong ciing mot mit phing. Goi O va O’
lan Iugt 1a tdm cua ABCD va ABEF.
a) Chimg minh dudng thing OO' song song vai cdc mit phang (CDEF), (ADF) va (BCE).
b) Goi Mva N lin lurot 1a trung diém cua AF va BE. Ching minh MN // (CDFE).
¢) Tim giao tuyén cua hai mat phing (OMN) va (ABCD).
3. Cho hinh chop S.ABCD c6 didy ABCD 1a hinh binh himh}vii mot diém M di dong trén canh AD.
Mot mat phang (o) qua M, song song vai CD va S4, cat BC, SC, 8D lan lugt tai N, P, Q.
a) MNPQ la hinh gi?
b) Goi I = MQ ~ NP. Chimg minh rang / luén luén thuge mot dudmg thang cb dinh khi M
di dong trén 4D,
4. Cho tir dién ABCD va diém M thude um}h AB. Goi () 1a miat phiing qua M, song song vai hai
dudng thing BC va AD. Goi N, P, O lan lugt 14 giao diém cua mit phing (o) vai cic canh
AC, CDva DB,
a) Chimg minh MNPQ 1a hinh binh hanh.
b) Trong trudmg hep ndo thi MNPQ 14 hinh thoi?
Cho hinh chop S.ABCD ¢b day ABCD la hinh thang, diy 16n 48, Goi M 1a trung diém
cua CD, (P) la mat phang qua M song song vai S4 va BC. Tim giao tuyén cua (P) vai
cde mit cia hinh chop S.ABCD.
6. Mo ta vi tri twong ddi cua cic dudmg thing a, b, ¢, d, ¢ voi mit phing (2) 1d mit trude cua
toda nha (Hinh 19).

tn

Hinh 19
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Bai 4. Hai mat phang song song

Tir khoa: Hai mat phang song song; Dinh li Thalés; Hinh lang tru; Hinh hép.

®
Bé mat trén clia moi bac thang nay dugc dat
nhu thé nao so vdi mat dat?

1. Hai méat phang song song

f@ op gidy ¢6 cac mat 14 hinh vuéng &
Hinh la dugce vé lai vai cie dinh la A, B,
C,D, A" B, C', D nhu Hinh 1b. Goi tén
¢iip mit phing:
a) C6 ba diém chung khong thing hang,
b) La hai mat phang phén biét va c6 mét
diém chung,

i)

¢) Khéng ¢6 bt ki diém chung nio.

D

Di

Hinh 1

Cho hai mat phang (P) va (Q), c6 thé xay ra mét trong ba trudng hop:

— Trwimg hop 1: (P) va (Q) c6 ba diém chung khéng thang

hing, ta n6éi hai mit phing (P) va (Q) tring nhau, ki hiéu
(P)=(Q).

— Trwimg hop 2: (P) va (Q) phin bi¢t via co mot diém chung,
ta noi (P) vi (Q) ciit nhau theo giao tuyén d di qua diém chung,
ki hiéu (P) N (Q) =d.

— Trudmg hop 3: (P) va () khong ¢6 bit ki diém chung nio,
nghia la (P) M (Q) = &, ta noi (P) va (Q) song song vdi nhau,
ki hiéu (P) // (Q) hoic (Q) // (P).

4%

A
P "8

A
A

S
/

¢)

Hinh 2

¥ Hai miit phiing duoc goi 1a song seng véi nhau néu ching khéng c6 diém chung,
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Vi du 1. Hop gidy c6 cic mat

la hinh chir nhat & Hinh 3a
duge vE lai vl cac dinh la
A, B, C,D A, B, C', D' nhu
Hinh 3b. Quan sat hop giay
va chi ra cdc cip mit phing
song song vai nhau & Hinh 3b.

Hinh 3
| Giai
Céc cip mit phing song song v&i nhau & Hinh 3b la:
(ABCD) va (A'B'C'D'Y; (AA'B'B) va (DD'C'C); (AA'D'D) va (BB'C'C).

@ Tim mét 56 mit phang song song c6 trong hinh chup eén phong & Hinh 4,

S ——
——
——
——

Hinh 4

2. Diéu kién dé hai mat phéng song song

’Q Cho mit phing (P) chira hai dudmg thing a, b cit
nhau va cung song song vdi mat phing (Q) Gia sur
(P) va (Q) cbd diém chung M thi (P) ciit (Q) theo
giao tuyén ¢ (Hinh 3).
a) Giai thich tai sao dudng thing ¢ phai cit it nhat
mdt trong hai dudng thing a, b. Diéu nay ¢6 trai voi
gia thiét @ va b cung song song vai (Q) khong?
b) Rat ra két luin vé s6 diém chung va vi tri tuong

doi cia (P) va (Q).
Dinh Ii 1
9- a
% Néu mit phing (P) chira hai duong thing a, b cit nhau va /)‘ﬁ\/l /E/
hai dudmg thing do cuing song song v6i mit phing (Q) thi (P) / /@/
song song vii (Q).

Hinh 6

e

_f_'.ﬂ'



Chiry: Ching han néu 4, B, C khong thing hang va AB // MN va AC I/ MP thi (ABC) /| (MNP).

Vi dy 2. Cho hinh chép S ABCD ¢é day 1a hinh thang
ABCD day 16m AD va AD = 2BC. Goi M va N lan lugt 1a
trung diém cua S4 va AD (Hinh 7). Chimg minh ring hai
mit phang (BMN) va (SCD) song song v&i nhau.

Giai
Ta ¢6 MN la dudng trung binh cua tam gide SAD, suy ra MN [/ SD,
do do6 MN /I (SCD). (1)
T giac BCDN ¢6 BC [/ ND va BC = ND nén la hinh binh hanh, suy ra BN // CD,
do d6 BN // (SCD). (2)
Mt khac ta co MN va BN cung chira trong (BMN), MN ~n BN=N. (3)
Tur (1), (2) va (3) ta suy ra (BMN) // (SCD).

Cho r dién ABCD ¢6 E, F. H lin lugt 14 trung diem cua AB, AC, AD. Chimg minh
(EFH) // (BCD).

3. Tinh chét ctia hai méat phéng song song

a) Cho diém A & ngoai mit phing (Q). Trong (Q) v& hai duémg thing cit nhau a' va b'.
I.am thé nao dé v& hai duong thing a va b di qua 4 va song song vdi (0)?
b) C6 nhan xét gi vé moi lién hé gitra mp(a, b) va (Q)?

Dinh li 2 )Q/
0: e 7 f’
¥ Qua mét diém ndm ngoai mdt mit phing cho trude c6 o
mdt va chi mot mit phiing song song véi mit phiing do. /}{ A?/

Hinh 8

[

Cho ba mit phing (P), (Q), (R) thoa man () // (), (R) N (P)=a va (R) N (Q) = b.
Xeét vi tri twong dbi cha a va b.

A
&
Dinh li 3 .
2 e’. P I|

-

¥ Cho hai mit phing (P) va (Q) song song véi nhau. Néu (R) | _____
cat (P) thi cit (Q) va hai giao tuyén cia chiing song song 6 b
vé1 nhau. \//\
Hinh @




Vi du 3. Trong mat phing (P), cho hinh binh hanh ABCD. V& cac

nira dudng thing song song vdi nhau, nim vé mot phia déi vai (P)

va lan lugt di qua cac diém A, B, C, D. Mot mit phing (P') cit bén

nua dudng thz"ing noi trén ta A', B', ", D',

a) Chirng minh mp(A44', BB') song song v mp(CC’, DD").

b) Chig minh tir gidgc A'B'C*'D" 1 hinh binh hanh. Fimm

¢) Goi O va O' lan luot la giao diém cua hai duong chéo cua ABCD |/ .-~ O~
] L' 1 f .A D

PRASCE: Hinh 10

Ching minh Q0" // AA".

Giai
a) Taco AB // CD, AA" /] DD, suy ra mp(AA', BB') [/ mp(CC", DD'").

b) Mit phiing () ¢iit hai mit phiing song song mp(A44', BB') va mp(CC", DD') theo hai giao
tuyén A'B' va C'D', suy ra A'B'/IC' D).

Tuong tu ta cling co A'D' [/ B'C",

Tt giae A'B'C'D' ¢6 cac cip canh ddi song song nén 1a hinh binh hanh,

¢) Hai mit phiing (44'C'C) V':'I'(BB'D'D) lin lugt di qua hai dudng thing song song AA',
DD’ va cit nhau theo giao tuyén OO, suy ra OO [/ 44"

@ Cho hinh chop S.ABCD vin day ABCD 1a hinh binh hanh

co O la gmu diém cta hai dudmg chéo, tam gidc SBD la
lam guic déu. Mot miit phﬁng (o) di dfng song song vl
miit phiing (SBD) va ciit doan thing AC. Chimg minh cac
glao tuyén ctia (o) voi hinh chop tao thinh mot tam gide déu.

Khi ding dao cit cac lop banh (Hinh 11), gia sir bé mét cia
céc 16p banh la cac mit phing song song va con dao dugc
xem nhu mit phang (P), néu két luan v¢é cac giao tuyén tao
b (P) von cac bé madt cua cac lop banh. G thich.

4. Pinh li Thalés trong khéng gian

S
’

- e

Cho ba mat phﬁlng song song (P), (O), (R) lin lugt cit hai

dudmg thing a va a' tai cac diem A, B, Cva A", B', C". Go1 B,

la giao diém cua AC" voi (Q) (Hinh 12).

a) Trong tam giac ACC”, c6 nhin xét gi vé mbi lién hé giira
AB . AB,

Bc ¥ B("

b) Trong tam giac AA'C’, c6 nhédn xét gi vé moi lién hé gitra
AB, 4B,
YT

¢) Tir d6, néu nhdn xét vé mdi lién hé giita céc ti sb AB BC “AC
AB BC AC




Ching ta da 1am quen véi dinh 1i Thalés trong phéan hinh hoc phing & cip Trung hoc co sa,
trong khong gian, dinh 1i Thalés phat biéu nhu sau:

Dinh Ii 4 (Binh li Thalés)
¥ Ba mit phiing doi mot song song chén trén hai cat tuyén bt ki céc doan thing twong
ung ti l¢.

Vi du 4. Cho ba mit phiang (P), (Q), (R) d61 mot song song. Hai dudmng thing d va d'
cit ba mat phing (P), (Q). (R) lin lwgt tai 4, B, Cva A", B', C'. Cho AB=3,BC=1,
A'C’ = 20. Tinh cac do dai A'B', B'C".
Giai
Ap dung dinh li Thalés trong khong gian d6i véi ba mit phing song song (P), (Q), (R) va
hai cat tuyén d, d', ta ¢o:
AB AB 3 A BC _ AB+BC _AC 20

—=—=— Suyra = =S
B BC 7 3 7 3+7 10 10
SuyraA'B' =6, B8'C' =14,

Cho hinh chop S.ABC ¢6 §4 =9, S8 = 12, SC = 15. Trén canh 4 liy céc diém M, N
sao cho SM =4, MN = 3, NA = 2. V& hai mit phing song song v&i mit phing (48C),
lin lugt di qua M, N, ciit SB theo thir tw tai M’, N' va cit SC theo thir ty tai M”, N".
Tinh d0 dai cdc doan thing SM', M'N', M"N", N"C

5. Hinh lang tru va hinh hép
Hinh lang tru

Hinh dang cua cac d6 vit nhu hop ph‘fm. Iﬁng dén, hép qua, lang kinh ¢6 dic diém gi
giong nhau?

a) b) c)
Hinh 13

[y #
- -

- hChn hai miit phing () va (P') song song vdi nhau. Trén (P) cho da gidc 16i 4,4,.. .4,
Qua cic dinh cua da giac nay, ta vé cac duomg thing song song véi nhau va cit (P') ln luot
tai 4, 4,, ..., A Hinhtaobdicichinhbinhhanh 44,4, 4, 4,44, 4,, ..., A AA A
va hai da gidc A4, A,..A, A A, ..A' goila hinh ling try, kihiéuA A, A A A A

S



Trong hinh ladng tru 4 4,... .4, A{A;.. A] ta goi:

— Hai da giac A,4,...A, va A'A}.. A’ 1a hai mdt ddy nim trén hai
mit phing song song;

—Céacdiém A, Ay, .. A, A, A ..., A lacac dinh;

— Cac hinh binh hanh 4,4,4,’A', A, 4,4, A, ..., A, A A A 1a
cac mdt bén,

— Céc doan thang 4, 4,, 4,4, , ..., A A 1a cic canh bén.

Céc canh bén song song va biing nhau,
~ Céc canh cua hai da giac day 1a cac cgnh ddy. Cac canh day
twong (mg song song va bing nhau,

Hinh 14

Cha y: Hinh lang tru c6 day la tam gidc, L gidc, nga gide, ... twong ing duge goi 1a hinh

ling try tam gidc, hinh lang tru tir gidc, hinh lang try ngi gidc, ...
Vidu 5.
a) Goi tén cac hinh lang tru trong Hinh 15,

b) Goi tén cac thanh phin cua hinh lang try trong Hinh 15a.
, , A D'

=" N

o

~
e
S

a) b)
Hinh 15
Giai

a) Hinh 15a |4 hinh lang tru tam giac ABC.A'B'C".
Hinh 15b la hinh lang tru ti gidc ABCD A'B'C'D",
Hinh 15¢ la hinh ldng tru ngii gidac ABCDE A'B'C'D'E".
b) Hinh lang try tam giac ABC.A'B'C" trong Hinh 15a co:
e Hai mit day la cac tam giac ABC, A'B'C”;
e Saudinh: 4, B, C A" B, ("
e Ba mit bén la cac hinh binh hanh: AA4'B'B, BB'C'C, C("A'A;
e Ba canh bén: 44", BB', CC",

Hinh hop

) Cho hinh ling try ABCD.A'B'C'D' ¢6 day ABCD la hinh binh hanh. Ching minh ring:
a) Bon miit bén va mit day con lai cia hinh ling tru 1a cac hinh binh hanh;

b) Cac mat A4'C"C va BB'IY'D la hinh binh hanh; _
¢) Bon doan thing A'C, AC", B'D, BD' ¢6 cung trung diém.

s



- -
- -

= Hinh hgp 1a hinh lang tru ¢6 day 14 hinh binh hanh.

Trong mét hinh hop ta co:

— Sau mit 1a sau hinh binh hanh. M&i mit déu co mot mit
song song vdi nd. Hai mat nhu thé goi 1a hai mt doi dién;
— Hai dinh khong cting ndm trén mot mat goi la hai dinh
doi dign;

— Doan thang ndi hai dinh déi dién goi la dwéng chéo;

— Bin dudmg chéo ciit nhau tai trung diém cia mdi dudong,

Vidu 6. Cho hinh hop ABCD.A'B'C'D'. Chimg minh
(BDA') vi (B'D'C) la cac mit phing song song.

Gidi
Ta co BB // DD va BB' = DD, suy ra BB'D'D la
hinh binh hanh, do d6 BD // B'D".
Tuwong tu ta cling co A'B [/ D'C.
Tir do suy ra (BDA') /1 (B'D'C).

% Cho hinh hép ABCD.A'B'C'D' va mit mt phéng (o) cit
¢cac mdt cua hinh hdp theo cac giao luyer.t MN, NP, PQ
OR, RS, SM nhu Hinh 18. Chimg minh cic ciip canh dbi
cua lye gidc MNPQORS song song v nhau.

@ Tim hinh ling tru ¢6 thé liy mét mét bit ki lam mat ddy.

Hinh 18

BAI TAP

1. Trong mit phing (P) cho hinh binh hanh ABCD. Ta dyng céc nira duéng thing song song
vi nhau va nam vé mét phia doi vai (P) lan lugt di qua cac diém A, B, C, D. Mot mit phing (Q)
cit bon nira dudmg thang noi trén tai A', B', €', D'. Ching minh ring:

AA"+ CC'=BB' + DD,

ne




2. Cho hinh chép S.ABCD, day ABCD 1a hinh binh hanh ¢6 O 1a giao diém cua hai duong chéo.
Goi M, N lin luot la trung diém cua SA4, SD.
a) Chirng minh n;'mg (OMN) /1 (SBC).
b) Gor E la trung diém cua AB va F 1a mét diém thuge ON. Chirng minh EF song song
v (SBC).

3. Cho hai hinh vudng ABCD va ABEF & trong hai mit phing khac nhau. Trén cac dudng chéo
AC va BF lan lugt lay cac diém M, N sao cho AM = BN. Cic dudng thing song song véi AB
v tir M, N 1an luot céit AD, AF tai M', N
a) Ching minh (CBE) // (ADF).

b) Chimg minh (DEF) // (MNN'M").

4. Cho hinh hop ABCD.A'B'C'D'. Goi G, va G, lan luot 1a trong tim cia hai tam gidc BDA'
va B'D'C. Chimg minh G, va G, chia doan AC" thanh ba phén bing nhau.

5. Dé& lam mét khung 16ng dén kéo quan hinh ling tru lue gidc ABCDEF.A'B'C'D'E'F', Binh
gén hai thanh tre 4,D,, F,C, song song véi mit phing day va céit nhau tai O, (Hinh 19),
a) Xdc dinh giao tuyén cua mp(4,D,, F,C,) véi cac mit bén cua lang tru,
b) Cho biét 4’4, = 644, va AA" =70 ecm. Tinh CC, va C,C".

.'f| I . i D

Hinh 19

6. Chi ra cac mit phang song song trong mdi hinh sau. Tim thém mot s6 vi du khac vé
cac mit phing song song trong thuc (&,

Hinh 20



ai 5. Phép chiéu song song

Tir khoa: Phép chiéu song song; Phudang chiéu; Mat phing chiéu; Anh;
Hinh biéu dién ciia mét hinh.

L\!) Céc tia ndng song song theo phuaong /
khi chiéu tdi bién bao giao théng hinh .
chit nhat ABCD tao thanh bong trén mat
dudng (xem hinh bén).

Bong ctia bién bao nay c6 dang hinh gi?
Tai sao?

1. Khéi niém phép chiéu song song

fq Trong (»;
a) Céc tia sang AA', BB', DD' ¢6 song song voi nhau hay khong?

b) Néu cach xac dinh bong €' cua diém C trén mét dudmg,

Phép chiéu song song thuémg duge ding dé biéu dién cac hinh trong khong gian 1én mot
mat phing,

1 Trong khong gian, cho mat phing (P) va dudng M ! Phuong chiéu
thing / cat (P). V&i mdi diém M trong khong gian,
v& mt duomg thang di qua M va song song hoic
tring voi /. E)mfmb ms'mg nay cat (P) tai M. Phép \.w \ /
cho twong ting méi diém M trong khnng gian voi Py A :
diém M’ trong (P) duge goi 1a phép chiéu song song Mat ph :'ingi hiéu\ \

lén mgt phing (P) theo phuwong . Hinh 1

Mait phing (P) dugc goi 1a mdt phdng chiéu va duong thing | duge goi 1a phieong chiéu cia
phép chiéu song song noi trén.

Phép chiéu song song theo phwong / con dugce goi tit 1a phép chiéu theo phuong 1.
Piém M’ goi la @nh cua diém M qua phép chiéu theo phuong /.




Cho hinh . trong khong gian. Ta goi tip hop 4" cac anh M” cua tit ca nhimg diém M thude . A4
qua phép chiéu song song theo phuong [ 1a hinh chiéu song song cua -#’1én mit phing (P).
Vi du 1. Tim phuong chiéu, mat phiang chiéu cua phép chiéu song song dirge mé ta trong "'
Griai
Tmn'g \'", ta co phép chiéu song song lén mat phf;mg (ct) cua mat duong theo phuong / cua
tia ning.

Tim phuong chiéu, mat phing chiéu cia phép chiéu
song song duge mo ta trong Hinh 2.

a5

Hinh 2
Mt phang chicu

'ﬁ' Tim anh cta hinh hop ABEF. DCGIT qua £ : Phuong chiéu
i p q 3
phép chiéu song song duge md ta trong : \

-‘h-‘l'"".._ f
ITinh 3. \ | L

'

13

. V:ji chiéu
Hinh 3

2. Cac tinh chét co ban clia phép chiéu song song

Dudi day ta chi xét anh cia cie dudmg thing, tia, doan thing khong song song vai phuong chiéu,

@ Trong Hinh 4, xét phép chiéu theo phuong / 1én !
’ mit phing (P), mat phang (Q) chita dudng thing @
vi song song véi phuong chiéu,

a) Khi diém M thay d6i trén duong thing a thi anh
M" ¢tia nd thay doi & dau?

b) T do hidy chi ra anh cua duomg lhﬁug a qua Hinh 4
phép chiéu theo phuong / 1én mdt phing (P).

Tinh chit 1

igﬁ

Hinh chiéu song song ciia mdt dudng thang la mdt duéng thang. Hinh chiéu song song
ciia mgt doan thing 1a mét doan thing. Hinh chiéu song song ciia mét tia 1a mot tia,

2



'® Trong Hinh 5, xét phép chiéu theo phuong [ vol mét phfmg chiéu (P). Biét a // b voi
a c (Q) va b < (R). Néu nhan xét vé vi tri twong d6i cua hinh chiéu o', b’ cta a, b
trong hai trudmg hop: (Q) // (R); (Q) = (R).

a) b)
Hinh 5
Tinh chiit 2
*  Hinh chiéu song song cua hai dudmg thing song song 13 hai dudmg I.hﬁng song song
hode tring nhau.
Tinh chit 3

- -

"3« Phép chiéu song song bién ba diém thing hang thinh ba diém thing hang va
khéng lam thay ddi thr ty ba diém do.
e Phép chiéu song song khong lam thay d6i ti 6 86 dai cua hai doan thing nam trén
hai dudmg thing song song hodc (ring nhau.

Hinh &

Vidu 2.
a) Tim hinh chiéu song song ctia doan thang AC, tia AB va duomg thing AD trong Hinh 6b.

b) Quan sat Hinh 6a va so sanh hai ti s6 ﬁ, A'B .
ch C'pD

¢) Quan sat Hinh 6b va so sanh hai ti s6 E b4 .
DB D'B
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Giai
a) Trong Hinh 6b, hinh chiéu song song cua doan thing AC, tia 4B va duong thing AD
ldn lwot 1a doan thang A'C’, tia A'B’ va dudng thang A'D',
b) Do phép chiéu son ¢ song khong lam thay d6i ti s6 do dai ctia cac doan thf;mg nam trén hai
AB  A'B'

dudmg thing song song nén trong Hinh 6a, ta c6: — :

g thang song song g D" oD
¢) Do phép chiéu song song khong lam thay d6i ti s6 do dai ciia cac doan thang cling thude

DA DA

mot dudme thing nén trong Hinh 6b, ta cd: —= = =
et f e € o DB

@ Cho hinh thang ABCD co day Irm AB va AB = 2CD, hinh chiéu song song cua ABCD la
tir giac A'B'C'D'". Chirng minh ranb A'B'C' D' eting la mét hinh thang va A'B" = 2C"D".

kﬂ/ﬁ Cho G la trong tdm tam giac ABC, M la trung diém BC va hinh chiéu song song cua
"~ tam gide ABC 14 tam gide A'B'C". Ching minh ring hinh chiéu M ctia M 14 trung diém
cua B'C" va hinh chi¢u ¢’ cua G cling la trong tam tam gidc A'B'C".

3. Hinh biéu dién ciia mét hinh khéng gian -

) Quan sdt Hinh 7 va cho biét céc tia niing song

song da tao ra hinh chi¢u cua hinh hdp nhu
thé nao trén nén nha.

Hinh 7

-

*  Hinh biéu dién cia mot hinh # trong khong gian 1a hinh chiéu song song cua . trén
mét mat phang theo mét phuong chiéu nao dé hode hinh ddng dang vai hinh chiéu do.

Chti y: Dya theo tinh chiit ciia phép chiéu song song, ta phai tuin theo mét s& quy tic khi
v& hinh biéu dién, chang han nhu:

a) Néu trén hinh .#c6 hai doan thang nam trén hai dudong thing song song (hodic triing
nhau) thi ching dugc biéu dién hﬁng hai doan thﬁng nam trén hai dudmg tha‘:’,ng song song
(hodc trung nhau) va ti 56 do dan cua hair doan tl]éng nay phai bﬁng ti sd do dai caa hai
doan thang twong tng trén hinh .#.

b) Néu hinh phing nim trong mit phing khong song song vai phuong chiéu thi

» Hinh biéu dién cua mét dwdng tron thuong 1a mét elip.

* Hinh biéu dién ctia mdt tam gide (vudng, cin, déu) 1 mot tam gidc,

+ Hinh biéu dién cua hinh vuong, hinh chit nhat, hinh thoi, hinh binh hanh la hinh binh hanh.

___SERED



Vi du 3. Quan sat Hinh 8§ va tim hinh biéu dién cua;

a) doan thing AB; b) tam gidc ABC; ¢) dudmg tron (C) tam O.

Hinh 8

Giai

a) Hinh biéu dién cia doan thiing A8 1a doan thing A'B' vai A’ va B’ 1an lugt 1a anh cia
Ava B,

b) Hinh biéu dién cua tam guic ABC 1a tam gidc A'B'C'vin A", B', " lin luwgrt lé anh cua
A B, C.
¢) Hinh biéu dién clia dudmg tron (C) 1a elip (£) véi tim O 1a anh cia O.

Vi du 4. V& hinh biéu dién va néu nhén xét vé hinh biéu dién cua cae mit ciia cc hinh sau;

a) Hinh hop; b) Lang tru c6 day la lye gidc déu; ¢) T dién.,
Gidi
i ’
a) b) c)
Hinh @

a) Hinh biéu dién cta cdc mit 1a cac hinh binh hanh.

b} Hinh biéu dién ciia mat day la lyc glac c6 cdc cdp canh doi song S(}ﬂg va bing nhau,
dong thoi song song voi dudmg chéo ni hai dinh con lai. Hinh biéu dién cia mat bén 1a
hinh binh hanh.

¢) Hinh biéu dién ctia bon mat la bon tam giac.

d) Hinh biéu dién cta mit day 1a elip, hinh biéu dién cua cac dudng sinh la cac doan thing
song song va bing nhau.
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& Goi tén cdc hinh khéi ¢6 hinh biéu dién 1a cac hinh trong Hinh 10.

Z

a) b) c)
Hinh 10

@ V& hinh biéu dién ctia mot hinh chop tam gide S.ABC dit trén mot hinh ling tru tam gide
T ABCA'BC'.

BAI TAP

1. Trong cdc ménh dé sau, ménh dé nao ding?
a) Mot duomg thing c6 thé song song véi hinh chiéu cia né;
b) Mét dudmg thing co thé tring vai hinh chiéu cua né;
¢) Hinh chiéu song song ctia hai duong thing chéo nhau c6 thé song song voi nhau;
d) Hinh chiéu song song ctia hai dudng thing chéo nhau c6 thé tring nhau.

2. V& hinh biéu dién cua mét luc gidc déu.
3. V& hinh biéu dién ctia mét hinh vuéng néi tiép trong mdt hinh tron.

4. Cho hai diém A, B nim ngoai mit phang (&) va dudmg thing d cit (o). Gia sir dudng thing
AB cit (o) tai diém Q. Goi A’ va B' lan lugt la hinh chiéu song song ctia 4 va B trén (o) theo
phuong cia duong thing d. Ba diém O, 4', B' ¢6 thﬁng hang khong? Vi sao? Chon d sao cho:
) A'B' = AB; b) A'B' =248,

V& hinh biéu dién cua: Hinh chicu
a) Hinh ling try ¢6 day la tam gidc déu; d
b) Hinh ling try co day la luc gidc déu;

n

¢) Hinh hop. 0 hﬂ'
) % ;

=

¥ \l\<

Vit chiéu £,

Mit phing chiéu
Hinh 11




BAITAP CUOI CHUONG IV

CAU HOI TRAC NGHIEM
Chon phuong 4n diang.

1. Cho tam gidc ABC. Liy diém M trén canh 5. Cho hinh binh hanh ABCD va mét diém S

AC kéo dai (Hinh 1). Ménh dé nao sau diy
la ménh dé sai?

khong nim trong mét phing (ABCD). Giao
tuyen cia hai mt phang (S4B) va (SCD)
la mot dudng thang song song véi dudng

A.Me (ABC).  B.C e (ABM). ,
‘ ) thing nao sau diy?
C. A e (MBC). D. B e (ACM).
) A. 4B. B. AC.
C. BC. D. 54.
C
6. Cho hinh chop ti gidac déu S.ABCD co
M canh ddy bang 10. M 1a diém trén SA4 sao
Y Hinh 1 cho % = % M6t mit phing (o) di qua M

. Cho tir dién ABCD v&i 1 va J lan lugt 1
trung diém céae canh AB va CD. Ménh dé

song song véi AB va CD, ¢t hinh chop
theo mét tir gidc c6 dién tich la

nao sau dy ding? A 400 g 200
A. Bbn diém /, J, B, C déng phing. 9 3
B. Bén diém /, J, A, € ddng phing. C. ? D. %

C. Boén diém 1, J, B, D ddng phang.
D. Bén diém /,.J, C, D dong phing,

. Cho hinh chép S.ABCD c6 AC cat BD
tai M, AB cit CD tai N. Trong céc dudmg
thing sau ddy, dudng nio 12 giao tuyén cia
(SAC) va (SBD)?
A, SM.
C. SB.

B. SV.
D. SC.

. Cho hinh chop SABCD c6 day ABCD
14 hinh binh hanh. Goi [, J, E, F lin lurort
la trung diém S4, SB, SC, SD. Trong cic
dudong thang sau, duong niao khing song
song vol LJ?
A EF.

C.AD.

B. DC.
D. AB.

. Quan hé song song trong khdng gian co

tinh chat nao trong cdc tinh chat sau?

A. Néu hai miit phing (P) va (Q) song song
véi nhau thi moi duémg thing nim trong
(P) déu song song vdi (Q).

B. Néu hai mat phing (P) va (Q) song song
véi nhau thi moi duémg thing nim trong
(P) déu song song vor mol dudmg thﬁ'ng
nam trong (Q).

C. Néu hai duong thing song song voi
nhau lin lwot nim trong hai mit phang
phan biét (P) va (Q) thi (P) va (Q) song
song voi nhau,

D. Qua mét diém ndm ngoai mat phiang
cho trude ta vé duogc mot va chi mot
duong thing song song véi mit phang
cho trude do.
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8. Cho hinh lang tru ABC. A"B'C". Goi1 M, N,

P, Q lan luot la trung diém cua cic canh
AC, 44", A'C", BC. Ta co:

A. (MNP) [l (BCA).

B. (MNQ) // (A"B'C").

C. (NQP) I/ (CAB).

D. (MPQ) /I (ABA").

BAI TAP TU LUAN

9. Cho hinh hop ABCD.A'B'C'D'. Goi Mva N

lin luot 1a trung diém ciua AB va A'B’ va
O 13 mdt diém thude mién trong cua mit bén
CC'D'D. Tim giao tuyén chia mit phing
(OMN) véi cac mit cia hinh hop.

10. Cho hinh chép S.ABCD véi ABCD la

hinh thoi canh a, tam giac S4AD déu. Mla

diém trén canh A8, (o) 1a mat phing qua
Mva () // (SAD) cit €D, SC, SB lan hrot

tai N, P, 0.

a) Chimg minh ring MNPQ 14 hinh thang
can.

b) Dat AM = x, tinh di¢n tich MNPQ theo
avax,

11. Cho mat phing () va hai dudng thing

chéo nhau a, b cit (a) tai A va B. Goi d la

dudmg thing thay doi luén luén song song

voi (o) va cit a tai M, cit b tai N. Qua

diém N dung dudmg thing song song vdi a

cit (o) tai diém C.

a) Tir gidc MNCA 1a hinh gi?

b) Chimg minh rang diém C ludn luén
chay trén mét dudmg thang ¢6 dinh.

¢) Xdc dinh vi tri ctia dudng thang d dé do
dai MN nho nhit.

12. Cho hai hinh binh hanh ABCD va ABEF

nim trong hai mit phing khac nhau. Liy
cdc diém M, N lan lugt thude cac dudmg
chéo AC va BF sao cho MC = 2MA,
NF = 2NB. Qua M, N ké cdc dudmg thing
song song vdi AB, cat cac canh AD, AF
lan lwgt tai M|, N,. Chimg minh ring:
a) MN // DE,

b) M\N, // (DEF);

¢) (MNN M) !/ (DEF),



Pnan THONG KE VA XAC SUAT

I72D0 XU THE TRUNG
MAU sO LIt GHIER NHOM

Trong thuc té ta thudng gap nhiing tap s6 liéu rat l6n, vi du nhu diém thi tot nghiép Trung hoc phd thing cia hoc sinh
cd nudc hay s6 tién thué thu nhap ca nhan moi ca nhan phai dong trong nam. Dé thudn tién cho viéc luu trir, trinh bay
va biu dién céc s6 liéu nay, nguii ta thuang sir dung bang sé lidu ghép nhém, trong d6 cac 6 lidu riéng 18 6 gia tri
gan nhau dugc sap xép vao titng nhdm.

Trong chuong nay, chiing ta sé tim hiéu cach xac dinh, ¥ nghia va vai trd cia cac s6 dic trung do xu thé trung tim cho
mau s6 liéu ghép nhom,

|&' Hoc xong chuang nay, ban cé thé:

- Tinh dugc cac sé dac trung do xu thé trung tdm cho mau sé liéu ghép nhém:
56 trung binh céng (hay s6 trung binh), trung vi, ti phan vi, mot.

- Hiéu dugc y nghia va vai trd cla cdc s6 dac trung néi trén clia mau sé liéu trong
thuc tién,

- Rut ra dugc két ludn nhd y nghia cla cac sé dac trung ndi trén clda mau so liéu trong
truding hop don gian.

- Nhan biét dugc mai lién hé gilia théng ké véi nhiing kién thuc cla cdc mén hoc khac
trong chuang trinh Idp 11 va trong thuc tién.

_F_’,."I




ai 1. SO trung binh va mot
clla mau sé liéu ghép nhom

Tir khoa: 56 trung binh; Mét.

@ Mét dai li bao hiém da thong ké so lugng 04 00 4 rgm Khéch hng
khéach mua bao hiém nhan tho trongmét | —
ngay & biéu dé bén, "
Hay so sanh @6 tudi trung binh cia r
khéch hang nam va nii.

120 300 [ 205 400 [40; 500 [50; 60) [6d; TOp (=00

1. S8 liéu ghép nhém

) Sir dyng dir li¢u & biéu d6 trong (»), hodn thién bang thong ké vé s6 hwgng khéch hang

’ nit theo tudi sau:
Khoang tudi [20; 30) [30; 40) [40; 50) [50; 60) [60; 70)
S6 khich hang nir 3 ? ? ? ?

Mot s6 logi s6 liéu diéu tra ¢6 thé nhin rit nhiéu nhimg gia trj khic nhau, hojc kho xdc dinh
duge gid tri chinh xac, vi dy nhu chidu cao, cin ning, tudi tho, ... DE thudn tién cho viée o trix
v xir Ii cée loai 56 liéu nay, nguoi ta thwong ghép cic s6 liéu gén nhau lai thanh nhom.
Mau s6 ligu ghép nhém thudmg duge trinh bay dudi dang bang thong ké ¢é dang nhu sau:
Bing I: Bang tin sé ghép nhom

Nhom [u}; u,) [, uy) [t 4y, )

Tin so n, M, n,

Chi y:

* Bang trén gom k nhém [u; u,
mat ticu chi xac dinh.

*Cﬁmﬁur.’:nl ‘o, t .ty

« Gid trj chinh gitra moi nhom duge ding 1am gid erf dai di¢gn cho nhom ay. Vi dy nhom [u,; u,)

)véi 1 < <k, mdi nhom gdm mot sb gid tri duge ghép theo

¢6 gid trj dai dién I3 %{ul ).
* Hi¢u u, | —w, duge goi 1a dp dai coa nhom [u; u, ).
Vidu 1. Tinh gia tri dai dién va do dai cia m&i nhém trong mau sb liéu & ,@ :

_ REL



Gidi
Khoang tudi [20:30) | [30:40) | [40:50) | [50:60) | [60:70)
Gia tri dai dién 25 35 45 55 65
Dé dai cia nhém 10 10 10 10 10

Mét sé quy tdc ghép nhém ciia mau sé liéu
M&i méu s6 liéu c6 thé duoc ghép nhom theo nhiéu cich khac nhau nhung thudong tuin theo
mot s6 quy tic sau:
— Sir dung tir k = 5 dén k = 20 nhdom, C& miu cang 16n thi cdn cang nhiéu nhom sb liéu,
Cac nhom ¢6 cung do dai bing L thoa min R < k . L, trong d6 R 14 khoang bién thién, & la
50 nhom,
— Giid tri nho nhat ciia mau thude vao nhém [u,; u,) va cing gin u, cang tét. Gia tri 1n nhét
cta mau thude nhom |u,; u, . ) va cang gin u, , | cang tot.
Vidu 2. Cin niing cua 28 hoc sinh nam l6p 11 duge cho nhur sau:
554 62,6 542 56,8 588 594 60,7 S8 595 636 618 523 634 579
497 45,1 56,2 63,2 46,1 496 59,1 553 558 455 468 54 492 526
Hiy chia miu dit liéu trén thanh 5 nhém, lip bang tin s6 ghép nhom va xde dinh gia tri
dai dién cho mdi nhom.,

Gidi
Khoang bién thién ctia mau s6 liéu trén 1d R = 63,6 — 45,1 = 18,5
5 R 185
P dan mo1 nhom L = ; - —-85— =37

Ta chon L = 4 vi chia dit liéu thanh cac nhom |45; 49), |49; 53), |53, 57), |57 61), |61; 65).
Khi do ta co bang tin s6 ghép nhom sau:

Cin niing 145:49) | 149:53) | 53:57) | (57:61) | [61:65)
Gia tri dai dign 47 51 55 59 63
S6 hoe sinh 4 5 7 7 5
Chi y:

» Céc dau mut chia cac nhom co thé khéng la gia tri cia mau so ligu,

» Ta hay giip cac bang so li¢u ghép nhom la s6 nguyén, chang han nhu bang thong ké s6 16i
chinh ta trong bai kiém tra giira hoe ki 1 mén Ngir Viin cua hoc sinh khdi 11 nhu sau:

S6 16i [1;2] [3; 4] 15; 6] [7; 8] 19: 10]

86 bai 122 75 14 5 2

Bang s6 liéu nay khong c6 dang nhu Bang 1. Dé thuan loi cho viée tinh céc s6 dic trung cho
bang s6 liéu nay, ngudi ta hiéu chinh vé dang nhu Bang 1 bing cich thém va bét 0,5 don vi
vio diu mat bén phai va bén trai cia mdi nhom s6 liéu nhu sau:

S6 16 [0,5:2,5) | [25:4,5 | [4565) | [6585) | [85:105)
S6 bai 122 75 14 5 2

1



@ MOt cira hang di thong ké s6 ba 16 ban duoc mdi ngay trong thiang 9 vai két qua cho nhur sau:
' 12 29 12 19 15 21 19 29 28 12 15 25 16 20 29
21 12 24 14 10 12 10 23 27 28 18 16 10 20 21
Hiy chia miu sd liéu trén thanh 5 nhom, ldp bang tin s ghép nhom, hiéu chinh bing
tan sO ghép nhom va xac dinh gid tri dai dién cho mdi nhom.
2. S6 trung binh
Céc ban hoc sinh 16p 11A1 tra & 40 ciu hoi trong mot bai kiém tra. Két qua duge

’ thong ké ¢ bang sau:
S chu tra loi dang | [16; 21) |21; 26) |26; 31) [31;36) [36:41)
S6 hoc sinh 4 6 8 18 4

a) Tinh gi4 tri dai dién ¢, 1 < < 5, cua timg nhom s6 lidu.

b) Tinh n,¢, + nye, + 0, + 0, + ne..

l.:] '[inh T o ”ICI +FT3C: + H_;C_L +J?4{'4 = H_HC_" ,

40
Gia sir mau s6 liéu duge cho dudi dang bang tan sé ghép nhom:
Nhom Nhom 1 Nhom 2 Nhom &
Gia trg dai dién c, c ¢

Tén s6 n, n, n,

* S6 trung binh ciia mau so lidu ghép nhém, ki hi¢u ¥, duge tinh nhu sau:

n

trongdon=mn+n,+ .. +n;

Vidu 3. Két qua khao sat cin ning cia 25 qua cam & moi 16 hang A va B duge cho & bang sau;

N

Cén ning (g) [150; 155) [ [155; 160) | [160; 165) [ [165; 170) [ [170; 175)
SO qua cam & 16 hang A 2 6 12 4 |
86 qua cam ¢ 16 hang B 1 3 7 10 4
a) Hay uéc luong céin ning trung binh ctiia mdi qua cam & 16 hing A va 16 hing B.
b) Néu so sanh theo s trung binh thi cam ¢ 16 hang nao ning hon?
, Gidi
Ta co bang thong ké so lugng cam theo gia tri dai dién:
Cén ning dai dién (g) 152.5 157.5 162,5 167,5 172,5
Sé qua cam & 16 hang 4 2 6 12 4 |
SH qua cam & 16 hang B 1 3 7 10 4




a) Cin ning trung binh ciia mdi qua cam & 16 hang A xép xi bing
(2.152,5+6.157,5+12.162,5+4.167,5 + 1.172,5) : 25 = 161,7 (g).
Cén niing trung binh cua mdi qua cam & 16 hang B xép xi bang
(1.152,5+3.157,5+7.162,5+ 10.167,5 + 4.172,5) : 25 = 165,1 (g).
b) Néu so sanh theo s6 trung binh thi cam & 16 hang B niing hon cam & 16 hang 4.
Y nghia cia sé trung binh cia mau sé liéu ghép nhom
SO trung binh ctia miu so liéu ghép nhom la gia tri xap xi cho s6 trung binh ctia mau s6 liéu goc.
N6 thuong diung dé do xu thé trung tdm cla mau 50 ligu,
% Hay udce lugng trung binh s6 cdu tra loi dung cua cac hgc sinh lop 11AT1 trong 8.
Hay wde lugng can ndng trung binh cua hoc sinh trong Vi du 2 sau khi ghép nhom
va so sanh két qua tim duge vai can ning trung binh ctia mau sd liéu goe.
3. Mét

’@ Tir mdu s6 liéu & (»), hily cho biét khach hang nam va khach hang nir & khoang tudi nao
mua bao hiém nhan tho nhiéu nhét. Ta c6 thé biét mot ctia mau s6 1iéu d6 khong?

Xét miu s liéu cho o dang Bang 1.

* Nhém chira mét ciia miu s6 liéu ghép nhom 1 nhom ¢6 tin s6 1on nhit.

Gid sir nhom chira mdt 14 |u,; w,, . ). khi d6 mdt ciia méu sé ligu ghép nhém, ki hiéu

m o+ |

la M, duge xac dinh bai cong thire

n —n
M =u_ + o u,,, —u,).
{nm —h, 1}+{nm -'"ml)

Chui y: Néu khong ¢ nhom ké trude ciia nhom chira mot thi n, | = 0. Néu khong c6 nhom
ké sau cua nhom chira mot thin_ . =0,

Vi du 4. Mét cong ty xdy dung khio sat khach hang xem ho ¢6 nhu ¢au mua nha ¢ mirc
£14 nao. Két qua khao sat duge ghi lai 0 bang sau:

m+ 1

Mirc gid , , ) _ )
(triéu ﬁﬁngfml} [10; 14) | [ 14; 18) | 18; 22) [22; 26) [26; 30)
S6 khach hang 54 78 120 45 12

a) Tim mot cia méu so liéu ghép nhom trén,

b) Céng ty nén xdy nha & mirc gia ndo dé nhidu ngudi c6 nhu ciu mua nhit?
Giai

a) Nhom chira mdt cua miu s6 liéu trén la nhom [18;22).

Dodou, =18, n, =78, n, =120,n_ ., =45 u, . ,—u, =22-18=4
M6t ctia mau s6 liéu ghép nhom la
M =18+ 120-78 -8 194

(120-78)+(120—45) 39
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b) Dua vao két qua trén ta co thé du dodn ring néu cong ty xdy nha & mic gid 19.4 triéu déng/m?’
thi s& c6 nhiéu ngudi ¢6 nhu ciu mua nhat.

Vi du 5. S6 cudc goi dién thoai mot ngudi thue hién modi ngay trong 30 ngay duoce
lya chon ngdu nhién duoe thong ké trong bang sau:

[15:17]
2

[3; 5]
5

[6; 8]
13

[9; 1]
7

[12; 14]
3

S6 cude goi
S6 ngay

a) Tim mdt ctia mau s6 liéu ghép nhom trén,
b) Hay du doan xem kha nang ngudi do thuc hién bao nhiéu cude goi moi ngay 1a cao nhat.

Giai
Do s6 cude goi 1a s6 nguyén nén ta hiéu chinh lai nhur sau:
Séeudegoi | [2.5:55) | [5.5:85) | [8.5:11,5) | [11,5:14,5) | [14,5:17.,5)
S6 ngay 5 13 7 3 2

a) Nhom chita mot ctia méu s6 liéu trén la nhom [5,5; 8,5).
Dodbu,=55n,_,=5n,=13;n,,,=%u,,, -u,=85-55=3,

Mot ctia méu s6 liéu ghép nhom la

M, =554+ T =R
(13=-5)+(13=-7) 14

b) Dira vio két qua trén ta co thé du dodn ring kha ning ngudi do thye hién 7 cude goi
mdi ngay la cao nhét.

Y nghia cia mét cia mdu sé liéu ghép nhém

~ Mot ctia mu s6 liéu khong ghép nhom 1a gid tri c6 kha nang xudt hién cao nhat khi liy mau,
Mét ctia mau so ligu sau khi ghép nhdm M, xap xi vai mot cua mau s6 li¢u khong ghép nhom,
Cac gia tri ndm xung quanh M thudmg c6 kha nidng xuat hién cao hon céc gia tri khic.

— MOt méu s6 liéu ghép nhom ¢6 thé ¢o nhidu nhom chira mét va nhiéu mét.

BAI TAP

Hay sir dung dir li¢u o (») dé tu vén cho dai li bao hiém xac dinh khach hang nam va
nir & tudi nao hay mua bao hiém nhat,

1. Anh Van ghi lai cy li 30 lan ném lao cua minh & bang sau (don vi: mét):

72,1 729 | 70,2 | 709 | 722 | 71,5 72,5 | 693 72,3 69,7
72,3 71,5 71,2 | 69,8 | 723 71,1 69.5 722 | 719 73,1
716 | 71,3 722 | 71,8 | 70,8 | 722 | 722 | 729 | 72,7 70,7

— e




a) Tinh cy li trung binh cta mdi lin ném.
b) Téng hop lai két qua ném ctia anh Vin vio bang tan so6 ghép nhom theo mau sau:
Cu li (m) [69,2; 70) [70; 70,8) [70.8;71,6) | [71.,6;72.4) | [72.4;73.2)
S6 lén ? ? ? ? ?

¢) Hiy udc lugng ey li trung binh mdi lan ném tir bang tan s6 ghép nhom trén.

d) Kha nang anh Van ném dugc khoang bao nhiéu mét 12 cao nhat?

. Nguoi ta dém so xe 6 16 di qua mot tram thu phi mdi phat trong khoang thoi gian tir 9 gio
dén 9 gitr 30 phut sang. Két qua duge ghi lai & bang sau:

1S{16 |13 (21 | 17|23 [ 15 |21 | 6 | 11 [ 12 [ 23 |19 | 25 | 11
25 | 7 |29 |10 [ 28 | 29 | 24 | 6 | 11 | 23 | 11 |21 [ 9 |27 | 15

a) Tinh sé xc trung binh di qua tram thu phi trong mdi phiit.
b) Téng hop lai s6 liéu trén vao bang tén s6 ghép nhém theo mau sau:

S6 xe [6: 10] [11;15] [16; 20] [21;25] [26; 30]
S6 14n ? ? ? ? ?

¢) Haly ude lugng trung binh s6 xe di qua tram thu phi trong mdi phat tir bang tin s6 ghép
nhom trén.

. Mot thu vién thdng ké s6 luong sach duge mugn mdi ngdy trong ba thang & bang sau:
S6sach | |16;20] | [21;25] | 126;30] | |31;35] | [36;40] | |41;45] | |46; 50]
So ngiy 3 6 15 27 22 14 5

Hay ude lugng so trung binh va mot cia mau so li¢u ghép nhom trén,

. Két qua do chicu cao cua 200 ciy keo 3 ndm tudi & mot nong trurang duge bidu dién & bicu do
dudi day.
Chiéu cao 200 cay keo 3 nam tudi

(S ciy)
707
. 6l
60 5%
504
40 35
304
20
104

0 »
[8,5:8.8) [8.8:9.1) [91:94) [94:97) [97:10) (m)

i

20

Hay udc lugng so trung binh va mot cia mau so liéu ghép nhom trén,

s




Bai 2. Trung vi va tu phan vi
ctia mau so liéu ghép nhém

Tir khoa: Trung vi; Tir phan vi.

@ Biéu dé bén thong ké chiéu cao 1Y 2o cda cac vin dong vién

(don vi: cm) cha cac van dong vién 12
hai ddi béng ré Sao La va Kim Nguu. =

Hay so sanh chiéu cao clia cic
van ddng vién hai doi bong theo
s trung binh va trung vi.

el

[170; 175) (175 180 [ 180; 185) [ 185; 190) | 190; 196)

WD Sa0 La B Km Nguu

1. Trung vi

;@ a) Str dung biéu d6 & (»), hoan thién bang théng ké sau:

Chiéu cao (em) | [170; 175) | [175; 180) | [180; 185) | [185; 190) | [190; 195)
D61 Sao La 2 4 5 5 4
D1 Kim Nguu ? ? ? ?

b) Tim edc nhom chira gia trj trung v| chi¢u cao thanh vién mdi don.
Gol x,; Xy, ...; Xy, ld chidu cao cia 20 thanh vién ddi Sao La xép theo thir ty khong giam,
Tir béng s6 li¢u trén ta thdy x,, x, € [170; 175); x,, ..., X, € [175; 180); x,, ..., x,, € [180; 185)

nén trung vi ciia mau s6 ligu x; x,; ...; x,, 14 %{Ilu +x,,) s& thude nhom [180; 185).

Cdng thic xdc dinh trung vi ctia madu sé liéu ghép nhém:
» Goi n 14 ¢& miu,

¢ Gia su nhom |u,; u, . ) chira trung vi;

e 11 14 tan s6 ciia nhom chira trung vi;
eC=n+n,+..+n,
Khi do

g (uun-l -um)‘

Vidu 1. Két qua khao sat cin niing ctia 25 qua bo & mdt 16 hang cho trong bang sau:

Cén ning (g2) [150; 155) | [155; 160) | [160: 165) | [165;170) | [170; 175)
Sb qua bo 1 7 12 3 2

- h] > ¥ ‘: H'. - r r Lo}
Hay tim trung vi cua mau so hiéu ghép nhom trén.
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Gidai
Gor x5 x,; ... x,. la cdn ning cua 25 qua bo xép theo thir tu khong giam.
Do x, € [150; 155); x,, ..., x, € [155; 160); x,, ..., Xy € [160; 165) nén trung vi ciia mau
sO liéux x, ... x5 lax,, e [160; 165).
Taxacdinh duge n=25,n,=12,C=1+7=8 u, =160, u

*

= 165.

Vay trung vi ctia miu sb liéu ghép nhom la
E

M, =160+ 212 (165-160) = 161,875.

Vi du 2. Trong tudn 1& bao v& méi trudmg, céc hoe sinh khdi 11 tién hanh thu nhit vo chai nhia
dé tai ché. Nha truong thong ké két qua thu nhit vo chai ciia hoe sinh khoi 11 ¢ bang sau:

S6 vo chai nhya | [11;15] [16; 20] [21; 25] [26; 30] [31; 35]
$4 hoc sinh 53 82 48 39 18
Hay tim trung vi ctia mau s6 liéu ghép nhom trén,
Gidi
Do sb vo chai la sb nguyén nén ta hiéu chinh lai nhu sau:
S6 vo chai nhwa | [10,5; 15,5) | [15,5: 20,5) | [20,5;25,5) | [25,5: 30,5) | |30,5; 35,5)
84 hoc sinh 53 82 48 39 18

S6 hoe sinh tham gia thu nhit vo chai nhya la
n=>53+82+48 + 39+ 18 =240.
Go1 208 x. et lin luot 14 sb vo chai 240 hoe sinh khéi 11 thu nhit duge xép theo

thir tir khong giam.
Do x,, ..., x; € |10,5; 15,5); xqy, ..., X35 € |15,5; 20,5) nén trung vi ctia mau s6 liéu
X,; X, 000, ; Xyl

Ii[xm +x,,,) € [15,5; 20,5).
Ta xac dinh duge n =240, n, =82, C=53, u,= 15,5, u, ., = 20,5.

Trung vi ciia miu s6 liéu ghép nhom 1a
2:[} =53 803
M,=155+—=%4——-(20,5-15,5)=—=19,59.
82 41

Y nghia cla trung vi ciia mau sé liéu ghép nhém
Tir dit liéu ghép nhém ndi chung khong thé xac dinh chinh xéac trung vi ctia mau s6 ligu goc.
Trung vi ciia miu s6 liéu ghép nhom 14 gia tri xdp xi cho miu sd lidu gbe va co thé liy lam
gid tri dai dién cho mu s liéu,

Q@ Hay ra loi i hoi o @

@ Trong mot hoi thao, thon gian chay 200 m cua mét nhom cac van dong vién duge ghi lai
Lt

o bang sau:
Thoi gian (gidy) | [21;21,5) | [21,5;22) | [22;22,5) | [22,5;23) | [23;23.5)
S6 van dong vién 5 12 32 45 30

37



Dua vao bang so liéu trén, ban to chirc muén chon ra khoang 50% sb van dong vién
chay nhanh nhat dé tiép tuc thi1 vong 2. Ban t6 chire nén chon cac van dong vién co
thot gian chay khong qua bao nhiéu giay?

2. T& phan vi

,@ Than gian luyén tap trong mot ngay (tinh theo gir) cua mot 50 van dong vién dugc

s

ghi la1 & bang sau:
Thai gian luyén tap (gio) [0; 2) [2;4) [4; 6) [6; 8) [8:10)
SO van dong vién 3 8 12 12 4

Huén luyén vién mudn xac dinh nhom gém 25% céc van dong vién co so gio luyén tap
cao nhat. Hoi huan luyén vién nén chon cac vin dong vién co thoi gian luyén tip tir bao nhiéu
210 tror 1€n viao nhom nay?

Trong S, s6 viin dong vién duge khao sat lan =3+ 8 + 12+ 12 + 4 = 39,

Golx;; x,; ..., x,, 1 thén gian luyén tap cta 39 vin dong vién duoc xép theo thir ty khong giam.

Tacox, x, x; € |0; 2); x,, ..., X, € |2; 4); x5, ..., X33 € |4; 0); Xy, ..., Xy € |6; 8);

Xogs -oos Xyo € |8: 10). Do d6 déi vai day s0 liéu x,; x,; ...} X, thi

« Ttr phén vi thir nhit la x,, thuge nhom [2; 4);

* T phén vi thir hai la x,, thuge nhom [4; 6);

* T phén vi thir ba 1d x,, thude nhom | 6; 8).

Ta ndi nhém [2; 4) 1a nhom chira tir phén vj thir nhét; nhém [4; 6) la nhém chia tir phén vj

thir hai; nhém [6; 8) 1a nhdm chira tr phén vi thir ba.

Céng thiic xdc dinh t& phén vi ctia mdu sé liéu ghép nhém

Tir phan vi thir hai cia miu s liéu ghép nhom, ki hiéu ©,, ciing chinh 14 trung vi ctia miu
50 liéu ghép nhom,

DéE tim tir phin vi thir nhit cua mau so lidu ghép nhom, ki hidu Q,, ta thye hién nhwr sau:
* G1a s nhém [w s u, ) chira tr phiin vi thir nhat;

* n_ 1 tan so cua nhom chira tir phan vi thir nhat;

SC= a4 e S

Khi do 0

Tuong tw, dé tim tr phén vi thir ba ctia mau s6 liéu ghép nhom, ki hiéu Q,, ta thyuc hién
nhur sau:

* Gia stir nhom [u; u,. ) chira t phin vi thir ba;

* n, 1d tén s6 ciia nhom chira tir phén vi thir ba;

cC=n+n+... tn




Vi du 3. Hay xéc dinh céc tir phin vi ciia mau s liéu trong 8
Giai
Nhic lai: X, =X, ... £x, la thoi gian luyén tap cua 39 van dong vién.
Tt phén vi thir hai cia day so liéu x,; x,; ... Xy 1a x,, € [4; 6). Do dé tir phin vi thi hai

clia mau so liéu ghép nhom la

2.39
—(3+8) 65

— 444 (6-4)=22~5417.
QZ + 12 { } 12 »

Tir phén vi thir nhat cta day s6 liéux,; x,; ... x,, lax,, € [2; 4). Do d6 tir phéan vi thir nhat
ctia méu s6 liéu ghép nhom 14
1.39

L
59

244 (4-2)=22=3.6875.
@ 8 ( }15

T phin vi thir ba ciia dy s6 lidux,; x,; ... x,, lax,, € [6; 8). Do d6 tir phan vi thir ba cua
mau s0 liéu ghép nhom la

3.39
= -(3+8+12) 169

- (8-6)=—=7,042.
(8-6) a0

=6
0, =6+ T

Chdi y: Néu tir phan vi thir k 12 % (x, +x,. ), trong d6 x, vax, ., thudc hai nhom lién tiép,

mt

vidunhux, € [u,_u)vax, € lu,u,)thila liy Q, = u,.

Vi du 4. Mot haing xc 6 t6 thong ké lai s0 1an gip su cd vé dong co cia 100 chiée xe cling
loai sau 2 nam st dung ddu tién & bang sau:

|3: 4]
33

a) Hay wdc lugng céac tr phan vi ciia miu so li¢u ghép nhom trén,

15 6]
25

S lin gap su ¢b |1; 2]

SH xe 17

17:8] | [9:10]
20 | 5

b) Mgt ngudri cho rang ¢ trén 25% xe clia hing gap khong it hon 4 sy ¢6 vé dong co trong
2 ndm sur dung déau tién. Nhin dinh trén ¢6 hop li khong?

Giai
a) Do s6 lan gip su co 1a s6 nguyén nén ta hiéu chinh lai nhu sau:

S lan gap su co [0,5:2,5) | [2,5:4,5) | [4.5,6,5) | [6,5;8,5) | [8,5;10,5)

SO xe 17 33 25 20 5
GOL X5 X5 ...s X, 1d miu 50 liéu duge xép theo thir tu khong giam.
Ta co x,, ..., x;; € [0,5; 2,5); xp, ..., Xy € [2,5; 4.5); x5, ..., x5 € [4.5; 6,5);

Xogs oo Xos € [0,5; 8,5); x4, ... Xy € [8,5; 10,5).
Tir phén vi thi hai cia day s6 liéu x; x,; ...; x,, la %(xsu +x5,). Do xg, € [2,5; 4,5) vi

x., € [4,5; 6,5) nén tr phén vi thir hai cia mau so liéu ghép nhom 1a Q, = 4.5.
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Tt phan vi tha nhét ctia day 50 liéux;x,; .0 X0

la % (x,5 +x,,). Do x,, va x,, thudéc nhom
[2,5; 4.,5) nén tir phén vi thir nhat ctia méu so6 liéu ghép nhom la
1.100

—— =17
4 197
=25+——-(45-2,5)=—=298.
Q| a 33 ( ) 2 } 66 3

Tir phin vi thir ba ciia day so lidu x,; x,; ...; X, 14 %[Jc15 +x5). Do x, € [4,5; 6,5) va
Xy € [6,5: 8,5) nén (r phin vi thir ba cuia mau s6 liéu ghép nhom la Q,= 6.5.

b) Do tir phéin vi thir nhit Q, = 2,98 nén nhén dinh trén 1a hop li.

Y nghia cua ti phédn vi cia mau sé liéu ghép nhém

Ba diém t(r phéin vi chia méu s0 liéu da sip xép theo thir tw khong giam thanh bén phin déu nhau.
Gidng nhu véi trung vi, ndi chung khéng thé xac dinh chinh xac cac diém ti phin vi cua
mau sb liéu ghép nhom.

B0 ba (& phén vi cia miu s6 liéu ghép nhom la gid tri xdp xi cho t&r phan vi cia miu s6 lidu
pde va duoce sir dung 1am gid trj do xu thé trung tim ctia mau s6 lidu.

T phén vi thir nhit va thir ba do xu thé trung tam cia nira dudi (céc dir liéu nho hon Q,) va
nura trén (cac dir liéu [6m hon 0,) cua miu s6 liéu.

MOt ngudi thong ké lai thoi gian thue hién céc cude goi dién thoai cia ngudi do trong
mol luan o bang sau:

Thoi gian . _ - ‘ : . ‘ _
(don/vi: gidy) |0; 60) | |60; 120) [|120; 180)| | 180; 240) | |240; 300) | |300; 360)
S6 cude goi 8 10 7 5 2 ]

Hay wée lugng cdc tir phan vi ciia mau so li¢u ghép nhom trén,

(&;ﬁ Mot phong kham Lhrf'nng ké s6 bénh nhan dén kham bénh mdi ngay trong thing 4

ndm 2022 & bang sau:

Sébenhnhan | [1:10] | [11;20] | [21:300 | 31;40) | [41;50]
S6 ngay 7 8 7 6 )

a) Hay udce lugng cédc tr phén vi cia mau so liéu ghép nhom trén.
b) Quan li phong kham cho ring c6 khoang 25% s6 ngay kham co nhiéu hon 35 bénh nhian
dén kham. Nhén dinh trén co hop 1i khong?

BAI TAP

1. Luong thing cua mét s nhin vién mot viin phong dwoc ghi lai nhu sau (don vi: triéu dong):

125 | 96 | 11,7 [ 127100 | 100 | 122 | 98 | 109 | 6.7 | 136 | 92

13,1 | 6,5 | 10,7 | 89 | 11,2 [ 13,2 | 83 | 11,1 | 119 | 84 | 6,7 | 1338

a) Tim tr phén vi cua day s6 liéu trén.
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b) Tong hop lai diy s6 liéu trén vao bang tan sd ghép nhém theo miu sau;

Luong thang _ _ _ _
(triéu déng} [6; 8) [8; 10) [10; 12) [12; 14)
S6 nhan vién ? ? ? ?

¢) Hay ude lugng tir phin vi cta so liéu & bang tan so ghép nhom trén,

2. S6 diém mét cau thu bong ré ghi dwgce trong 20 trin dau duoe cho o bang sau:

25 23 21 13 8 14 15 18 22 11
24 12 14 14 18 6 8 25 10 11

a) Tim tir phan vi cua day sb liéu trén.

b) Tong hop lai diy s6 liéu trén vao bang tin s6 ghép nhom theo miu sau;

Piém sb [6: 10] [11: 15] 116; 20 [21; 25]
S6 trén ? ? 9 ?

¢) Hay ude lugng tir phan vi cta s6 liéu tir bang tan s6 ghép nhom trén,

3. Kiém tra dién lugng ciia mot s6 vién pin tiéu do mét hang san xudt thu duge két qua sau:

Dién luong A Al 1 . |
(nghin mAh) 10.9;0.95) | 10,95 1,0) | [1,0; 1,05) [ [1,05; 1,1) | [1,1; 1,15)
S0 vién pin 10 20 15 15 5

Hay wde lugng so trung binh, mdt va (& phan vi ctia miu s6 liéu ghép nhom (rén.

4. Cén niing ctia mdt s6 lgn con mdi sinh thude hai giong A va B duge cho & biéu do dudi day
(don vi: kg).

Cén ndng clia mt sé
lgn con méi sinh
(86 con)
40
30
20
10
0

[Lo: L1y [L1:1.2) [1L,2013) [1,3;1.4) (kg)

B Giing A M Gifng B

a) Hay so sanh cin ning ctia lon con mai sinh giong A va giong B theo so trung binh va trung vi.
b) Hay ude lugng tir phan vi thir nhat va thir ba cua cin nang lon con méi sinh giéng A va
cua can ndng lon con ma1 sinh gif}ﬂg B.
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Ban c6 biét?

O 16p 10 ching ta da dwoc lam quen véi phan mém GeoGebra dé vé do thi ham sb bac hai
va vé& ba dudmg conic. Phian mém GeoGebra con ¢6 thé duge ding dé tinh cic s6 dic trung
ctia mau so liéu ghép nhom.

Vi dy, dé tinh céc s6 dic trung cua mau sd liéu ghép nhom, hiy vao dia chi
https://www.geogebra.org/classic/j6jzvb2n

em sé& thdy chuong trinh nhu dudi day.

- C @‘ D E hittpss v Wm:; assichRinvhar
Rler ~ 4 >0 Q&N = &
Tim cdc d&c trung clia maAu sb li€u ghép nhém Két qua
Cic od afc trumg Tll:h qq.i;_l.lnh
Bidin khodng gid i u:_n| 0, 10, 20, 30, 40, 50, G0, 70, 80 l ] 44,61
M, | Sdeer
- g s Y Q 2212
©idn thn s (F)| 5, 24, 13, 12,20, 11,12, 30 [ —a o
e e [+ T 6854
Khoding gid tri | [0.10) | [10,20) | [20.30) | [30,40) | [40,50) Ibn.m}—[ [60, 70) | [70.80) |
_ Thasd' | % T R R T
. thn 86 gl tr| dai dign m : . 3, Tink tF phdn vi:
1Hr.m tel dai dibn wy | Tho s oy iKMin..ihd . Tdnsb | C N chira Q1 (20, 30)
; 5 5 (0, 10) 5 5
15 24 a1 ' oy .
| no20) | 2 |2 R 4 [1 ] S o,
| % 3 [20.30) T S di e
| ] o ——— . e LETT Rl
. a5 20 @) | 12 [
! 5 T | eos0) | 20 |14
I :: ;: | [80.60) | 11 |88 | Nl chidra Qg (trvmg vi ) 1[40, 50)
' — e g [s0.70) | 12 | o1 o
—— [ro.80) = 30 | 127 Gy ™ o 4 [L};-] % [ng - n§) = 44TH
Thng |n=127 M
1. Tink trung binh méu: 2.Tiohmbt: Wi chidra i 1 70, 50}
y o T IRt TR g L) Lo = 10, fy = SO P i = 10 M = 0L it = 1) N e Gy L 50, 70}
(1]
o [!n_, ':“u...";“— Ir.l....|] = h= "? ¥ [ilu;rll . 1"';' ‘T'I‘I: = G805
r 30 - 12 =
= T 4 [1[ =13 _“J ¥In ™ TATS
Huwdng dan sw dung:

Nhiép cac dau mit cia méi nhom lan lugt tir nho dén 16n vao 6 “Dién khoang gia tri (C.1)";
Nhép tan s6 twong tng vao 6 “Dién tan so (F)".

Sau khi nhip xong dir liéu trén, an vao nat [T dé xem cac s6 dic trung,




BAI TAP CUGOI CHUGNG V

CAU HOITRAC NGHIEM
Chon phuong an dang,.

Doanh thu ban hiang trong 20 ngay duge lya chon ngdu nhién cia mot cira hang duge ghi lai o
bang sau (don vi: tri¢u dong):

Doanh thu [5:7) [7:9) [9: 11) [11:13) [13; 15)
S6 ngay 2 7 7 3 1

1. S6 trung binh cua mau s6 liéu trén thude khoang nao trong cac khoang dudi diy?
A7 9). B. [9; 11). C.[11;13). D.[13;15).

2. Trung vi cua mau s liéu trén thudc khoang nao trong cac khoang dudi day?
A [7:9). B.[9: 11), C. [11; 13). D.[13;15).

3, M6t ciia miu s6 liéu trén thude khodng ndo trong cde khoang dudi day?
AL [7:9). B. [9: 11). C. [11; 13). D. [13: 15).

4, T phén vi thir nhit cia mau s6 liéu trén gin nhit véi gid tri ndo trong cde gid tri sau?
AT B. 7.6. C.8, D. 8.6,

5. T phén vi thit ba ciia miu so ligu trén gan nhét véi gid trj ndo trong cac gid trj sau?
AL 10, o, e C.12. D. 13

BAITAP TU LUAN

6. Théng ké diém trung binh mén Todn clia mét s6 hoe sinh 16p 11 duge cho & bang sau:

Khoang diém | [6,5;7) | [7:7.5) | [7.5:8) | [8:8,5) | [8,5,9) | [9;9.5) |[9.5; 10)
Tén s6 8 10 16 24 13 7 4

Hay wée lugng sé trung binh, 1o phan vi vi mt ciia mau sd ligu ghép nhém trén,

7. Dé kiém tra thai gian sir dung pin ciia chiée dién thoai mai, chi An thong ké thoi gian sir dung
dién thoai ciia minh tir e sac day pin cho dén khi hét pin & bang sau:

Thai gian s dung (gid) [7:9) [9:11) [11;13) [13;15) [15:17)

S6 lan 2 5 7 6 3

a) Hay udce lwgng thai gian sir dung trung binh tir lae chi An sac déy pin dién thoai cho t6i
khi hét pin.

b) Chi An cho riing c6 khoang 25% s lin sac dién thoai chi dung dwoc dudi 10 gio. Nhin dinh
cua chi An cé hop li khéng?
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8. Téng lugng mura trong thang 8 do dugc tat mot tram quan tric dit tai Ving Tau tir ndm 2002
dén niam 2020 duoc ghi lai nhu dudi day (don vi: mm):

1218
165.9

1583
1659 134

3349 2009

165.6

173 169

1615

b) Hoan thién bang tan s6 ghép nhom theo miu sau:

1943
189 254

2207
168

189.8
255

2342

(Ngudn: Téng cuc Thong ké)
a) Xéc dinh s6 trung binh, tir phén vi va mdt cua mau sé liéu trén,

Téng lwong mura trong thing 8 (mm)

[120; 175)

[175: 230)

[230: 285)

[285; 340)

S6 nam

7

?

1

?

¢) Haly ude lugng sd trung binh, ti phéin vi v mdt ciia miu sd liéu & bang tin s6 ghép nhom trén,

9. Bang sau thng ké s6 ca nhiém mai SARS-CoV-2 mdi ngay trong thang 12/2021 tai Viét Nam.

Ngay So ca Ngay S6 ca Ngay S ca Ngiy SH ca
1 | 15139 | 9 | 15965 | 17 | 15685 | 25 | 16046
2 14 295 10 15474 18 16 363 26 15 667
3 14 254 11 16 830 19 16 586 27 15310
4 14 598 12 15 264 20 15420 28 14 866
5 14 927 13 16 035 21 16 806 29 14 299
6 15215 14 15 871 22 17044 30 20 454
7 14 433 15 16192 23 16 860 31 17 004
8 15223 16 15720 24 16 633

{Ngurﬁn: worldometers,info)
a) Xac dinh s6 trung binh va tr phan vi ctia mau s6 lidu trén, Mau s6 liéu c6 bao nhiéu gia trj
ngoai 1¢7
b) Hoan thién bang tin s6 ghép nhom theo miu sau:

86 ca (nghin) [14;15,5) [15,5; 17) [17;18,5) |18,5; 20) [20; 21,5)

S ngay 7 ? ? ? 9

c) Hay udc lugng s6 trung binh va tir phan vi ctia méu so liéu & bang tan so ghép nhom trén,



HOAT DONG THUC HANH VA TRAI NGHIEM

ai 1. Tim hiéu ham sé luong giac
bang phan mém GeoGebra

MUC TIEU
— Thye hanh str dung phin mém GeoGebra dé v& dé thi cua ham sé lugng gidc.

— Diing do thi giai thich tap xac dinh; tip gia tri; tinh chit chin 1&; tinh tudn hoan; chu ki;
khoang dong bién, nghich bién ciia cac ham s6 lugng gidc.

~On tdp va minh hoa cac tinh chit dd hoc vé ham sé lugng giac.,

CHUAN BI
— Méy tinh xéch tay ¢6 cai dat phin mém GeoGebra hodic ¢6 két nbi Internet.
— My chiéu hodic man hinh ti vi .
— Thye hanh trong phong mdy néu cic truomg c6 diéu kién,
— Sdch gido khoa Todn 11, tip m§t — b sich Chién trdi sang (ao.

HUGNG DAN CHU'C NANG CUA GEOGEBRA
Dé v d6 thi trén GeoGebra ta thuc hién cdc thao tic trén bon viing sau:
1. Vang chira cic thanh cong cy:
2. Vimg hién thi danh sach cic ddi twgng;
3. Ving lam viéc: chira d6 thi vé dwoc cua cac ham s6 luong gidc;
4, Ving nhip lénh: dé nhip cong thirc cde ham sé va biéu thie,

" . . ﬁmmmﬁhmmnﬂruhpnchmquychlﬁmgﬂp

Ving chira cac { H (5.
thanh cong cuy ' |_v—3r‘ e OAL _l'jj L, N 2 Tﬁ"_ﬁ“
a0 Hﬂnmmhumuﬁmc ¥ Ving lam viéc Xl
® f:y=sin(x) 3| |
® g:y= cos(x) |

2
Ving hién thi |
danh sich 1 / ,/j"
cac doi tugng AN P 9 i Y WVAR
' |
_1 I
Viing nhap 1énh | | wnpkonyssinia : P —— T W

Hinh 1. Cdc vung lam viéc cua GeoGebra Classic 5




TO CHU'C HOAT DONG
Chia 16p thanh cac nhom, mdi nhom tir 4 dén 8 hoc sinh.
Nhom truong phin cong cic thanh vién trong nhém thye hién cic hoat dong sau:

HOAT PONG 1. V& db thj ham s6 y = sin x

1. Khoi dong phin mém da cai dit trén méy tinh hodc truy cip vao trang web:
https://www.geogebra.org/ dé sir dung phién ban online.
2. Céc budce thao tac trén GeoGebra:

Nhip phuong trinh theo ci phap y = sin(x) vao ving
nhdp lénh (Hinh 2).

'Nhap lénh: y=sin(x)  ** ©
Hinh 2 -2

Ta cO ngay 6 thj ham s6 y=sinx trén vung ldm vigc

nhu Hinh 3. Hinh 3

@1 V& do thi ham s6 lugng gide v — cosx trén cling hé truc toa dé vdi ham so y = sin.x.

7 Gouiabrs Clesus § - O "
Hé s Chinh sira Hlinmq Cae Wy ehon Cae cong oy Clre 88 Tro giop

| . = [~
Gl elo] «NF=] ., S
b Hidn mlulnhu:|TWnuﬂm vije »
@ f:y=ginix) AC

® g:y=cos(x)

Nhap lénh:

Hinh 4

% V& do thi cdc ham so lugng gide y = tanx va y = cotx trén ciing mét hé trye toa do.

A Geatierey Clssie 3 n ®
H6 sz Chinh sira Hién th| Cac tiy chon Cac céng cy Cira sé Try giup

[R] o L~ DO LN 2] ‘“;:;

¥ Hién thj danh si * Ving lam viéc
@ f:y=tanx) || ACT

= EEEa
s ics o e e

Mhap lenh

Hinh 5



HOAT DPONG 2. Diing db thj dé giai thich tinh chit ciia cic ham s6 lwong gidc

Vidu
Ham sé y=sinx V=CosX V=tanx
Tap xdc dinh R R m{%wmmz}
Tép gid tri [-1; 1] =1 1] R
Tinh chin 1¢ Lé Chin Lé
Chu ki tudn hoan T=2n T=2n T=n
Khoang déng bién trong T (3m., . (_E- E}
mét chu ki Y (m; 21) 22
Khoing nghich bién ©, 3 (0: 1)
trong mot chu ki ey '

Dung d6 thi giai thich tap xdc dinh; tip gia try; tinh chiit chiin 1é; tinh tudn hoan; chu ki;
khoang déng bién, nghich bién ctia ham s6 y = cot x.

Bai 2. DUng cong thiic cap sé nhan
dé dubdao dan sé

DY BAO DAN 50 VIET NAM DEN N.i..h'l m .

7




MUC TIEU
— Viin dung céng thire tim s6 hang tdng quat cua cip sé nhin dé dir béo dén sb.
— Tim kiém va sir dung théng tin tir cdc ngudn c6 san dé lam du bao.
— Viin dung céac ki nang thong ké dé té chire, xir li va biéu dién dir liéu.
CHUAN B|
— Miy tinh ¢im tay hodic may tinh dé ban, mdy tinh bang, may tinh xach tay ¢6 cai phdn mém

Microsoft Excel.
— Sach gido khoa Toan 11, tdp mt — bd sach Chén trdi sang tao.

TO CHUC HOAT DONG
Chia 16p thanh cac nhoém, mdi nhém tir 4 dén 8 hoe sinh.
Nhom triromg phiin ¢ong cdce thanh vién trong nhom thye hién cong viée theo cac bude sau:
1. Tra ciru dén s6 Viét Nam @ thoi diém hién tai. Vi du: Nam 2020, déin ) Viét Nam la
A = P(1) = 97,34 triéu nguai.
2. Tra ctru ti 1¢ phin teim tang dén s6 trung binh hing nam. Vi du: a% = 1,14%,
(Gid sur ti 1¢ nay khong doi qua cace nim.)
3, Chon nidm thir # sau nam hién tai mudn dy bao déin sd. Vi dy: n= 5.
4. Vin dung cong thirc P(n) = A(1 + a%)" ' dé tinh s6 hang thir n ciia mot cip s6 nhin co
50 hang dau 1a A va cong boi la g = (1 + a%).
Vidu: P(5)=9734(1 + 1,14%)*= 101,86.
5. Lap bang thong ké dy bdo déan s6 tirng nam tir 2020 dén 2030 theo méu sau:

DU BAO DAN SO VIET NAM PEN NAM 2030

i
2020 97,34
2021 98,45
2022 99,57
2023 100,71
2024 101,86
2025 103,02
2026 104,19
2027 105,38
2028 106,58
2029 107,79
2030 109,02




6. V& biéu db doan thing biéu dién dir liéu dy bao din s6 theo céc nam.

DU BAO DAN SO VIET NAM
TU NAM 2020 DEN NAM 2030

(Eridu ngudil
Y

110
108
106
104
102
100

o8

4]
94
92

B0 .
2020 2021 2022 2023 2024 2025 2026 2027 2028 2029 2030 'MW

7. Céac nhém béo céo, thuyét trinh, gidi thigu san pham cta nhém trude 1op.
Chuy:

— C6 thé dy bdo dén s cua dja phrong, tinh, thanh phé noi dang sinh séng dé ting tinh
thoi su va két noi,

— C6 thé yéu ciu hoe sinh di bdo dong thai mot vai qude gia dé hoe sinh so sanh,
— Hoc sinh ¢6 thé trinh bay trén gidy A, hodc trinh chicu,
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BANG GIAI THICH THUAT NGU

Ciip sb cing

Motdaysormtmngdu kchrsnhangthuhm
mdi s0 hang déu bing tung cua s6 hang
dimg nga}f trirde nd va maot s6 khong doi.

Cép sb nhan
Mut ddy 5O mi frong do, ké tir s6 hang thir hai,

mdi s hang déu bang tu:h ctia s0 hang dung
ngay trirde nd va mot so khong doi,

Cép s nhin 1bi v6 han
Cép s6 nhan c6 cong bdi ¢ thoa mén |g| < 1.

Diy s

La ham 50 ¢ tdp xdc dinh 14 tip hop cic
s0 nguyén duong MN* {da}r 50 vO hgn] hni’tc
tdp hop {1:2:3; mi gbm m s nguyén
dwong dau tién {clﬁy 50 hiru han).

Puirng thiing song song vii mit phiing
Duﬂmg_thﬁug khéng ¢6 diém chung véi
mit phiang do.

Pinh li Thalés trong Khing gian

Ba mat phﬁng 61 mGt song song chéin trén
hai ¢it tuyén bit ki cac dogn thing tuomg (mg
ti 1§

Duing tron lugng Liﬁu

Budmg trim ¢ tim tai guL () clia miit phiing
Oxy va 6 ban kinh bang 1, cho phép mbi
goe lugmg gide duge biéu dién bing mét
dié¢m trén dudng tron nay.

Giao tuyén cia hai mit phing

Pudmg thing tao b (it ca cae diém chung
cua hai mit phing phén biét.

Gidi han cua day sb

SO a la gidi han cha day s6 (w,) néu u, gin
a y y khi n du lém, I'I}:J'Ila 14 |, - u| nho

hom mot s6 duong bé tuy v, ké tr 6 hang
nao do trd di.

Gidi han cia ham sb

‘-in L 1a gioi han cua ham s0 ¥ = f(x) tai
diém X, néu [ (x) gin L uy y kh1 xi{x# xﬁ}
du gan x,, nghia la | (x) — L| nho hon s0
duong tuy y khi |v — x| nhé hon s6 duong
nao do (x # x,).

Goc lrong giac

Goe quét boi tia Ox khi né quay quanh
diém O tix i tri tia Oa nao do, theo chiéu
nguoc chiéu kim dnng hé {ch1eu dm:rng}
hodc ciing chiéu kim déng ho (chidu am)
v dirng lai ¢ vi tri tia Ob nio do.

H Hai dwing thﬁng chéo nhau

Hai dudmg 1t]1§ng. khéng cing nam trong
mot miit phing.

Hai dudng thﬁng dﬁng phﬁng

Hai duong thing ctng nam trong mét
miit phing.

Hai dwdng thﬁng song song

Hai dudong thang nam trong cung mot
miit phiing vi khong cd diém chung.

Hai mat phﬁng song song

Hai mit phiang khéng c6 diém chung.
Ham s6 chiin

Ham hl..'l ¥ = f(x) v&i 1§p xdc dinh D la
ham sé chan néu véi moix e Dtaco-—x e D
vif(=x) = f (x).

Ham s0 1é

Ham '«n y —j (x) vai tip xdc dqnh N la
ham s6 1¢ néu vai mpixe Dlach—xe D
va f(=x) ==/ (x).

Ham sb lién tye

Mut ham 56 lién tue ai diém x, néu no co
ym h{m tai dlcm X, va gidi han do I:-‘ing
¢id tr caa ham 5O Lai diém X

Ham sb hrgng gifc

Cic ham sé y=sinx;y=cosx; y=tanx

¥ = colx.

Ham s6 tuin hoan

Ham .‘ffm »=f(x) vai tip xic dinh D la
héim 50 wién hodn néu WOn i mit s6 T=0
sao cho vaimoix € Dtacox + T e Dvi

i+ Ty =Fix)

Phép chiéu song song

Cho dutmg thiing [ ciit miit phﬁn g (P). Phép
chitu song song_ lén mit phiing (P) theo
phwong / bién moi diém M thanh diém M
trén mit phiing (P) theo quy tic: ve dudmg
thanh qua M, song song hofic tring vai /,
ciit (P) tai diém M. Pudmg lhﬁng { dugre
g:;u I phuong chiéu; mat phang (P) dwoc
goi la mat phing chiéu.

Radian

La mot don vi do goc. Mt radian la 5o do
cua goc o tim dudmg tron chiin mét cung
cd do dai bang béan kinh cia dwéng tron.

| radian _(ISUJ

g



BANG TRA CUU THUAT NGU'

C

Cap s0 cong

Cép s6 nhan

Cép s6 nhan i vo han

Cong boi

Cong sai

Cong thire bién doi tich thanh tong
Cong thire bien doi tong thanh tich
Cong thac cong

Cong thire goc nhan déi

D

Diy 86

Day s0 bj chiin
Day s6 giam
Day sb tang

b
Dinh Ii Thalg¢s trong khdng gian

32
57
67
57
52
22
23
21
21

45
49
48
48

117

Pudmg thing song song vdi mit phang 107

Pudmg tron lugng gide

G

Gia tri lugng giac

Giao tuyén ctia hai mat phang
Gidi han bén phii

Gioi han bén trai

Gidi han hiru han cua day s6
Gidi han hiru han cua ham sé
Gidi han vo cuc

Goc lugng giac

H
Hai dudng thing chéo nhau
Hai dwéng thing déng phing

13

74
74
65
72
68

101
100

Hai dudng thing song song
Hai mat phing song song
Ham s6 chiin

Ham s 1é

Ham s6 lién tue tai mot diém
Ham s6 lién tuc trén mot doan
Ham s6 lién tuc trén mot khoang
Ham s6 lvgng gide

Ham s6 tudn hoan

HE thire Chasles

Hinh chop

Hinh hop

Hinh ling try

Hinh t&r dién

M

Mat phang

Miit phing chiéu

Mt

P

Phép chitu song song
Phuong chiéu

R

Radian

S

S6 hang tong quat ctia cip s6 cong
S6 hang tong quat ctia cap s6 nhin
S6 liéu ghép nhom

Sé trung binh

T

Trung vi

Tir phin vi

101
113
26
26
80
81
81
25
27

96
119
117

97

88
121
133

121
121

10

54
59
130
132

136
138




Nhé xuiit bin Gido duc Viégt Nam xin tran trong cim on
ciic tdc gid co tdac phim, e ligu dwpe si dung, trich din
trong cuin sdch nay.

Chiju trach nhiém xuat ban
Cha tich Hoi ddng Thanh vien NGUYEN BUC THA
T&ng Giam déc HOANG LE BACH

Chju trach nhiém néi dung
Téng bién tap PHAM VINH THAI

Bién tép ndi dung: TRAN THANH HA — DANG THI THUY = NGUYEN TH| PHUOC THQ
Bién tap mr thuat: BUI XUAN DUONG

Thiét ké sach: BUI XUAN DUONG = HOANG CAO HIEN

Trinh bay bia: TONG THANH THAO

Minh hoa: XUAN DU'ONG — TRONG SON

Stra ban in: TRAN THANH HA — DANG TH| THUY — NGUYEN TH| PHU'GOC THO

Ché ban: CONG TY CP DICH VU XUAT BAN GIAO DUC GIA BINH

Ban quyén thudc Nha xuét ban Giao duc Viét Nam.

Xuét ban phdm da dang ki quyén tac gia. TAt ca cac phan clia ndi dung cudn sach nay ddu
khéng dugc sao chép, luu trir, chuyén thé dudi bat ki hinh thire nao khi chua o sy cho phép béng
van ban cla Nha xuat ban Giao duc Viét Nam.

Toan 11 — Tap mét (Chan trei sang tao)
Ma sb:
In......... ban, (QP in sb....) Khd 19 x 26,5 cm.
Bonviini.....cooooovvvnnnne
Costin.....covvniniiiinennns
Sb DKXB:
SO QBbXB.......... ngay.... thang.... nam 20....
In xong va ndp lwu chiéu thang.... nam 20....
Ma sb ISBN: Tap 1:

Tap 2:

s



HUAN CHUGNG HO CHI MINH

BO SACH GIAO KHOA LOP 11 - CHAN TROI SANG TAO

1. Todn 17, Tap mét 14.
2. Todn 11, Tap hai 15.
3. Chuyén dé hoc tap Todn 11 16.
4. Ngirvan 11, Tdp mot 17.
5. Nglrvan 11, Tap hai 18.
6. Chuyén dé hoc tap Ngir van 11 19.
7. Tiéng Anh 11 20.

Friends Global - Student Book 21.
8. Lichsir1 22,
9. Chuyén dé hoc tp Lich sir 1 23,
10. Bialin 24,
11. Chuyén dé hoc tap Biali 11 23,
12. Gido duc kinh té va phdp lut 11 26.
13, Chuyén dé hoc tap Gido duc kinh té 27,

va phap luat 1 28,

vatlin

Chuyén dé hoc tap Vat li 11

Hoa hoc 11

Chuyén dé hoc tap Hod hoc 11

Sinh hoc 11

Chuyén dé hoc tap Sinh hoc 11

Tin hoc 11 — Binh hudng Tin hoc ing dung

Chuyén dé hoc tap Tin hoc 11 = Binh hudng Tin hoc tng dung
Tin hoc 11 = Binh hudng Khoa hoc méy tinh

Chuyén dé hoc tap Tin hoc 11 - Binh hudng Khoa hoc may tinh
Am nhac 11

Chuyén dé hoc tap Am nhac 11

Hoat ddng trdi nghiém, hudng nghiép 11 (1)

Hoat déng trai nghiém, hudng nghiép 11 (2)

Gido duc qudc phong va an ninh 11

Cac don vi ddu mai phat hanh

» Mién Bac:

CTCP Pdu tu va Phat trién Gido duc Ha Noi

CTCP Sach va Thiét bi Gido duc mién Bac

¢ Mién Trung:

CTCP Dédu tu va Phat trién Gido duc Da Nang

CTCP Séch va Thiét bi Gido duc mién Trung

* Mién Nam:

CTCP Pau tu va Phat trién Gido duc Phuong Nam

CTCP Séch va Thiét bj Gido duc mién Nam
CTCP Séch va Thiét bi Gido duc Cliu Long

Sach dién tu: http://hanhtrangso.nxbgd.vn

Kich hoat 88 mé hoe liku dién 1 Cho kg nhi trén tem
88 nhdin ma sb. Truy cap httpe/hanhtrang seonxbgd.vn
v nhip ma 56 13l b tugng chia khod,

+






