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PO DUC THAI (Téng Cha bién kiém Chai bién)
PHAM XUAN CHUNG - NGUYEN SON HA — NGUYEN TH| PHUONG LOAN
PHAM SY NAM - PHAM MINH PHUGNG - PHAM HOANG QUAN

NHA XUAT BAN DAl HOC SU PHAM
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BIEU TUONG

DUNG TRONG SACH

CAU HOI KHO1 DONG
Ggi ma van dé, dan dat hoc sinh vaio bdi hoc

HOAT PONG

Gidp hoc sinh phan tich, kién tao kién thiic mai
véi sy hudng dan cla gido vién

KHAM PHA KIEN THUC
Phat hién kién thiic mdi ti hogt déng

KIEN THUC TRONG TAM
NGi dung kién thic frong tam

LUYEN TAP - VAN DUNG

« St dung nhiing kién thic via hoc dé lam
nhing bai tép co bdan

« Van dung kién thic da biét dé gidi quyét
van dé, ddc biét nhing van dé thyc tién

LUuY
Nhing kién thic, ki nang can luu y thém

TIM HIEU THEM

Gitp hoc sinh fim hiéu thém nhing kién thidc mdi
gép phdn ma réng ndi dung badi hoc

Cac em gilr gin sach can than, khéng viét vao sach dé sif dung duoc lau dai.
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Cdac em hoc sinh lop 10
yewquy!

Sau 4 nédm & trung hoc ¢d sd, cac em budc vao I6p 10. 3 16p 10,
cdc em s& cd thém nhidu hiéu biét todn hoc mdi vé: dai s& va dai s&

t6 hop: hé thic lugng trong tam gidc, vects vé phuong phdp toa dé
trong mat phéng; tiép tuc fim hiéu séu hon théng ké véa xac sudt; tién
hanh nhing hogt déng thuc hanh va trdi nghiém, ddc biét ve nhing
hoat déng tai chinh don gidn, s dung phdn mém todn hoc tfrong
thyc hanh tinh todn va vé& hinh hinh hoc. Qua dé gilp cac em hiéu
biét thém nhiing céng cu quan trong cda todn hoc trong viéc gidi
quyét nhing van dé thuc tién.

Todn bd nhiing diéu trén dudce thé hién qua nhing tranh &nh, hinh
vé, bai tGp ddc ddo va hdp dan; qua nhing cdu chuyén Ii tha vé
khoa hoc tu nhién, vé& van hod va nghé thudt, kién tric, thé thao vé
du lich. Tt dé, cde em tién thém mot budc trén con dudng kham pha
thé gidi bi dn v& dep dé clia todn hoc, ddc biét I “lam gidu” vé vén
van hod chung va cé ¢o hdi “Mang cudc séng vao bdi hoc - Bua badi
hoc vao cudc séng”.

Chiu khé suy nghi, trao déi véi thay cé gido va ban bé, nhét dinh
cdc em s& ngdy cdang tién bd va cdm thdy vui sudng khi nhan ra y
nghia: Hoc todn rét ¢ ich cho cudc séng hdng ngay.

Chuc céac em hoc tap that t6t, say mé hoc todn va cé thém nhieu
niém vui.

Cac tac gia
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MUC LUC

1} CHUONG I. MENH B€ TOAN HOC. TAP HOP

§1. Ménh dé toan hoc
§2. Tap hop. Cac phép toan trén tap hop
Bai tap cudi chwong I

CHUONG II. BAT PHUGNG TRINH VA HE BAT PHUONG TRINH

12
19

BAC NHAT HAI AN
§1. Bét phwong trinh bac nhét hai an
§2. Hé bat phwong trinh bac nhat hai an
Bai tap cubi chuong II

} CHUGNG IIl. HAM SO VA DO THI
§1. Ham s6 va d6 thi

§2. Ham 6 bac hai. D6 thi ham s6 bac hai va ing dung

§3. Dau cuia tam thite bac hai
§4. Bat phwong trinh bac hai mét an

§5. Hai dang phuong trinh quy vé phwong trinh bac hai

Bai tap cu6i chuong I11

} CHUONG IV. HE THUC LUONG TRONG TAM GIAC. VECTO

§1. Gia trj lwong giac ciia mot goe tir 0° dén 180°.

Dinh li césin va dinh 1i sin trong tam giac
§2. Gia1 tam giac
§3. Khai mém vecto
§4. Téng va hiéu cia hai vecto
§5. Tich clia mot s6 voi mét vecto
§6. Tich v6 hwdng cua hai vecto
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MENH D€ TOAN HQC.
TAP HOP

Trong chuong nay, ching ta sé tim hiéu nhiing néi dung sau:
ménh dé toan hoc, tap hop va cac phép toan trén tap hop.

§1 | MENH DE TOAN HOC

S6 15 chia hét cho 5. Viét Nam la mét nwée 6
lehu viee Déng Nam A.

Trong hai phdt biéu trén, phdt biéu I.fﬁ@%
T — nao la ménh dé todn hoc? %

1. MENH DE TOAN HOC

e
)
> 1

a) Phét biéu ctia ban H’Maryam c6 phai 1a mot ciu khing dinh vé tinh chat chia hét trong
toan hoc hay khoéng?

b) Phét biéu ctia ban Phuong c¢6 phai 12 mot ciu khing dinh vé mot su kién trong todn
hoc hay khong?

Phit biéu ctia ban H’Maryam 12 mot ménh dé khing dinh vé mot su kién trong todn hoc,

goi la ménh dé todn hoc.

Nhu vy, phét biéu ctia ban Phuong khong phai 1a ménh dé todn hoc.

Chii y: Khi khong s¢ nham 14n, ta thudng goi tit ménh dé todn hoc 13 ménh dé.

Vidul = Phat biéu nao sau day 12 mot ménh dé todn hoc?
a) Ha No6i 1a Tha d6 cta Viét Nam;
b) SO = 12 mot s6 hitu ti;
¢) x =1 ¢6 phai la nghiém ctua phuong trinh X*-1=0 khong?
Gidi 9
Cau a) khong phdi 1a mot ménh dé todn hoc. 1N
Cau b) 1a mdt ménh dé todn hoc. todn ho.

CAu c) 1a mot ciu hoi nén khong phai 1a mot ménh dé todn hoc.

éu hai vi du vé ménh dé
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> -
e
D)

Ménh d nao 1a mot khéng dinh sai?

Y Trong hai ménh dé todn hoc sau diy, ménh dé nido 1a mot khing dinh ding?

P: “Téng hai géc d6i ctia mdt td gide noi tiép bing 180°;

0: “/2 1a 58 hitu ti”.

[ MOdi ménh dé todn hoc phai hoic ding hoic sai. Mot ménh dé todn hoc khong thé
viia dang, vua sai.

Khi ménh d8 todn hoc 12 diing, ta goi ménh d& d6 12 mot ménh d# diing.

Khi ménh dé todn hoc 1a sai, ta goi ménh dé d6 12 mot ménh dé sai.

Ching han, trong hai ménh d& & Hoat dong 2, ménh dé P 13 mot ménh dé diing,
ménh dé Q 1a mot ménh dé sai.

Vidu2 = Tim ménh d¢ ding trong nhiing ménh dé sau: g’
A: “Tam gidc c6 ba canh™; /{ Néu vi dy vé mot Ténh
i e R i dé dung va mot ménh dé sai.
B: “1 la s0 nguyén td”.
Gidi
Ménh @ A 1a ménh dé ding; ménh dé B 1a ménh dé sai vi 1 khong 1a s6 nguyén t6.

Il. MENH DE CHUA BIEN

kP Xét cau “n chia hét cho 3 véi n 12 0O tu nhién.

a) Ta ¢6 thé khiing dinh dugc tinh ding sai ctia ciu trén hay khong?
) VGi n = 21 thi ciu “21 chia hét cho 3" ¢6 phai 12 ménh dé todn hoc hay khong? Néu
12 ménh dé todn hoc thi ménh dé d6 ding hay sai?

¢) Véi n = 10 thi cau “10 chia hét cho 3” ¢6 phai la ménh dé todn hoc hay khong? Néu
1a ménh dé todn hoc thi ménh dé dé ding hay sai?

% I &

@\Va o Ta chita khing dinh duoc tinh ding sai cia cau “n chia hét cho 3” vdi
\ V oY e i -
~ n la so tu nhién.

o Vi mdi gid tri cu thé ciia bién n, cau nay cho ta mot ménh d@é todn hoc

ma ta co thé khang dinh duoc tinh diing sai cua ménh dé do.

Cau “n chia hét cho 3” 1a mot ménh dé chita bién.
Ta thudng ki hiéu ménh dé chia bién n 12 P(n); ménh dé chia bién x, y 1a P(x, y); ...

Vidu3 . Trong nhiing cAu sau, cAu ndo 13 ménh dé ?
chiia bién? 3 Néu vi du vé ménh dé
a) 18 chia hét cho 9; b) 3n chia hét cho 9. chiia bicn,
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Gidi
a) Céu “18 chia hét cho 9” 1a mot ménh dé nhung khong phai 1a ménh dé chia bién.
b) Céu “3n chia hét cho 9” 12 mot ménh dé chia bién, ki hiéu 12 P(n): “3n chia hét cho 9”.

1. PHU DINH CUA MOT MENH DE

.

S E P Hai ban Kién va Cudng dang tranh luan véi nhau.

Kién n6i: “So 23 1a s6 nguyén o™
Cudng néi: “S6 23 khong 1a s6 nguyén to”.
Em c¢6 nhén xét gi vé hai ciu phat bi€u ctia Kién va Cudng?
i
Cho ménh dé P. Ménh dé “Khong phai P” duge goila = Ménhdé P diing khi P sai.
ménh dé phit dinh cia ménh dé P va ki hiéula P . Ménh d2 P sai khi P ding.

Vidu4 = Lap ménh dé pha dinh cia mbi ménh dé sau va nhin xét tinh ding sai clia
ménh dé pha dinh do6: -
[ 4

A: “16 12 binh phucng ctia mdt s6 nguyén’; Lap ménh a8 phi dinh

B: “S& 25 khong chia hét cho 57. cia mdi ménh dé sau va
Gidi nhén xét tinh ding sai cla
ménh dé pha dinh do.

Ménh dé A : “16 khong phai 1a binh phudng ctia mot s&
nguyén” va A sai.
Ménh d& B : “S6 25 chia hét cho 57 va B diing.

Chii y: D€ phtt dinh mot ménh dé (cé dang phét biéu nhu trén), ta chi can thém (hoic bét)
tii “khong” (hodc “khong phai”) vao trudc vi ngii ciia ménh dé do.

P: “5,15 1a mot s6 hitu ti”;
Q: “2 023 1a s6 chén”.

IV. MENH BE KEO THEO

>

=S P Xét hai ménh dé chia bién:
P: “S6 tu nhién n chia hét cho 67; Q: “S6 tu nhién n chia hét cho 3”.

Xét ménh dé R: “Néu sd tu nhién n chia hét cho 6 thi s6 tu nhién n chia hét cho 3”.

Nhan xét vé cach phat biéu ménh dé R.

[ Cho hai ménh dé P va Q. Ménh dé “Néu P thi Q" dugc goi 1a ménh dé kéo theo
va ki hiéula P = Q.
Ménh d¢ P = Q sai khi P diing, Q sai va diing trong céc trudng hop con lai.

Nhan xét: Tuy theo ndi dung cu thé, doi khi ngudi ta con phét biéu ménh d&é P = Q la
“P kéo theo Q” hay “P suy ra Q” hay “Vi P nén Q"...
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Vidu5 = Cho tam gidc ABC. Xét hai ménh dé:
P: “Tam gidc ABC c6 hai géc biing 60°”; Q: “Tam gidc ABC déu”.
Hiy phét bicu ménh dé P = Q va nhin xét tinh ding sai clia ménh dé dé.

Gidi
P = Q: “Néu tam gidc ABC c6 hai géc bing 60° thi tam gidc ABC déu”.
Ménh dé trén 1a ding. ;

Nhan xét: Céc dinh 1f todn hoc 12 nhiing ménh dé ding va

E:"_- ~ # A A . #
thudng phat biéu & dang ménh dé kéo theo P = Q. W Eayphatbin mbsdib |

; - todn hoc & dang ménh dé
Khi do6 ta noi kéo theo P = Q.

P 1a gid thiét, Q 1a két ludn cta dinh li, hay

P 1a diéu kién dii @é c6 Q, hoic O 1a diéu kién can dé cé P.

V. MENH DE DAO. HAI MENH DE TUONG DPUONG
(P Cho tam gidc ABC. Xét ménh dé dang P = Q nhu sau:

“Néu tam gidc ABC vudng tai A thi tam gidc ABC ¢6 AB* + AC> = BC?”.
Phét biéu ménh dé Q = P va x4c dinh tinh ding sai ctia hai ménh dé P = Q va Q = P.

[ * Ménh dé Q = P dudc goi 1a ménh d@é ddo cia ménh dé P = Q.
* Néu c4 hai ménh dé P = Q vd Q = P déu ding thi ta n6i P va Q la hai ménh de
tuwong dwong, ki hiéu P & Q.

Nhan xét: Ménh @& P < Q ¢6 thé phit biéu ¢ nhiing dang nhu sau:
* “P tuong duong Q”;

o “P la diéu kién can va dt dé c6 0”;
« “P khi va chi khi 0", “® Cho tam gisc ABC. Tu
cdc ménh dé:

P: “Tam gidc ABC déu”,

* “P néu va chi néu Q”.

Vidu 6 = Trong Hoat dong 6, hai ménh dé P va Q ¢6 Q: “Tam gidc ABC cén
tuong duong khong? Néu ¢, hdy phat biéu ménh dé va ¢6 mot gée bing 60°7,
tuong duong dé. hdy phét biéu hai ménh dé

P= 0 vaQ= P vaxic
Gidi dinh tinh diing sai cia méi
Trong Hoat dong 6, ta c6: ménh dé doé.
Ménh d@é P: “Tam gidc ABC vudng tai A”; Néu cd hai ménh dé trén

déu ding, hay ph4t biéu

~ A . 6 (. 4 2 2 i 2”
Ménh dé Q: “Tam gidc ABC c6 AB°+ AC" = BC™. ménh d& tuong duong.
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Theo dinh li Pythagore, hai ménh d@é P = Q va Q = P déu diing. Do d6, hai ménh dé P va
Q 1a tuong duong va c6 thé phat biéu nhu sau: “Tam gidc ABC vudng tai A khi va chi khi
tam gidc ABC c6 AB* + AC* = BC>".

Chii y: Trong to4n hoc, nhiing cAu khing dinh ding phét biéu § dang “P < Q” ciing dudc
coi 12 mot ménh dé todn hoc, goi 1a ménh dé teong duong.

VI. Ki HIEU v VA 3

“% ¥ & Cho ménh dé chia bién “n chia hét cho 3” véi n 1a s tu nhién.

a) Phét biéu “Moi s6 tu nhién n déu chia hét cho 37 ¢6 phai Ia ménh dé khong?

b) Phat biéu “Tdn tai s6 tu nhién » chia hét cho 3" ¢6 phai 12 ménh dé khong?

* Phdt biéu “Moi s6 tu nhién n déu chia hét cho 37 la mot ménh dé. Co
thé viét lai ménh dé dé nhu sau: “Vdi moi sé ty nhién n, n @éu chia hét
cho 3”.

* Phdt biéu “Ton tai sé tu nhién n chia hét cho 3" la mdt ménh dé. Co thé
viét lai ménh dé do nhu sau: “Ton tai sé tit nhién n, n chia hét cho 3.

DE viét gon phit bi€u: “Véi moi s6 tu nhién n” ta ding ki hiéu Vn € N, 6 d6 ki hiéu “v”
doc 12 “v6i moi”. Khi d6, ménh dé “Véi moi sO tu nhién n, n déu chia hét cho 3” ¢é thé
viét lai nhu sau: “vn € N, n déu chia hét cho 3”.
Tuong tu, d€ viét gon phat biéu: “Ton tai s6 tu nhién n” ta dung ki hiéu 3n € N, 6 d6
ki hiéu “3” doc 12 “ton tai”” hodc “cé mot” (tdn tai mot) hoiic “c6 it nhat mot” (ton tai it
nhat mot). Khi @6, ménh dé “Ton tai sO tu nhién n, n chia hét cho 3” ¢6 thé viét lai nhu
sau: “In € N, n chia hét cho 3”.
Vidu 7
St dung ki hiéu “v”” d€ viét m6i ménh dé sau va xét xem ménh dé d6 1a ding hay sai,
giai thich vi sao.
a) P: “V6i moi s6 thuc x, x>+ 1 > 0.
b) Q: “Véi moi s6 t nhién n, n” + n chia hét cho 6.
Gidi
a) Ménh dé dugc viét 1a P: “vx € R, X +1>0". Dé chiing minh ménh dé Pla ding,
ta lam nhu sau:
Xét mot s6 thuic x tuy ¥, ta phai chiing t6 ring x> + 1 > 0. That vy, ta c6: x* + 1= 1 > 0.
Véy ménh dé P 1a ménh dé ding.
b) Ménh d& dudc viét 12 0: “Vn € N, (n% + n) : 6”.
DéE chiing minh ménh dé Q 1a sai, ta cin chi ra mot gid tri cu thé ctia n d€ nhin dugc
ménh dé sai.
That vy, chon n = 1, ta thdy n* + n = 2 khong chia hét cho 6. VAiy ménh dé Q 1a
ménh dé sai.
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Vidu8

St dung ki hiéu “3” d€ viét mdi ménh dé sau va xét xem ménh dé do6 1a ding hay sai,

giai thich vi sao.

a) M: “Tdn tai s6 thuc x sao cho x> = — 8.

b) N: “Ton tai s6 nguyén x sao cho 2x + 1 =0".

Gidi

a) Ménh d& duoc viét1a M: “Ix e R, x> = - 8.
DE chiing to ménh dé M 1a diing, ta cin chi ra mot gid tri cu thé ctia x d€ nhan dugc ménh
dé ding. That vy, chon x = — 2, ta thiy (— 2)° =— 8. Vay ménh dé M 1a ménh d ding.

b) Ménh dé dugc viét1aN: “Ix e Z,2x+ 1 =0".

Dé chidng minh ménh d& N i sai, ta phai ching to riing v6i s6 nguyén x tuy y thi
2x + 1 # 0. That vy, xét mot s6 nguyén x tuy ¥, ta c6 2x + 1 khong chia hét cho 2 nén
2x + 1 # 0. Vi th€ ménh dé N la ménh dé sai.
Chii y: Céch 1am & Vi du 7, Vi du 8 1an ligt cho ching ta phuong phdp chiing minh mot
ménh dé c6 ki hiéu “v”, ¢6 ki hiéu “3”, la diing hoic sai.

¢

)

[~ rl

*K:» Ban An noéi: “Moi s6 thuc déu c6 binh phuong 1a mot s6 khong Am”.

$

Ban Binh phi dinh lai ciu néi ctia ban An: “C6 mdt s6 thuc ma binh phuong cta né 1a
mdt s6 Am”.
a) St dung ki hiéu “v” dé viét ménh dé cia ban An.

b) Sit dung ki hiéu “3” dé viét ménh dé ctia ban Binh.

An:  “Vx e R, x* la mot s6 khong am”
| l

Binh: “Ix e R, x* la mét s6 am”

[ Cho ménh dé “P(x), x € X

* Phi dinh ctia ménh dé “Vx € X, P(x)” laménh dé “3xe X, P(x)”.
* Phil dinh clia ménh dé “Jx € X, P(x)” 1A ménh dé “Vx e X, P(x)”,

Vidu 9 = Lap ménh dé pha dinh ctia mbi ménh dé sau:

a) Vx e R, Ixl > x; b)ﬂxER,x2+1=0.
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Gidi
a) Phii dinh cia ménh dé “vx € R, Ixl > x” la ménh dé
“Tre R, lx <2,

E_ 7 Phét bi€u ménh d& phi

dinh cia m6i ménh dé sau:
a) Ton tai s6 nguyén chia

b) Phii dinh ctia ménh dé “Ix € R, x>+ 1 = 0” ]a ménh dé hét cho 3;
““xe R, x>+ 120" b) Moi s0 thép phin déu
viét dugc dudi dang
B saiTar phin sG.
1. Trong cdc phdt biéu sau, phét bi€u nao 1a ménh dé toan hoc?

a) Tich hai s6 thuc trdi dau 12 mt s6 thyc am.

b) Moi s6 tu nhién déu la s6 duong.

¢) C6 sy song ngoai Trdi Dat.

d) Ngay 1 thdang 5 Ia ngay Qudc t& Lao dong.

Lap ménh dé pht dinh cia mbi ménh dé sau va xét tinh ding sai ctia ménh dé
pht dinh dé:

5 - " 5 -
a)A: E la mot phan s0™; b) B: “Phuong trinh 2 +3x+2=0¢6 nghiém”;
i G R, S s d) D: “S6 2 025 chia hét cho 157,

Cho n 12 s6 tu nhién. Xét hai ménh dé chiia bién:

P: “S6 tu nhién n chia hét cho 167;

Q: “S6 tu nhién n chia hét cho 8”.

a) Phat biéu ménh dé P = Q. Xét tinh dlng sai ciia ménh dé do.
b) Phét biéu ménh dé ddo ctia ménh dé P = Q. Xét tinh ding sai ctia ménh dé do.
Cho tam gidc ABC. Xét cdc ménh dé:

P: “Tam giac ABC can”;

Q: “Tam gidc ABC c6 hai dudng cao bing nhau”.

Phét biéu ménh @& P <> Q biing bon céch.

Dung ki hiéu “V” hodc “4” dé viét cac ménh dé sau:

a) C6 mdt s6 nguyén khodng chia hét cho chinh né;

b) Moi s6 thiic cong véi 0 déu bing chinh né.

Phét biéu cdc ménh dé sau:

|
a)VxeR,xzz(); b) IxeR,—>x,

X
Lap ménh dé pha dinh ciia mbi ménh dé sau va xét tinh diing sai cia moi ménh dé
pht dinh do:

a)‘v’xER,xzf—h—Z b)‘v‘xER,xZEZx—l;
|

¢)IxeR, x+—22; d)EIxER,xz—x+l<0.
X

1]
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§2 | TAP HOP. CAC PHEP TOAN TREN TAP HOP

Khdi niém tap hop thudng gip trong todn hoc va trong ddi song. Ching han:
— Téap hgp A cdc hoc sinh ctia 16p 10D.
— Tap hop B céc hoc sinh t6 I ctia 16p 10D.

?
“Cf”@ [ Lamthé nao dé dién t quan hé giita 1ap hop A va tdp hop B?
I. TAP HOP

O 16p 6, ta da 1am quen v6i khdi niém tap hop, ki hiéu va cédch viét tap hop,
phan ti thudc tap hgp. Hay néu cich cho mét tip hop.

Nguidi ta con minh hoa tap hgp bing mot vong kin, A
mdi phén ti cla tdp hop duge biéu dién bdi modt cham
bén trong vong kin, con phan ti khong thudc tap hgp d6
dudc bi€u dién b6i mot chim bén ngoai vong kin (Hinh 1).
Céch minh hoa tip hop nhu vay dugc goi la biéu dd Ven.
a) Viét tap hop A trong Hinh I bing cich liét ké cdc phin vl
ti ctia tap hop do. Hinh 1

b) Néu phan ti khong thudc tap hgp A.

Vidul = Cho tap hgp B gdm cdc sO tu nhién ¢6 mot chii s6 va chia hét cho 3.
a) Viét tAp hop B theo hai c4ch: liét ké céc phan tii ctia tp hop; chi ra tinh chét dic trung
cho céc phan tii clia tp hop do.
b) Minh hoa tip hdp B bing biéu dd Ven.
Gidi
a) Tap hop B dudc viét theo cdch liét ké cdc phan ti 1
B={0;3; 6;9}.
Tap hop B dugc viét theo cdch chi ra tinh chat dic trung
cho cac phan ti 1a:
B={xe N|0<x<9vax:3}.
b) Tap hop B dudc minh hoa bing biéu dd Ven & Hinh 2.

Néu s6 phan tif ciia méi tap hop sau:

C={xeR|x*<0},D={a},E={b;c;d},N={0:1;2; ...}.

Hinh 2
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Nhdn xét
* Tap hop khong chida phin ti ndo duge goi la tip hop rdng (tp rong), ki hiéu 12 O.

-

* Mot tap hgp c6 thé khong ¢6 phan tif ndo, ciing ¢6 thé
c6 mot phan td, ¢6 nhiéu phan tl, c6 vo s6 phan ti. 9 e e
1 Neéu sO phédn ti cua moi
Chii ¥: Khi tap hgp C 1a tap hop rong, ta viét C = @ tip hop sau:
Vi\lkhﬁﬂgdﬁ(jCVlé’tlle=[®} G={IER|I2+1=O},

& — & N={l,2%.)
Il. TAP CON VA TAP HOP BANG NHAU

A={xeZ|-3<x<3},B={xe Z|-3<x<3}
a) Viét tp hop A, B biing cdch liét ké cdc phin ti cha tap hop.
b) Mbi phan tii ctia tap hgp A ¢6 thude tip hop B khong?

[ Né&u moi phan ti ctia tip hop A déu 1a phan tii ctia tAp hop B thi ta néi A 1a mot
14p con clia B va viét1a A ¢ B. Ta con doc 1a A chia trong B.

Quy ude: Tap hgp rong & duge coi 1a tdp con clia moi tip hgp.

R B
Chity:AcBo (WVx,xeA=>xeB). A g
Khi A B, ta ciing viét B > A (doc 12 B chiia A) {’ )
(Hinh 3). Q y
Né&u A khong phai 1a tp con ciia B, ta viét A  B. T
Hinh 3
Vidu2 = Cho hai tip hop: -
E:{XER‘XEI},F:{XER‘X<2}. ZChOhaltﬁphdp.
Chiing to ring E < F. A={n e N |n chia hét cho 3},
Gidi B ={n € N | nchia hét cho 9}.

Vi moi s6 thuic x, ta cé: x < 1 thi x <2 nén x € E thi Chiing t6 ring B — A.
xeF.

Dods Ec F.

‘: Ta c6 céc tinh chét sau:

A c A v6i moi tap hop A;
*NéuA cBvaBc CthiA c C (Hinh 4).

Hinh 4
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2. Tap hop bing nhau

L Cho hai tép hop:

A={0;6;12;18},B={n e N |n< 18 v n 12 bdi ciia 6}.
Cédc ménh dé sau c6 ding khong?
a)A c B; b) B c A.

-

[ Khi A ¢ B va B c A thi tano6i hai tdp hgp A va B QCho hai tap hgp
bédng nhau, viét1a A = B. E={n e N | n chia hét cho 3
va4} vaG={n € N |nchia
Vidu3 | Cho tap hop C gdm cdc tam gidc ¢6 ba canh  hét cho 12}.
biing nhau va tp hop D gdm céc tam gidc c6 ba géc ~ Ching to ring E = G.
biing nhau. Hai tip hop C va D c¢é bing nhau hay khong?
Gidi
Do mot tam gidc ¢6 ba canh bing nhau khi va chi khi tam gidc d6 ¢6 ba géc bing nhau
nén hai tip hop C va D 1a bing nhau.

lll. GIAO CUA HAI TAP HOP

%X 1L6p truong 1ap hai danh sich céc ban ding ki tham gia ciu lac bd thé thao nhu
sau (biét trong 16p khong c6 hai ban nio cling tén):

— Béng dd gdm: An, Binh, Chung, Diing, Minh, Nam, Phuong;

— Béng r6 gdbm: An, Chung, Khang, Phong, Quang, Tuén.

Hay liét ké danh sach cdc ban diang ki tham gia ca hai cau lac bo.

i'i'r |
@ x € A ~ B khi va chi khi

a A " Z A 7, N ~ a
T:_ip h(_:i}i gom tat ca cac phan- tL\f Vl-Id thtlc.)c tclipAh(_:ip A AR e )
viia thudc tap hgp B dugc goi la giao cua hai tap hop
A va B, kihiéu A mB.

A B
ViyAnB={x|xe Avaxe B}.
Tap hop A ~ B dude minh hoa bdi phan gach chéo trong
Hinh 5.
ANnB

Vidu4 = Tim giao clia hai tdp hgp trong mdi trudng hop sau: o
a)A={xe N|xlaudcctal6}, B={xe N |xlaudccta20}.

b)C={xe N|xlabdictad}, D={xe N|xlabdicua5}.
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Gidi
a) A={1;2;4;8;16},B={1;2;4;5;10;20}. VaiyA n B={1; 2; 4}.

Chi y: A 1a tap hgp cac uée ty nhién ctua 16, B la tap hgp cac udc ty nhién cta 20 nén
A m B la tap hop cac udc chung td nhién cua 16 va 20.

b) C~D = {x e N|x1abdicia4 vax1aboi cha 5}

= {x € N | x1a boi chung cta 4 va 5}.

IV. HOP CUA HAI TAP HOP

2% ¥ Hai trudng du dinh t6 chic gidi thi ddu thé thao cho hoc sinh 16p 10. Trudng thd
nhat dé xudt ba mon thi dau 1a: Béng ban, Béng dd, Bong rd. Truong thii hai dé xuit ba
mon thi dau 1a: Béng d4, Béng rd, Cau 16ng. Lap danh sdch nhiing mon thi ddu ma cé
hai trudng da dé xuat.

i Tap hop gém cdc phan tii thude tap hgp A hoic i x € A v B khi v chi khi
thudc tap hgp B dugce goi la hop cua hai tap hgp x € A hodc x € B.
A va B, kihiéuA U B.
ViyAuB = {x|x e Ahodc x € B}.

Tap hop A U B duge minh hoa bdi phan gach chéo
trong Hinh 6.

Vidu5 = Cho tap hop Q cdc 8 hitu ti va tap hop 1 *9 Hinke
4 Cho hai tap hgp:

cdcsOvoth. TImQ I, QuL

Gidi A={xeR|x<0},

Tac6: QnI=0,Qui=R. B={xecR|xz0}.
TimANB,AuUB.

V. PHAN BU. HIEU CUA HAI TAP HOP

Goi R 1a tAp hop céc sd thuc, 1 1a tp hop cdc s6 vo ti. Khi d6 I < R.
Tim tap hop nhiing s6 thuc khong phai 1a s6 v ti.

&

@= 66 2
Téap hop nhitng sé thuc khéng phdi la s6 vo ti chinh la tdp hop Q P <§9;
cdc s& hitu ti. ~

Ta né6i tap hop Q cdc s6 hitu ti 12 phan bu cha tap hop I cdc s6 vo ti trong tip hop R.
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[ Cho tap hgp A 1a tdp con cua tap hgp B. Tap hop
nhiing phan tif thudc B ma khong thudc A duge goi
12 phan bii clia A trong B, ki hiéu CA.

Téap hgp C,A duge md ta biing phin gach chéo trong Hinh 7.

Hinh 7

Vidu 6 = Tat ca hoc sinh ctia 16p 10A déu ding ki di tham quan & mot trong hai dia diém:
Hoang thanh Thiing Long va Viin Miéu — Qudc Tt Gidm. Mbi hoc sinh chi ding ki mot
dia diém. Goi A 1a tap hop cdc hoc sinh diing ki tham quan Hoang thanh Thing Long,
B 1a tap hgp cdc hoc sinh ding ki tham quan Vin Miéu — Qudc Tt Gidm, T 1a tap hop
cédc hoc sinh 16p 10A. Tim phan bu ctia tap hgp A trong tip hop 7.

Gidi. Phian bu ctia tip hgp A trong tip hgp 7 bao gdm nhiing hoc sinh trong 16p khong
ding ki tham quan Hoang thanh Thiang Long nén C A = B.

3 Cho hai tdp hop: A = {2;3;5;7; 14}, B={3;5;7,9; 11}.

& c4c phan ti thudc tip hop A nhung khong thude tip hop B.

%hdp gdm cdc phan ti thudc A nhung khong thudc B E;e A\ B khi va chi
dudc goi la hiéu ctia A va B, ki hiéu A \ B. khixe Avaxe B.

ViyA\B={x|xe Avax¢ B}.

Tap hop A \ B duge minh hoa b6i phin gach chéo trong Hinh 8.

Chii y: NeuBc AthiA\B = CB.

Vidu 7 | Cho hai tp hop: A = {3;6;9; 12},

B%(2:4:6;8; 10; 12}.
TimA\B, B\ A. §

o E 5 Cho hai tap hop:
* Tap hop A \ B gdm nhiing phan ti thudc A ma khong A={xeZ|-2<x<3},
thuéc B. Vay A\ B = {3; 9}. )

i i e N B 5 duy o B=lre K |[x—x—06=1).
* Tap hop B\ A gdbm nhung phan ti thudc B ma khong e AE e

thudc A. Vay B\ A = {2; 4; 8; 10}. s e
Vidu8 & Cho hai tap hop: A = {x € N |3x - 11 <0},

B={xeZ|3x’-14x+11=0}.

TimA ~B,AuUB,A\B, B\A.
Gidi
TaehiA=4{01: 2:3}. B={1}
ViyArmB= {1} AL B={0;1; 23} A\B= {(k 2:3}. B\A =&,
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VI. CAC TAP HOP SO

1. Cac tap hop so da hoc -
Tadabiét N, Z, Q. Rldn lugt 1 tip hop 3 tu nhin, @

tap hop s6 nguyén, tap hop so hitu ti, tip hop so thuc.
Ta c6 quan hé sau:
NcZcQc R(Hinh9). Hinh 9

2. Mot sO tap con thuong dung cia tap hop so thuc

ih Tengaiva ke | (g o 0

R Tép hop sO thuc (— o0 ; + ) (3 >
{(xeR|a<x<b} Doan [a ; b] L };- >
{xe R|a<x<b} Khoang (a ; b) ; }\,} >
{(xe R|x>a} Khoang (a ; + o) ; >
{(xe R|x<b} Khoang (— o0 ; b) ;) =
{xeR|a<x<b} Niia khoang [a : b) L f}) >
{xe R|a<x<b} Niia khoéng (a : b] ; ,’ri; >
{xeR|x2a]} Niia khodng [a : + o) L >
{x e R|x<b} Nifa khoang (— o ; b] ;I, >

Ki hiéu — o doc 12 4m v cuc, ki hiéu + o doc 12 duong vo cuc; a va b dude goi 1a dau
miit clia cdc doan, khoang, niia khoang.

Ta c6 thé bi€u dién tip hgp trén truc s6 bang cdch gach bo phan khong thude tip do,
chiing han doan [a ; b] ¢6 thé bi€u dién nhu sau:

yYYISYIVIVYY B VITVIVIIIS

a b

Vidu9  ChohaitiphgpA={xe R|-3<x<1}vaB={xeR|x+1>0}.
a) Hiy doc tén, ki hiéu va bieu dién mdi tap hop di cho trén truc s6.
b) Hay xéc dinh cac tdp hgp: A ~ B, A U B, A\ B, CRB.
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Gidi
a) Tap hop A 1a doan [— 3 ; 1] va dugc biéu dién la; [ 4

Y

Téap hop B la khoang (- 1 ; + o) va duoc biéu dién la:

—
Y

b) Taco:
AmB:(—l;l],AuB:[—3;+oo),A\B=[-3;-l],CRB=(—oo;—l].

. BAI TAP

Cho tap hop X = {a; b; ¢}. Viét tat ¢ cdc tip con cla tap hop X.

(13 !!

2. Sip x&p cdc tap hop sau theo quan hé
[2:5],(2:5),[255),(1;5].

3. Xdc dinh cdc tp hop sau va biéu dién ching trén truc so:
a)[-3 ;7] @55); b)(—w0;0]u(=1;2);
¢) R\ (- o0} 3); )= 3 2y \Jilean

4. Goi A 1a tip nghiém ctia phuong trinh x> + x — 2 = 0,
B 12 tip nghiém cta phuong trinh 2x” + x — 6 = 0.
T C=A:.B.

5. TimD=EnG biét £ va G lan lugt 1a tip nghiém cta hai bit phuong trinh trong
moi tridng hop sau:

a)2x+320va-x+520;
b)x+2>0va2x-9<0.

6. Goi A la tap nghiém ctia da thic P(x). Viét tAp hop cdc s6 thuc x sao cho biéu thic

xac dinh.
P(x)

7. L6p 10B ¢6 28 hoc sinh tham gia cau lac bo thé thao va 19 hoc sinh tham gia ciu lac
bd Am nhac. Biét ring c6 10 hoc sinh tham gia ca hai cau lac bo trén.

a) C6 bao nhiéu hoc sinh ¢ 16p 10B tham gia ciu lac bd thé thao va khong tham gia
cau lac b0 Am nhac?

b) C6 bao nhiéu hoc sinh § 16p 10B tham gia it nhat mot trong hai cau lac bo trén?

c) Bi_é't 16p 10B c6 40 hoc sinh. C6 bao nhiéu hoc sinh khong tham gia cau lac bd
thé thao? C6 bao nhiéu hoc sinh khong tham gia ca hai cau lac b§?

8. MOt nhém c6 12 hoc sinh chudn bi cho hoi dién viin nghé. Trong danh sdch ding ki
tham gia tiét muc mda va tiét muc hét cia nhém d6, ¢6 5 hoc sinh tham gia tiét muc
mua, 3 hoc sinh tham gia ca hai ti€t muc. Hoi ¢6 bao nhiéu hoc sinh trong nhém
tham gia tiét muc hat? Biét c6 4 hoc sinh clia nhém khong tham gia ti€t muc nao.
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i
8.

BAI TAP CUOI CHUONG |

Phat biéu nao sau ddy khong 12 mot ménh dé todn hoc?

a) Tich cta ba s6 tu nhién lién ti€p ludn chia hét cho 3.

b) Néu AMB =90° thi M nim trén duong tron ducng kinh AB.

¢) Ngay 2 thang 9 1a ngay Qudc Khénh ctia nude Cong hoa xa hoi chii nghia Viét Nam.
d) Moi s6 nguyén to déu 12 s6 1&.

Lap ménh dé pha dinh cia mdi ménh dé sau va xét tinh ding sai cia ménh dé phu
dinh do.

A: “Pd thi ham s6 y = x 1a mot dudng thing”.

B: “Dd thi ham s6 y = x> di qua diém A3 ; 6).

Cho ti gidc ABCD. Lap ménh dé P = Q va xét tinh diing sai ctia ménh dé d6 véi:
a) P: “Ti gidac ABCD la hinh chu nhat”, Q: “Ti giac ABCD la hinh binh hanh™;

b) P: “Tu gidc ABCD la hinh thoi”, Q: “Ti gidc ABCD la hinh vudng”.

Laip ménh dé phti dinh ctia mdi ménh dé sau:

A:“Vxe R, Ixl 2x7; B:“YxeR X+x>1"

C:"“Ix e Z, 2%+ 3x—2= 0; D:“Ix e Z, P <x.

Dung ki hiéu dé viét mdi tip hop sau va bi€u dién mdi tap hgp do trén truc so:
AA={xeR|-2 <x<-1}; b)B={xe R|-3<x<0};
gC={xeR|x £1}); d)D={xeR| x>-2}.

Giai Béng da vo dich thé giéi World Cup 2018 dudgc t6 chiic & Lién bang Nga gdm
32 doi. Sau vong thi dau bang, Ban to chiic chon ra 16 doi chia 1am 8 cip dau loai truc
ti€p. Sau vong dau loai tryc ti€p d6, Ban t6 chiic tiép tuc chon ra 8 ddi chia lam 4 cip
dau loai truc tiép ¢ vong ti két. Goi A 1a tp hop 32 d6i tham gia World Cup 2018,
B la tp hop 16 @di sau vong thi ddu bang, C 1a tap hop 8 ddi thi ddu vong tit két.
a) Sip x&p céc tap hop A, B, C theo quan hé “c”.

b) So sdnh hai tip hgp A n Cva B n C.

¢) Tap hop A \ B gdm nhiing d6i bong bi loai sau vong ddu nao?

Cho hai tap hop: A=1[0;3], B=(2;+ ). XdcdinhA ~nB,A UB,A\B, B\A, R \B.

Goi M 1a tip nghiém ctia phuong trinh x*> — 2x - 3 =0,
N la tap nghiém cua phuong trinh (x + 1)(2x - 3) = 0.
Tim P=Mm~N.

19
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BAT PHUONG TRIiNH VA
HE BAT PHUGNG TRINH

BAC NHAT HAI AN

Trong chuong nay, ching ta sé tim hiéu nhitng néi dung sau:
b4t phuong trinh bac nhat hai an; hé bat phuong trinh bac
nhat hai 4n va Uing dung ctia chiing vao bai todn thuc tién.

S1 | BAT PHUONG TRINH BAC NHAT HAI AN

Nhén dip Tét Trung thu, mot doanh nghiép du dinh
sdn xudt hai loai banh: bdnh nuéng va bdnh déo.
Lugng dudng can cho mdi chiéc banh nudng, banh
déo lan lugt 12 60 g, 50 g. Doanh nghiép da nhap vé

500 kg duong.
"
@E’j S& bdnh nudng va sé bdanh déo doanh
.Y nghiép di dinh sdn xudt can thod man
\LR diéu kién rang budc gi dé ligng dicong

sdn xudt bdnh khong vuot qud liugng
duong da nhap vé?

(Nguén: https://shutterstock.com)

I. BAT PHUONG TRINH BAC NHAT HAI AN

o Trong bai todn & phan md dau, ta goi x, y l1an Iugt 1a s6 banh nudéng va s6 banh
déo doanh nghiép du dinh san xudt (x, y [a s6 tu nhién). Néu diéu kién rang budc doi véi x
va y dé lugng dudng san xudt banh khong vugt qua luong dudng da nhap veé.

Diéu kién rang budc doi vdi x va y la: 0,06x + 0,05y < 500.

Diéu kién trén la mot bdt phiong trinh bdc nhdt hai dn x, y.

[ Bdt phuong trinh bdc nhdt hai dn x, y 1a bat phuong trinh ¢6 mot trong cdc dang sau:
ax+by<c,ax+by>c;ax+by<c;ax+by2=c,
trong d6 a, b, ¢ 1a nhiing s6 thuc cho trude véi a, b khong ddng thdi bing 0, x va y 1a
cdc an.
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Cho bat phuong trinh bac nhat hai 4n ax + by < ¢ (*).
MGi ciip 56 (x,; ¥,) sa0 cho ax, + by, < ¢ dudc goi 1a mot nghi¢m clia bat phuong trinh (*).

Trong mit phing toa d6 Oxy, tip hop cédc diém c6 toa dd 1a nghiém cla bit phuong
trinh (*) dudc goi 1a mién nghiém clia bat phuong trinh d6.

Nghiém va mién nghiém clia cdc bat phuong trinh dang ax + by > ¢, ax + by < ¢ va
ax + by = ¢ dudc dinh nghia tuong tu.
Vidul @ Cip s6 nao sau diy 1a nghiém ctia bat phuong trinh 3x + 2y > — 5?
a) (2;-1); b) (-2 0); Bi-10—=18
Gidi

a)Thayx=2,y=-1,tac6:3.2+2.(-1)=2-351a
ménh dé ding.

1 Tim bat phuong trinh
béac nhat hai 4n trong céc
bat phuong trinh sau va

Vay (2 ;- 1) la nghiém cta bat phuong trinh. chi ra mdt nghiém cia
b)Thay x=-2,y=0,tac6:3.(-2)+2.0>-51a bat phudng trinh bac nhat

ménh dé sai. hai 4n do6:

Viy (- 2 ; 0) khong 1a nghiém ctia bat phuong trinh. a) Sx + 3y < 20;
c)Thayxz—\ l,y=~18acw 3. (- TqEEEEE (— 1) =—3 b)3x—£ 59

la ménh de dung. y

Viy (- 1 ; - 1) 1a nghiém ctia bit phuong trinh.

I1. BIEU DlElﬂ MIEN NGHIEM CUA BAT PHUONG TRINH
BAC NHAT HAI AN

1. M6 ta mién nghiém ctia bat phuong trinh béc nhit hai an

> -

‘>*¥FP Trong miit phfing toa d6 Oxy, xdc dinh cic diém M(x ; y) ma:

a) x>0 (1); b)y<1(2).

Dé x4c dinh cdc diém M(x ; y) trong mit phing toa d6 thoa man diéu kién da cho, ta 1am
nhu sau:

a) budng thang x = 0 chinh 1a truc tung. e

Puong thing x = 0 chia mit phang thanh hai ntia: nlia mijt

phing bén trdi va nlia mit phiang bén phéi truc tung. I

x50

2
_

| k.

X

Mot diém c6 hoanh d6 duong thi nim & nlia mit phing ' B
bén phéi truc tung va ngugc lai. Vi th€, mién nghiém clia \

bat phuong trinh (1) 1a niia mit phiang bén phai truc tung,
dugc mo ta bing nita miit phang khong bi gach & Hinh 1
(khong ké tryc tung). Hinh 1

’///
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b) V& dudng thing y = 1. 7

Puoing thing d: y = 1 chia mit phiing thanh hai niia:

ntia mit phfing bén trén va nlia mit phing bén dudi / [

dudng thing d (khong ké dudng thing d). | s zd
Mot diém co tung d0 nhd hon 1 thi ndm & nita mit — 51— — >
phang bén duéi dudng thiing d va ngugc lai. Vi thé, "

mién nghiém clia bat phuong trinh (2) I1a nita mit

phing bén dudi duong thing d, dudc md t bing nilia Hinh 2
miit phiing khong bi gach & Hinh 2 (khong ké duong ‘
thiang d). 77 7 4

Cho bit phudng trinh 2x — y > 2 (3).

a) Trong miit phing toa do Oxy, vé duodng thing - —t—>
e Dos DS pm g 3, = el
b) Xét diém M(2 ; — 1). Chiing t6 (2 ; — 1) la nghiém “
ctia bit phuong trinh (3). ey
¢) Puong thing d chia mit phing toa d6 thanh hai

niia mit phang. Gach di nita mit phing khong chia Hinh 3
diém M(2 ;- 1).

. o) @j_, Mién nghiém ciia bt phuong trinh (3) la nita mdt phdng
N~ O khong bi gach trong Hinh 3.

Ngudi ta ching minh dugc dinh 11 sau:

Trong mit phing toa @ Oxy, phuong trinh ax + by = ¢ (v6i a va b khong ddng thdi bing 0)
xdc dinh mot dudng thiang d nhu sau:

e d ¢6 phuong trinh 13 x =< néu b = 0;
a

« d ¢6 phuong trinh la y=— %x+ % néu b = 0.

Ngoai ra, ngudi ta cling ching minh duge dinh Ii sau:

[ Trong mit phiing toa dd Oxy, dudng thing d: ax + by = ¢ chia miit phing thanh hai
niia mit phing. Mot trong hai niia mit phing (khong ké d) 14 mién nghiém cua bat

phuong trinh ax + by < ¢, niia mit phiang con lai (khong ké d) 1a mién nghiém cta
bt phuong trinh ax + by > c.

Chii y: D6i v6i bat phuong trinh dang ax + by < ¢ hoiic ax + by > ¢ thi mién nghiém 1a
nita mit phing ké ca dudng théng d.
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Vidu 2~ Nita mit phidng khong bi gach trong Hinh 4 (khong ké dudng thing d) biéu dién
mién nghiém ctia mot bit phuong trinh bic nhat hai 4n. Hoi toa do hai diém M(- 1 ; 1),
N(4 ; — 2) ¢6 1a nghiém clia bat phuong trinh d6 khong?

Gidi VA

* Diém M(- 1 ; 1) thudc niia mit phang khong M 1]
bi gach nén (- 1 ; 1) 1a nghiém cua bat phuong . A@
trinh do6. 10l 1 QRN %‘

* Diém N(4 ; — 2) thudc niia mit phing bi gach
nén (4 ; — 2) khong 1a nghiém ctia bit phuong -2

trinh d6. d \
NN

2. Biéu dién mién nghiém ctia bat phuong trinh
bac nhat hai an

Hinh 4

Quy tic thuc hanh biéu dién mién nghiém ctia bit phuong trinh bic nhat hai 4n nhu sau:

V - N
Céc budc biéu dién mién nghiém ctia bit phuong trinh ax + by < ¢ trong mit phing
toa do Oxy:
Budc 1. V& duong thing d: ax + by = ¢. Pudng thing d chia mit phing toa d6 thanh
hai niia mit phing.
Budc 2. Lay mot diém M (X, 3 ¥,) khong nim trén d (ta thuong 14y goc toa dd O néu
¢ #0). Tinh ax, + by, va so sanh vdi c.
Bude 3. Két luan
* Néu ax, + by, < ¢ thi niia mit phing (khong ké d) chia diém M 1a mién
nghiém clia bt phuong trinh ax + by < c.
* Néu ax, + by, > c thi nita mit phing (khong ké d) khong chia diém M 1a
mién nghiém cta bat phuong trinh ax + by < c.

Vidu3 © Biéu dién mién nghiém ctia mdi bat phuong trinh sau: x + y>— Iy x+y=>— 1.

Gidi

* V& duong thing d: x + y = — 1.

* Ldy diém 0(0;0). Tac6: 0+ 0=0>- 1.

* Vay mién nghiém ctia bat phuong trinh x +y > — 1
la ntia mgt phing khong bi gach 6 Hinh 5 chia diém
0(0; 0) khong ké dudng thing d; mién nghiém
clia bit phuong trinh x + y > — 1 12 nlia miit phiing
khong bi gach & Hinh 5 chia diém O(0; 0) ké ca
dudng thing d.

Hinh 5
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Chii y: Thong thudng khi st dung Y

phin mém todn hoc dé biéu dién ? R
ik i B % i 2 Biéu dién mien

=

mién nghiém cua bat phuong trinh

LRl : g x+y>-1 A a2
bac nhat hai 4n, mién nghiém cta ; i nﬁh"?m (fui o bat
bat phuong trinh d6 dugc to6 mau. -\ I i | Ppicog Ginhisas

2 @ -1 B -
Ching han, mién nghiém cla bat Q) x =2y <4
phuong trinh x + y > — 1 dudc to 1T d b) x+3y<6.

mau nhu Hinh 6.

lBAI TAP

Cip s0 nao sau day 1a nghiém cta bat phuong trinh 2x — 3y < 3?

a) (0;-1); b) (25 1); c)(3;1).
2. Biéu dién mién nghiém ctia mdi bat phuong trinh sau:

a)x+2y<3; b) 3x -4y > - 3;

)y 2—2x+4; d)y <1< 2x.

3. Phan niia mit phing khong bi gach (khong ké dudng thing d) & mbi Hinh 7a, 7b, 7c
12 mién nghiém ctia bat phuong trinh nao?
= e -_' }.1 ‘\.-'j

d
0
- §
T -

a) b) c)
Hinh 7

B
5

4. Mot gian hang trung bay ban va ghé rong 60 m?. Dién tich dé ké mot chiéc ghé 1a
0,5 m?, mét chiéc ban 1a 1,2 m%. Goi x 12 s6 chi€c ghé, y 12 s8 chiéc ban dugc ké.
a) Viét bat phuong trinh bac nhat hai 4n x, y cho phian miit san dé ké ban va ghé,

bi€t dién tich mit san danh cho luu thong t6i thidu 1a 12 m”.
b) Chi ra ba nghiém ctia bat phuong trinh trén.

5. Trong 1 lang (100 g) thit bo chita khoang 26 g protein, 1 lang cd r6 phi chia khoang
20 g protein. Trung binh trong mot ngay, mot ngudi phu nit cin toi thidu 46 g
protein. (Ngudn: https://vinmec.com vA htps://thanhnien.vn) Goi x, y 1an luot 12 s6 lang
thit bd va s6 lang ¢4 r6 phi ma mot ngudi phu nit nén dn trong mot ngay. Viét bat
phuong trinh bic nhat hai 4n x, y dé biéu dién lugng protein cn thiét cho mot ngudi
phu nii trong mot ngdy va chi ra ba nghiém cta bt phuong trinh do.
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§2 = HE BAT PHUONG TRINH BAC NHAT HAI AN

Quéing cdo san phdm trén truyén hinh la
mot hoat ddng quan trong trong kinh doanh
cua cdc doanh nghiép.

Theo Thong bdo sd 10/2019, gid quang céo
trén VTV1 1a 30 triéu ddng cho 15 gidy/1 lan
quang cdo vao khoang 20h30; la 6 tric¢u
dong cho 15 giay/1 lan quing cdo vao
khung gid 16h00 — 17h00.

Mot cong ty du dinh chi khong qua
900 triu déng de quang cdo trén VIVI1 g4 “Tréng dong” ¢ tru sd cuia VTV tai Ha Noi
v6i yéu cau quing cdo vé sO l1an phdt nhu (Nguén: Trinh Hoang Minh Quang)

sau: it nhét 10 lan quing c4o vao khodng

20h30 va khong qué 50 1an quang cdo vao khung gid 16h00 — 17h00. Goi x, y 1an hict Ia
s0 1an phét quing cdo vao khoang 20h30 va vao khung gi 16h00 — 17h00.

n?
d S % . W p £

Trong todn hoc, cdc diéu kién rang budc doi véi x va y dé L} hs.
ddp 1ing nhu cdu trén ciia cong ty duge thé hién nhut thé' nao? W

1. HE BAT PHUONG TRINH BAC NHAT HAI AN
“&EP Cho h¢ bat phuong trinh sau:
x—-y<3 (1)
xX+2y>-2 (2)
a) Mdi bat phuong trinh (1) va (2) ¢6 12 bat phuong trinh bac nhat hai 4n khong?
b) Chi ra mot nghiém chung ctia hai bit phuong trinh (1) va (2) trong hé trén.

H¢ bt phwong trinh bdc nhdt hai dn x, y 1a mot hé gdm hai hay nhiéu bat phuong trinh
bac nhat hai 4n x, y. M6i nghiém chung clia cdc bat phuong trinh trong hé dugc goi
13 mot nghiém cia hé bat phuong trinh do.

-

Vidu1 | Cho hé bét phuong trinh sau: ?
2x—A4y<6 (1) 1 Chi ra mot nghiém ctia
{ 2_ 5 hé bét phuong trinh sau:
+y>
et 2) ) 2x+y>0
Ciip s0 (x ; y) ndo sau day Ia nghiém cta hé bat phuong X336
trinh trén?
T =i

3:D,(15-2),5:;-3).
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Gidi
* Thay x = 3, y = 1 vao hai bit phuong trinh cta hé, ta c6:
2.3-4.1<61aménh dé ding; 3 + 1 > 2 1a ménh dé diing.
Vay (3 ; 1) 1a nghiém chung ctia (1) va (2) nén (3 ; 1) 1a nghiém ctia hé bt phuong trinh.
* Thay x = 1, y =— 2 vao bat phuong trinh (2) ctia hg, ta ¢6:
1 + (- 2) > 2 la ménh d@ sai.
Viy (1 ; — 2) khong la nghiém cta (2) nén (1 ; — 2) khong 1a nghiém cta hé bat
phuong trinh.
* Thay x = 5, y = — 3 vao bit phuong trinh (2) cta hé, ta co6:
5 + (- 3) > 2 la ménh @@ sai.
Viy (5 ; — 3) khong la nghiém cta (2) nén (5 ; — 3) khong 1a nghiém cta hé bat
phuong trinh.

I1. BIEU DIEN MIEN NGHIEM CUA HE BAT PHUONG TRINH BAC NHAT
HAI AN

Ciing nhu bat phuong trinh bic nhat hai 4n, ta cé thé biéu dién mién nghiém ctia hé bat

phuong trinh bic nhat hai 4n trén mit phing toa do.

Mién nghiém cta hé bat phuong trinh 12 giao cdc mién nghiém clia cac bat phuong trinh

trong hé.

@ 3 Cho hé bat phuong trinh sau:

x—2y=2-12
Tx-4y<16
2x+y=2-4

a) Trong cling mit phing toa dd Oxy, biéu dién mién nghiém ctia moi bat phuong trinh
trong hé bt phuong trinh bing céch gach bé phan khong thudc mién nghiém chia né.

b) Tim mién nghiém cta hé bt phuong trinh di cho.

Dé biéu dién mién nghiém clia hé bat phuong
trinh da cho, ta lam nhu sau (Hinh 8):

Bude 1. Trong cling mit phing toa do Oxy,
vé ba dudng thing:

dix—2y=-12 dy: Tx — 4y = 16;
d3: 2x+y=-4.

Do toa d6 diém O(0 ; 0) thoa man cdc bat
phuong trinh trong hé nén mién nghiém cta
tiing bat phuong trinh trong hé lan lugt la
nhiing ntia mit phing khong bi gach chia W A==
diém O(0 ; 0) (ké ca dudng thing tuong ting). Hinh 8
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Bude 2. Phan khong bi gach (chda diém O(0 ; 0)) 1a mién nghiém cta hé bat phuong
trinh da cho.

Cu thé, mién nghiém ctia hé da cho 1a tam gidc ABC ké c4 mién trong (con goi 1a mién
tam giac ABC) v61 A(4;3),B(0;—-4), C(—2;0).

[ Dé biéu dién mién nghiém cha hé bt phuong trinh bic nhat hai 4n, ta 1am nhu sau:
* Trong cling mit phing toa do, biéu dién mién nghiém ctia mdi bét phuong trinh
trong hé bing cdch gach bd phan khong thudc mién nghiém cia né.
* Phan khong bi gach 12 mién nghiém cén tim.

Vidu 2 © Biéu dién mién nghiém ctia hé bt phuong trinh:

(2% + y=4

x+y<3
%=1
y=0.

Gidi. (Hinh 9)
V& cdc dudng thang:
di2x+y=4dyx+y=3;d;: x=01Ia truc tung;

d,: y =0 la tryc hoanh.

Gach di cdc phan khong thudc mién nghiém ctia mdi
bat phudng trinh. 2

Mién nghiém clia hé bat phuong trinh 1a td gidc OABC 2 Biéu dién mién nghiém
ké c& mién trong (con goi la mién t gidc OABC) véi ciia hé bt phitong trinh sau:
0@ ; 0), A 5 3),.B(1 ; 2), C(2 ;"0

3x-y>-3
lll. AP DUNG VAO BAI TOAN THUC TIEN —2x+3y<6
Bai toan 1. Trong bai toan & phan md dau, tim x va y 2x+y>-4.

sao cho tdng sO 1an xuat hién quang cdo cha cong ty 1a

nhiéu nhét.

Gidi

Goi x, y lan lugt 1a s6 lan phat quang céo vao khoang 20h30 va vao khung gid
16h00 — 17h00. Theo gia thiét, tacé: x € N,y € N, x> 10, 0 < y < 50.

Tong s6 1an phét quang cdo 1a 7= x + y.

S& tién cong ty can chi 12 30x + 6y (triéu dong).

Do cong ty du dinh chi khong qud 900 triéu ddng nén 30x 4+ 6y < 900 hay 5x + y < 150.

S5x+y<150
Ta c6 hé bat phuong trinh: | x =10 (D)
0<y<50
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Bai todn dua vé tim cdc sO tu nhién x, y 12 nghiém cla hé bat phuong trinh (I) sao cho

T = x + y c6 gid tri 16n nhit.

Trudc hét, ta x4c dinh mién nghiém ctia hé bat phuong trinh (I).

Mién nghiém ctia hé bat phuong trinh (I) 12 mién td gidgc ABCD vé6i A(30 ; 0), B(20 ; 50),

C(l(), 50), D’( 16 0.) (Hinh 10). . ﬁ;i’ﬁfiﬁi@%@;&;ﬁf

Ngudi ta ching minh dudc: Bieu thic T = x + y =H-30777777777/,
) 14 1 3 i)'( 1 = i1 1 L ﬁ: ) t’ /z/ /{j//, / / ,’///// :r

dat gid tri I6n nhdt tai mot trong cdc dinh cha =——— ’// LN

t gidc ABCD. — Vi
Tinh gid tri clia biéu thic T=x+ytaicipsd ;) =——= /7
toa d cdc dinh cha td gidc ABCD rdi so sénh cdc gid ——— V1117707
tri d6. Ta duge 7 dat gid tri 16n nhat khix=20,y=50 =——— ‘T%cf;f,/.;/ 7/
ding véi toa d6 dinh B. =——] s
Vay dé phdt dugc s6 1in quang cdo nhidu nhat thi s6 ——}—D | A{/é//%//

1an ph4t quing cdo vao khoang 20h30 12 20 1an va vao =204/ 20/ 3%//%/ %

khung gi 16h00 — 17h00 1 50 lan. sz
Bai toan 2. Nguoi ta du dinh dung hai loai nguyén il ..Hinh 1(.). Rl o

lidu dé chiét xuat it nhat 140 kg chit A va 9 kg chit B.

Tit mbi tin nguyén liéu loai I gid 4 triéu dong, c6 thé chiét xuat duge 20 kg chat A va 0,6 kg
chat B. Tit moi tan nguyén li¢u loai 1T gid 3 trigu dong, c6 thé chiét xuat dugc 10 kg
chat A va 1,5 kg chit B. Hoi phai diing bao nhiéu tin nguyén liéu moi loai dé€ chi phi mua
nguyén ligu 12 it nhdt? Biét ring co s6 cung cz’{P nguyén liéu chi c6 thé cung cip khong
qué 10 tin nguyén liéu loai I va khong qua 9 tin nguyén liu loai II.

Gidi

Goi x, y 1an luct 12 s6 tin nguyén liéu loai I, loai II can st dung.

Khi d6, ta chiét xuit duge 20x + 10y (kg) chat A va 0,6x + 1,5y (kg) chat B.

Theo gia thiét, x va y phai thod min o A ..
cdc dieu kién: R ‘ AN
0<x<10,0<y<09; |
20x + 10y = 140 hay 2x + y = 14;

0,6x + 1,5y > 9 hay 2x + 5y > 30.
Tong s6 tién can mua nguyén lidu 1a
T =4x + 3y.

Bai todn dua vé: Tim x, y 12 nghiém
ctia hé bat phuong trinh

(0<x<10

0<y<9

2x+y=>14

| Zx+ 5y 2 30

(II)

7
U050

a0 cho T'=4x + 3y c6 gid tri nho nhat. Hinh 11
Trudc hét, ta xac dinh mién nghiém cta hé bt phuong trinh (II).
Mién nghiém ctia hé bat phuong trinh (II) 12 mién ti gidc ABCD véi A(5; 4), B(10; 2),

C(10;9), D 2 . g | (Hinh 11).
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Ngudi ta chiing minh dudgc: Biéu thic T = 4x + 3y dat gid tri nhoé nhat tai mot trong cic
dinh cua td giac ABCD.

Tinh gid tri ctia bi€u thiic T = 4x + 3y tai ciip s6 (x ; y) 1 toa d6 cdc dinh cha ti gidc
ABCD rdi so sdnh céc gid tri d6. Ta dudc T dat gid tri nhé nhat b?ing 32khix=5,y=4
ting véi toa do dinh A.

Viy dé chi phi nguyén liéu 12 it nhit, cin st dung 5 tin nguyén liéu loai I va 4 tin nguyén
liéu loai IT; khi d6 chi phi 1a 32 triéu dong.

B BAi TAP

1. Kiém tra xem mdi ciip s6 (x ; y) dd cho c6 1a nghiém ctia hé bat phuong trinh tuong
ting khong.

3x+2y=>2-6 dx+y<-3
) d 0:2),(1:0;  b) d (- 1;~3),(0;~3)
x+4y>4 —3x+5y=>-12
2. Biéu dién mién nghiém ctia hé bat phuong trinh:
xX+2y<-4 R
a b) R b
y=x+5;
y<0.

3. Mién khong bi gach 6 mdi Hinh 12a, 12b 12 mién nghiém clia hé bit phuong trinh
nao cho ¢ dudi day?

Hinh 12
x+y<2 V& ¥ y>—-x+1
a) X 5—3 b) <x<0 ¢) 1x<2
y&-1 V-3 yied,

4. Mot phian xudng sin xuit hai ki€u mi. Thaoi gian dé 1am ra mot chiéc mil kiéu thi
nhat nhiéu gip hai Ian thdi gian Iam ra mét chiéc mii kiéu thi hai. Néu chi san xuat
toan kiéu mi thi hai thi trong 1 gid phan xudng lam duge 60 chiéc. Phan xudng 1am
viéc 8 tiéng mdi ngay va thi trudng tiéu thy t6i da trong mot ngay 1a 200 chiéc mi
ki€u thi nhat va 240 chiéc mii kiéu thi hai. Tién 1di khi ban mot chiéc mii kiéu thi
nhat 12 24 nghin dong, mdt chiéc m kiéu thi hai 1a 15 nghin ddng. Tinh & lugng mii
ki€u thi nhat va kiéu thif hai trong mot ngdy ma phin xudng can san xuit dé tién 1ai
thu dudc 12 cao nhat.
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BAI TAP cUOI CHUONG I

1. Biéu dién mién nghiém ctia mdi bat phuong trinh sau:
a)3x—y>3; b) x+2y<—4; c)y=2x-3J.

2. Biéu dién mién nghiém ctia mdi hé bit phuong trinh sau:

(x=2y<

4x+10y <20 S

" >

2) 2x=3y<h b) e i Xy
2x + y<2; sl x2>0
- p=3.

3. Nhu cau canxi t6i thiéu cho mot ngudi dang do tudi trudng thanh trong mot ngay
Ia 1 300 mg. Trong 1 lang dau nanh ¢6 165 mg canxi, 1 lang thit c6 15 mg canxi.
(Nguon: https://hongngochospital.vn)

Goi x, y 1an Iugt 12 s6 lang dau nanh va s& lang thit ma mot ngudi dang do tudi trudng

thanh an trong mot ngay (voi x> 0, y > 0).

a) Viét bat phuong trinh bic nhat hai 4n x, y d€ biéu dién lugng canxi can thiét trong
mot ngiy clia mot ngudi trong do tudi trudng thanh.

b) Chi ra mot nghiém (x, ; y,) v0i x,, y, € N cua bt phuong trinh do6.

4. Béc Ngoc thuc hién ché do in kiéng v6i yéu cau tdi thiéu hiing ngay qua thiic uéng
12 300 calo, 36 don vi vitamin A va 90 don vi vitamin C. Mot cdc dd udng #n kiéng
thit nhat cung cap 60 calo, 12 don vi vitamin A va 10 don vi vitamin C. Mot cdc do
udng &n kiéng thi hai cung cép 60 calo, 6 don vi vitamin A va 30 don vi vitamin C,
a) Viét hé bat phuong trinh m6 ta s6 lugng cdc cho dd udng thd nhat va thd hai
ma bac Ngoc nén uéng médi ngay dé ddp ting nhu cau cin thiét d6i véi so calo va
s don vi vitamin hép thu.

b) Chi ra hai phuong 4n ma bic Ngoc ¢6 thé chon Iua s6 luong cdc cho @b udng
thd nhat va thit hai nhim d4p Gng nhu ciu cin thiét d6i véi s6 calo va s& don vi
vitamin hap thu.

5. Mot chudi nha hang dn nhanh bdn dd én ti 10h00 sdang dén 22h00 mdi ngay. Nhan
vién phuc vu ctia nha hang 1am viéc theo hai ca, mdi ca 8 ti€ng, ca I tif 10h00 dén
18h00 va ca II tit 14h00 dén 22h00.

Tién luong cha nhan ; SO = =

vién dugc tinh theo Khoang thoi gian lam viéc Tién luong/gic

210 (bang bén). 10h00 — 18h00 20 000 ddng
14h00 — 22h00 22 000 dong

Dé mdi nha hang hoat dong dudc thi cin t6i thiéu 6 nhin vién trong khodng
10h00 — 18h00, t&i thi€u 24 nhéan vién trong thoi gian cao diém 14h00 — 18h00
va khong qua 20 nhén vién trong khoang 18h00 — 22h00. Do luigng khach trong
khoéng 14h00 — 22h00 thudng d6ng hon nén nha hing can s6 nhin vién ca II it nhat
phdi gip d6i s6 nhan vién ca I. Em hay gidp chll chudi nha hang chi ra ciach huy
dong s6 lugng nhéan vién cho mdi ca sao cho chi phi tién luong mbi ngay la it nhat.
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HAM SO VA PO THI

Trong chuong nay, ching ta sé tim hiéu nhiing néi dung sau:

ham s6 va dé thi, ham sé bac hai va Ung dung, diu cta tam
thuc bac hai, bat phuong trinh bac hai mét an, cach giai hai
dang phuaong trinh vo ti.

§1 | HAM s6 VA PO THI

Galileo Galilei (1564 — 1642), sinh tai thanh phd Pisa (Italia),
la nha bac hoc vi dai cia thoi ki Phuc Hung. f)ng duoc ménh
danh la “cha dé ctia khoa hoc hién dai”. Trudc Galileo, ngudi ta
tin ring vat ning roi nhanh hon vat nhe, 6ng da bdc bo diéu nay
bing thi nghiém ndi ti€ng & thap nghiéng Pisa. Ti thi nghiém
ciia Galileo, cdc nha khoa hoc sau niy dudc truyén cidm hiing
ring chiing ta chi c6 thé riit ra tri thic khoa hoc tif cdc quy luat
khdch quan cta ty nhién, chd khong phai tif niém tin.

Lam thé nao dé mé td dugc moi lién hé
giita thoi gian t va quang duong di dugc S
ciia vat roi ti do? Lam thé nao dé co duwoc
hinh anh hinh hoc minh hoa méi lién hé
giita hai dai luong do?

Thdp nghiéng Pisa (Italia)
(Nguon: https://shutterstock.com)

I. HAM sO
1. Pinh nghia

Trong bai todn & phan md dau, ta da biét cong thic tinh quing dudng di dudc S (m) cha
vat roi td do theo thoi gian 7 (s) 1a: § = %gﬁ, trong d6 g 12 gia toc roi tu do, g ~ 9,8 m/s”.
a) V6i mdi gid tri t = 1, £ = 2, tinh gid tri tuong ting clia S.

b) V6i mdi gid tri clia # ¢6 bao nhiéu gi4 tri tuong tGing cta S?

Dé xay dung phuong 4n kinh doanh cho mot loai sdn phdm, doanh nghiép tinh todn Igi
nhuén y (ddng) theo cong thiic sau: y = — 200x* + 92 000x — 8 400 000, trong d6 x la s&
san pham loai d6 dugc bén ra.
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a) V6i mdi gid tri x = 100, x = 200, tinh gi4 tri tiong dng cia y.
b) Vi mbi gi4 tri ctia x ¢6 bao nhiéu gi4 tri tuong dng cha y?

Mot céch téng quat, ta c6 dinh nghia sau:

%0 tap hgp khdc rong D < R. N&u véi mdi gid tri chia x thude D c¢6 mot va chi mot
gid tri tuong Ung cla y thudc tip hop s6 thuc R thi ta c6 mot ham sé.
Ta goi x 1a bién s6 va y 1a ham s6 cla x.
Tap hop D duge goi la tdp xdc dinh cha ham s6.
K{ hiéu ham s8: y = f(x), x € D.

Vi du 1

a) Dién tich § cta hinh tron ban kinh » dugc tinh theo cong thiic S = nr?. Hoi S ¢6 phai
12 ham s6 cta r hay khong? Giai thich. 4

b) Cho cong thic y> = x. Hoi y ¢6 phéi 12 ham s6 cla _1 Trong y hoc, mét ngudi can
X hay khﬁngr’ Glél thf‘Ch. nﬁng 60 kg Chay véi t(’;C d6

Gidi 6,5 km/h thi lugng calo tiéu

thu dugc tinh theo cong thic:

=4 (Ngztﬁn.' https:/firace.vn),

: . . trong d6 thoi gian ¢ dugce tinh

b) y khﬁng phgll ]El ham so Cﬁa x vikhia =3 thi ta ﬁl'['l theo phl]t Hoi ¢ ¢6 phél 12 ham
dugc hai gid tri tuong ting cha y la 1 va— 1. s6 clia t khong? Vi sao?

a) S 1a ham s0 cua r vi moi gid tri cta r chi cho ding
mot gid tri cua S.

2. Cach cho ham so
a) Ham s6 cho bang mot cong thiic
Cling véi cich n6i ham sd cho bing cong thic, ta cling néi ham s& cho bing biéu thiic.

g‘ kP Cho haihaim s6 y=2x+1 (1) va y = vx - 2 (2).
a) Néu biéu thdc xdc dinh mdi ham so trén.

b) Tim x sao cho mdi biéu thiic trén ¢6 nghia.

[ Tap xdc dinh ciia ham sé'y = f(x) 1a tap hop tat ca cdc s6 thuc x sao cho bi€u thidc
f(x) c6 nghia.

- L

Vidu2 = Tim tip x4c dinh ciia mdi ham s6 sau: =

1
)%= Jitz
e
b) y=~x-1
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Gidi
. - ]- ” i~ - ~ A - . » ~ ~ ~
a) Biéu thiic — c6 nghia khi x # 0. Vi vy, tip x4c dinh ctia ham s6 da cho la:
x

D={xeRlx#0}=R\{0}.
b) Biéu thiic 4/x — 1 ¢6 nghia khi x — 1 > 0. Vi viy, tp xdc dinh ctia ham s6 da cho la:
D={xeRIlx>21}=[1;+ ).

b) Ham s6 cho biing nhiéu cong thiic
Mot haim s8 ¢6 thé duge cho bing nhiu cong thic, nhu haim s& trong Vi du 3 sau diy:

Vidu3 | Cho ham s6: E’ —
; 3 Cho ham so:
- 1néux<0 —xnéux<0
Jo)=4 Onéux=0 i xnéu x> 0.
I'néu x> 0. a) Tim tdp xdc dinh cta ham
a) Tim tip xdc dinh ctia ham s& trén. s0 trén.
b) Tinh gi4 tri ctia ham s6 khi x =— 2; x = 0; x=2 021. b) Tinh gi4 tri ctia ham s6 khi
Gidi 2——1:x=2022

a) f(x) ¢6 nghia khi x < 0, x = 0, x > 0 nén tap xdc dinh ctia ham s6 la D = R.

b) fi- 2) =— 1;/(0) = 0; A2 021) = 1.

Chii ¥: Cho ham s6 y = f{x) v6i tip xdc dinh 1a D. Khi bién s6 x thay d6i trong tap D thi

tap hop cédc gid tri y tuong ting dudc goi 1a tdp gid tri chia ham s6 da cho.

Nhu trong Vi du 3, ta c6: Ung véi cdc gid tri chia x thi f{x) chi nhin mot trong ba gid tri

— 1; 0; 1 nén tap gi4 tri cha ham s6 d6 1a tap hop {— 1; 0; 1}.

¢) Ham s6 khong cho bing cong thiic

Trong thuc tién, ¢6 nhiing tinh hudéng din téi nhitng ham s6 khong thé cho bing cong

thic (hodic nhiéu cong thiic). Ching han, trong vi du sau day:

Vidyu4 | Biéu @ & Hinh I cho biét Nhiétdo ('C)

nhiét d6 trung binh & Da Lat theo 25}

ting thang trong nam 2015. H0l

a) Xac dinh tf_ip hgp céc thang dugc
néu trong biéu dd.

b) Tuong tng thing v6i nhiét do 10+
trung binh ctia thing d6 c6 phai la
ham s6 khong? Giai thich.

¢ C
18.2 19.1 18,9 18,6 185 182 18,7 17.7 17.6

16,1 16,6 15,7

0

Gidi 1 2 3 4 5 6 7 8 9 1011 12 Théng
a) Tap hgp cac thang la (Nguon: http://vietnamtourism.com)
D= {1:2:3;4;5:6; 7;8; 9:10; 113 12}, Hinh 1

b) Mdi thang chi tuiong ting véi ding mot gid tri nhiét dd trung binh nén tuong tng dé
xdc dinh mot ham s6. Ham s6 d6 ¢6 thé dudc cho biing bang nhu sau:
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Thang 1 2 3 A ) 6 7 8 9 10 | 11 | 12

Nhiét do (°C) | 16,1 | 16,6 | 18,2 | 19,1 | 189 | 18,6 | 18,5 | 18,2 | 18,7 | 17,7 | 17,6 | 15,7

Il. DO THI CUA HAM $6

Y Xt ham s6 y = flx) = x°.

a) Tinh cac gia tri Y4 =ﬂx1), y2=f(x2) tuong tng vai gid tri X == i, X, = 1;

b) Biéu dién trong mit phing toa dd Oxy cic diém M, (x, 3y, M(x,;5,).

Ciing nhu vay, v6i moi gid tri ctia bién s3 x, ta c6 thé xdc dinh dugc diém M(x ; y) véi
y = f{x) trong miit phing toa d6. Khi bién s6 x thay d6i trén tip xdc dinh, diém M(x ; y)
sé thay d6i theo trong mit phing toa dd Oxy va tao nén mot dudng. Pudng d6 goi la
do thi ctia ham sé'y = f(x).

[ D0 thi ctia ham s6 y = f{x) xdc dinh trén tip hop D 1a tp hop cdc diém M(x ; f(x))
trong mit phiing toa d6 Oxy véi moi x thudc D.

VA

Vidu5 | Chohamsdy=2x+4. /

a) Vé do thi ham so trén.

b) Trong miit phing toa d6 Oxy, cho bon diém: A(-1 ; 2),
B(1;6), C(2020;2021), D2 030 ; 4 064). Diém nao
thudc d@o thi ham sd trén? Diém nao khong thudc do thi
ham s6 trén?

} =
Gidi 1 X
a) Khi x = 0 thi y = 4; khi y = 0 thi x = - 2. Vay dd thi
ham s0 y = 2x + 4 1a dudng thiang cit truc Oy tai diém Hinh 2

(0 ; 4), cét truc Ox tai diém (- 2 ; 0) (Hinh 2).
b)Khix=-1;x=1; x=2020; x =2 030 thi lan ligty=2; y=6; y=4044; y = 4 064.

Viy cdc diém A(- 1 ; 2), B(1 ; 6), D(2 030 ; 4 064) thudc dd thi ham s6 va diém
C(2 020 ; 2 021) khong thudc dd thi ham s6.

-

Nhan xét E«m Chothar = = = e
* Diém M(a ; b) trong mit phing toa do thuéc dd thi didm M- 1: 1) ;(0 . )
o , e g P2 ;). Dién; nao tl;uéc dé th;
ham s0 y = f(x), x € D khi va chi khi {b - Fd it &8 trn? Bitm nio khéné

thudc dd thi ham so trén?
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* Dé ching to diém M(a ; b) trong mit phing toa do khong thudc dd thi ham so y = flx),
x € D, ta c6 thé kiém tra mot trong hai kha niing sau:

Khd ndng 1: Ching td ring a ¢ D.
Khd ndang 2: Khi a € D thi ching t6 ring b # fla).

Vidu6 = Cho dd thi ham s6 y = f(x) nhu Hinh 3.

a) Trong céc diém ¢6 toa d6 (- 2 ;2), (0;0), (0 ; 1),
(2 ;2), (1; 1), diém nao thudc dd thi ham s6?
Diém nao khong thude dd thi haim s6?

b) Quan sét dé thi, im f{3) va nhiing diém thudc dd thi _3 -2 1 O
P s 9 i
t do bang —.
Cridbas Uas Hinh 3
Giai "
a) Cac diém thudc dd thi ham s6 ¢6 toa dd la: (- 2 ; 2), E
0 00,2 :2). 5 Dua vao Hinh 4, xic dinh

2 A , = 5 0)1 2 -
Cac diém khong thudc do thi ham so c6 toa do la: f(“ )
©; D, (1;1). N o]

b) Quan sit dd thi, ta c6: f(3) = g

oy

Toa d6 nhiing diém thudc do thi c6 tung dd bing 2

5 | 1
1a: (— 3 2), (3 . 2]. | L
2 2 Hinh 4

Vidu 7 | Cho dd thi ham s6 y = f(x) nhu Hinh 5.
a) Xdc dinh toa do cdc giao diém ctia do thi d6 véi hai truc toa do.
b) Ham s8 y = f{x) dudc x4c dinh bdi cong thiic nao?
Gidi
a) Toa do giao diém cta dd thi véi truc hoanh 12 (1 ; 0).
Toa d6 giao di€ém chia d6 thi véi truc tung 1a (0 ; 1).

Vv A

b) Vi @b thi ham s6 y = f(x) 1a dudng thing cit ca hai
truc toa dd nén ham s dé6 13 ham sd bac nhat, tiic
lay=flx)=ax+ b (a+0). Do hai diém A(1 ; 0),
B(0 ; 1) déu nim trén duong thing y = ax + b
(a # 0) nén ta co:

al+b=0 a+b=0 a=-1
= =
al+b=1 b= b=11.
Viyy=fix)=—x+ 1.

Hinh 5
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I1l. SU BIEN THIEN CUA HAM SO
1. Khai niém

Y Cho ham 8 flx) = x + 1.
a) So sdnh f(1) va f(2).

b) Chiing minh ring néu x , x, € R sao cho x, <x, thi fix,) < fx,).

1572

Nhu vay, ham s6 f(x) = x + 1 ¢6 tinh chat sau diy: Khi x tdng thi f(x) ciing tdng. Ta néi
ham s6 trén 14 dong bién trén khodng (— o ; + o).

[ Cho ham s6 y = f(x) x4c dinh trén khoang (a ; b).

* Ham s8 y = fix) goi la dong bién trén khoéang (a ; b) néu

‘v’xl, X, € (a;b), X, <X, :>f(x]) <ﬂx2).

* Ham s0 y = f(x) goi la nghjch bién trén khoang (a ; b) néu

\G’xl, X g€ la: bl X, <X, Dﬂxl) >f(x2).

Vidu 8 | Ching to ham s6 y = 6x> ddng bién trén khodng (0 ; + ).

Gidi

Xét hai 56 bat ki x, x, € (0 ; + o) sao chox, <x,.

Tach: 0<cx <x

1 2

nén 6x; < 6x; hay fix,) < fix,).

(™"
6 Ching t6 ham s§ y = 6x°
nghich bién trén khoang (- o ; 0).

Vay ham s dong bién trén khoang (0 ; + o).

Nhén xét: Xét su bién thién clia mot ham s 12 tim cdc khoang ham s6 dong bién
va cdc khoang ham s& nghich bién. K&t qua xét sy bién thién dugc tong két trong mot
bdng bién thién.

Chéng han, sau ddy 12 bang bi€n thién clia ham s8 y = 6x*:

X

— o0

0

a0

¥

+ o0

M

+ o0

 Dau miii tén di xudng (tif + oo dén 0) dién ta
ham s6 nghich bién trén khoang (— o ; 0).

e Dau miii tén di 1én (tii 0 dén + o) dién ta
ham s6 dong bién trén khodng (0 ; + o).

2. M6 ta ham s6 dong bi€n, ham s6 nghich bién biing doé thi

Cho @b thi ham s6: y = f(x) = x? nhu Hinh 6.
a) So sdnh f{— 2), fi— 1). Néu nhin xét vé su bién thién cta gid tri ham s& khi gi4 tri
bién x ting dan tii — 2 dén — 1.
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b) So sdnh f(1), f(2). Néu nhin xét vé su bién
thién ctia gid tri hAm s& khi gid tri bién x ting
din tir 1 dén 2.

Nhdan xét

* Ham s& dong bicn trén khoang (a ; b) khi va chi

khi do thi ham s6 “di 1én” trén khoéang d6.

* Ham s6 nghich bién trén khoéng (a ; b) khi va
chi khi d6 thi ham s6 “di xudng” trén khodng do.
Khi n6i do thi “di 1én” hay “di xudng”, ta ludn
ké theo chiéu ting chia bién s8, nghia 1a ké tir trai

qua phai.

¥

é I---k- ---I

_I3 -I2 _Il ()

Hinh 6

Vidu9 = Choham sd y = f(x) ¢6 do6 thi nhu Hinh 7. Quan sét do thi va cho biét phat biéu

nao sau day la ding.

a) Ham s y = f(x) ddng bién trén khodng (- 2 ; - 1).

b) Ham s6 y = f{x) nghich bién trén khoang (1 ; 2
¢) Ham s0 y = f{x) dong bién trén khoang (—
Gidi

).

1:1).

a) Phat biéu “Ham s y = f{x) ddng bién trén khodng

(= 2 ;- 1)"1a ddng vi @6 thi ham s& da cho “di
trén khoang do.

b) Phét biéu “Ham s0 y = f{x) nghich bién trén khoang (1

di cho “di xudng” trén khoang dé.

¢) Phét biéu “Ham s6 y = f(x) dong bién trén khodng (— 14

1én”

VA
l__

Hinh 7
; 2)” 1a ding vi do thi ham s6

. 1)” 1a sai vi do thi ham s6

da cho vita c6 phin “di 1én” vifa ¢6 phéan “di xuéng” trén khoéng do.

. BAI TAP

Tim tdp xdc dinh cia mbi ham s3 sau:

4 ,«
a)y:—x2; b) ¥y = v2—3x; c)y:m; d)y:{lneuxe@

Onéux e R\Q.

2. Bdng I duéi ddy cho biét chi s6 PM, . (bui min) & Thanh phd Ha Noi tif thdng 1 dén

thang 12 cta nam 2019.

Trung binh

Thing

nim 2019

PM, .

(pg/m’)

(Nguon: Bdo cdo chdt lugng khéng khi thé gici 2019)

Bdng 1
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a) Néu chi s6 PM2 5 trong thang 2; thang 5; thang 10.

b) Chi s6 PM,, . c6 phai la ham s6 cta thdng khong? Tai sao?

¢) Bui min PM2 5 ¢6 dudng kinh nho hon 2,5 pm (mi-crd-mét) dé dang xAm nhép vao
co thé con ngudi thong qua dudng hd hip va gy nén mot s& bénh nguy hiém nhu

dot quy, tim mach,... Em hiy néu mot s bién phdp bao vé ban than trude bui min.

3. Theo quyét dinh s6 2019/QD-BDVN ngay 01/11/2018 ctia Téng cong ty Buu dién
Viét Nam, gi cudc dich vu Buu chinh phé cip d6i véi dich vu thu ¢ ban va buu
thiép trong nude ¢6 khoi lugng dén 250 g nhu trong bang sau:

a) S6 tien dich vu thu co bdn phdi | Khi lugng dén 250 g | Miic cute (dong)
tra y (dong) c6 la ham so cua khoi D& 20 o 4000
lugng thu co ban x (g) hay khong? tialadll .

Néu diing, hay xéc dinh nhing |Trén 20 gdén 100 g 6 000
cong thdc tinh y. Trén 100 g d&n 250 g 8 000

b) Tinh s0 tién phai tra khi ban Duong |
gtii thu ¢6 khoi lugng 150 g, 200 g (khong ké phu phi va thué VAT).
4. Choham s6y=— 2x°.
a) Tim nhiing diém thudc dd thi ham s6 ¢6 hoanh do 1an lugt bing — 2; 3 va 10.

b) Tim nhiing diém thudc d6 thi ham s6 ¢6 tung -

d6 bling — 18. '
LY
5. Cho dd thi ham s8 y = f(x) nhu Hinh 8. \ 1 //\‘\‘

a) Trong cdc diém c6 toa d6 (1 ; - 2), (0 ; 0), | = " >
(2 : — 1), diém ndo thudc do thi ham s3? e ik R 7 A
Diém nao khong thude dd thi ham s6? )

b) Xdc dinh f(0); 3). 1T ]

¢) Tim diém thudc dd thi ¢6 tung do bing 0.

A ]. A
6. Cho ham s6 y = —. Chting t6 ham so6 da cho:
X

a) Nghich bién trén khoang (0 ; + o0); - r )
y * fix
b) Nghich bién trén khodng (- o ; 0). /\ i

7. Cho ham s8 y = flx) ¢6 d6 thi nhu Hinh 9. Chi 7/1 8 1 3 3 *

ra khodng dong bién va khoang nghich bién ctia
ham s6 y = flx).

8. MO0t 16p mudn thué mot chiée xe khach cho chuyén
tham quan véi tong doan duong can di chuyén
trong khodng tif 550 km dén 600 km, c6 hai cong ty dudc tiép cin dé tham khéo gia.
Cong ty A c6 gid khdi dau 1a 3,75 triéu dong cong thém 5 000 dong cho mbi ki-16-mét
chay xe. Cong ty B c6 gid khéi dau 1a 2,5 triéu dong cong thém 7 500 ddng cho mbi
ki-16-mét chay xe. Lép d6 nén chon cong ty nao dé chi phi 12 thap nhat?

Hinh 9

Dec’:sc sach tali hoc10.vn



§2 HAM sO BAC HAL Yol THI HAM sO BAC HAI
VA UNG DUNG

CAu cang Sydney 1a mot trong nhiing hinh
dnh biéu tugng cla thanh phd Sydney va
nuéc Australia. D6 cao y (m) ctia mot diém
thuoc vong cung thanh cau cing Sydney
c6 thé bicu thi theo do dai x (m) tinh ti
chin cau bén trdi doc theo dudng ndi véi
chan ciu bén phai nhu sau (Hinh 10):

= _ 0,00188(x— 251,5)% + 118 (Ngubn: https.//shutterstock.com)
b J . Hinh 10
fr ?
~ r ~ - A J{' Ay &t*
Ham s6'y = — 0,00188(x — 251,5)2 + 118 co gi ddc biét? f &3%{
.a‘,&:{- = \,)

I. HAM SO BAC HAI

fP Cho ham s y = — 0,00188(x — 251,5)% + 118.

a) Viét cong thic x4c dinh ham s& trén vé dang da thic theo luy thita v6i s6 mii gidm dan
cla x.

b) Béc cia da thic trén bidng bao nhiéu?

¢) Xdc dinh hé s6 ctia x%, hé 6 ctia x va hé s6 ti do.

B Ham 56 bac hai 12 ham s6 dugc cho bing biéu thic c6 dang y = ax? + bx + ¢,
trong d6 a, b, ¢ 1a nhiing hiing s va a khéc 0. Tap x4c dinh clia ham s6 1a R.

Vidul | Trong cdc ham s6 sau, ham s6 nao 1a ham sd bac hai? Vé6i nhiing ham s6 bic
hai d6, x4c dinh @, b, ¢ 14n 1ugt 12 hé s8 ctia x%, hé s8 clia x va hé s6 tu do.
a)y=8x>— 6x+ 1; b) y =2x+2 021.

Gidi ‘
a) Ham s8 y = 8x° — 6x + 1 12 ham s3 béc hai ¢6 hé s6 clia x° lg 1 Cho hai vi du vé
bing 8, hé sd ctia x bing — 6, hé s6 tu do bing 1. ham s& bac hai.

b) Ham s8 y = 2x + 2 021 khong phai 12 ham s6 bic hai.

Il. DO THI HAM SO BAC HAI

Cho ham s8 y = x> + 2x - 3.

a) Tim gia tri y tuong dng vaéi gid tri cta x trong bang sau:

X -3 -2 -1 0 1
y ? ? T T ?
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b) V& cdc diém A— 3 ;0), B 2;-3), C(- 1 ; - 4), % ya
D(0 ; — 3), E(1 ; 0) cha @b thi ham 35y=x2+2x— 3
trong mit phiing toa dd Oxy.

¢) Vé dudng cong di qua 5 diém A, B, C, D, E. Pudng -3\ -2 — | ]
cong d6 1a dudng parabol va ciing chinh 13 d6 thi ham 4 o [|E
s6y=x>+2x—3 (Hinh 11).

d) Cho biét toa dd ctia diém thap nhat va phuong trinh
truc doi xting clia parabol d6. Pd thi ham s6 dé quay B -3
bé 16m Ién trén hay xudng dudi? / 4

Nhdn xét: Puong cong (lién nét) di qua 5 diém A, B, C, D, E

(Hinh 11) cho ta dd thi ham s6 y = x> + 2x — 3, x € R. A 1

D6 1a dudng parabol quay bé 16m 1én trén, ¢6 toa do clia oh pEed

diém thap nhat 1a (- 1; — 4) va ¢6 truc d6i xiing 1a dusng 41

thing x = — 1. /

w Y

C

(7%
Fl

) Cho ham s8y = — x> + 2x + 3.

Tim toa do 5 diém thudc @6 thi ham s6 trén ¢6 hoanh

do lan luot 1a — 1, 0, 1, 2, 3 r6i v& ching trong mit

phing toa dd Oxy. 8 / o |

b) Vé dudng cong di qua 5 diém trén. Pudng cong
dé ciling 12 dudng parabol va 1a dd thi ctia ham s6
y=—x"+ 2x+ 3 (Hinh 12).

¢) Cho biét toa do clia diém cao nhét va phuong trinh truc d6i xdng ctia parabol do6.

Do thi ham s6 d6 quay bé 16m 1én trén hay xu6ng du6i?

e

a

Hinh 12

E D0 thi ham s6 béc hai y = ax® + bx + ¢ (a # 0) 1a mot dudng parabol c6 dinh 1a diém

véi toa do [_ i e A} va truc ddi xdng 12 dudng thing x = — i
2a 4a 2a

Nhdn xét: Cho ham sﬁ’ﬂx) = ax’ +bx +c (a=0), taco: — 43 = (— 2£J
a a

Dé vé& dd thi ham s8 y = ax” + bx + ¢ (a = 0), ta thuc hién cdc budc:
* Xac dinh toa d6 dinh: | — . ; — S x
2a 4a

* V& tryc d6i xtiing x = — By

* Xdc dinh mot s6 diém diic biét, ching han: giao diém véi truc tung (c6 toa do (0 ; c))
va tryc hoanh (néu ¢6), diém doéi xing véi diém c6 toa d (0 ; ¢) qua tryc dbi xing
b

x:—_.
2a
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* V& dudng parabol di qua cdc diém da xdc dinh ta nhin Ey
2

dugc dd thi ham s y = ax” + bx + c. V& dd thi mdi ham s6&

Chii y: Néu a > 0 thi parabol ¢6 bé 1dm quay 1én trén, néu béc hai sau:
a < 0 thi parabol ¢6 bé 16m quay xudng dudi. a)y=x"—4x-3;
b)y=x"+2x + 1;

Vidu?2 | VEdd thi ham s6 bac hai y = x> — 2x — 3.
Gidi
Tacé:a=1,b=-2,c=-3,A=(-2>-4.1.(-3)=16.
— Toa d6 dinh I(1 ; — 4).
— Truc d6i xting x = 1.
— Giao diém ctia parabol véi truc tung 12 A(O ; - 3).

c)y=—x2—2.

YA
\ ] |
B

— Giao diém clia parabol v6i truc hoanh 1a B(- 1 ; 0) va
B ) B

— Piém d6i xting v6i diém A(0 ; — 3) qua truc do6i xing
x=11aDQ2 ;—3).

V& parabol di qua c4c diém duge xdc dinh & trén, ta nhin

duoc dd thi ham s8 y = x*> — 2x — 3 nhu Hinh 13.

Hinh 13

o
a) Quan sat dd thi ham s& bac hai y = x> + 2x — 3 trong Hinh 11. Xéc dinh khodng ddng
bién, khoang nghich bién ctia ham s& va lap bang bién thién ctia ham s do.
b) Quan sét dd thi ham s6 bac hai y = — x> + 2x + 3 trong Hinh 12. Xdc dinh khoang ddng
bién, khoang nghich bién ctia ham s& va lip bang bién thién ctia ham s6 do.
Nhdn xét: Cho ham s0 bac hai y = ax® + bx + ¢ (a+0).

* Néu a > 0 thi ham s6 nghich bién trén khoéng [— 0} — i—j dong bién trén khoing

[ % J 2a
—— 4]
2a

* Néu a < 0 thi ham s6 dong bién trén khoing [— 00 ! — ;) nghich bién trén khoidng

b a
[__;m].
2a

Ta c6 bang bién thién cua ham s6 bac hai nhu sau:

a>0 a<(
b b
i = _E S X — —% + oo
+ o0 + 0 A
Y \_%/ Y /_a\
a — 0 — o0
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Vidu3 = Néu khodng dong bién, nghich bién cia mbi ham s6 sau:

a) y=3x"+5x—2; b) y=—4x* + 6x + 3.
Gidi 2 3 ;
a)Tac6:a=3>0,b=5 - —=—-—.
2a 6 y 3 Lap bang bién thién ciia
Vay ham s6 da cho nghich bién trén khoang [— 0 ; — —} : moi ham s§ sau:
2
A . A , )= = 4,
dong bién trén khoang [— il s+ oo). Sase =
6 b)y=—2¢%+5.
b) Ta c6 4<0,b=6 N
acb:a=- ; B, = —=r
2a 4

Vay ham s6 da cho dong bién trén khodng [— 0 %J :nghich bién trén khoéng [% i 00)-

Ill. UNG DUNG
Cé4c ham s6 béc hai ¢6 nhiéu ting dung trong viéc gidi quyét nhiing van dé thuc tién.
Chang han, ta s& tim hiéu ting dung d6 thong qua vi du sau:

Vidu4 = Khi mot qua béng dude da 1én, n6 sé
dat dén do cao nao d6 rdi roi xudng. Hinh 14
minh hoa quy dao clia qua béng 1a mot phan ctia gloo B __
cung parabol trong mit phang toa do Oth, trong
d6 ¢ 1a thoi gian (tinh bing gidy) ké ti khi qua
béng dudc dd 1én va i 1a @6 cao (tinh biing mét)

-

h(m) 4

clia qua boéng. Gia thiét ring qua béng dugc 0 5 el
da tii mit dat. Sau khoédng 2 s, qua bong 1én dén Hink 14

vi tri cao nhat 12 8 m.

a) Tim ham s6 bic hai biéu thi d6 cao 4 theo thdi gian ¢ va ¢6 phan dd thi tring véi quy dao
clia qua béng trong tinh hudng nay.

b) Tinh d6 cao cua quéa bong sau khi da [én duge 3 s.

¢) Sau bao nhiéu gidy thi qua bong cham dat ké tii khi dd 1én?

Gidi

a) Goi ham so bac hai biéu thi do cao / (m) theo thoi giant (s)la: h=£r) = ar’ + bt +¢ (a<0).

Theo gia thiét, qua béng dugc d4 1én tif mit dat, nghia 1a 0) = ¢ =0, do d6 fir) = ar® + bt.

Sau 2 s, qua bong 1én dén vi tri cao nhit 1a 8 m nén

—%:2 " {b—«-’la " {b:4a g, Ja=—

foy-g  (da+26=8 " |-4a=8 lb=8.

Vay h=fir) =— 2¢* + 8t.
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b) Bd cao clia qua béng sau khi d4 1én dugc 3 s la:
h=f3)=-2.3+8.3=6(m).

¢) Cdch 1. Qud béng cham dat (trd lai) khi do cao h = 0,
tic la:

t>0
9 <t=4
- 2t°+8t=0

Vi thé€ sau 4 s qua béng s& cham dat ké tit khi d4 Ién.

Cdch 2. Quy dao chuyén ddng ctia qua béng 1a mot phin ctia cung parabol ¢6 truc doi
xting 1a dudng thing 7 = 2. Piém xuit phdt va diém qua béng cham dat (trd lai) doi xiing

o

rong bai todn & phan
md& dau, d6 cao y (m) cla
mot diém thude vong cung
thanh cdu cang Sydney dat
gid tri 16n nhat 1a bao nhiéu
mét (lam tron két qui dén
hang phan mudi)?

nhau qua dudng thang ¢ = 2. Vi thé sau 4 s qua béng s& cham dat ké tit khi d4 Ién.

B siiTae

1. Trong céc ham s8 sau, ham s& nao 1a hdm s6 bac hai? Vi nhiing ham s8 bic hai d6,

x4c dinh a, b, c 1an lugt 1 hé 6 cha X2 , hé sO cha x va hé so tu do.

a)y:—3x2; b)y:Zx(x2—6x+I);

)y =4x(2x - 5).

2. Xac dinh parabol y = ax® + bx + 4 trong mdi trudng hgp sau:

a) bi qua diém M(1 ; 12) va N(- 3 ; 4);

b) Cé dinh 1a I(— 3 ; - 5).
3. Vé db thi ctia mdi haim s6 sau:

a)y=2x2—6x+4; b)y=—3x2—6x—3.
4. Cho @d thi ham s6 bac hai 6 Hinh 15.

a) X4c dinh truc doi xting, toa d6 dinh ctia do thi ham so.
b) Xdc dinh khoéng dong bién, khoang nghich bién

ctia ham so.

¢) Tim cong thiic xdc dinh ham s4.

—
1
T

Hinh 15

5. Néu khoang dong bién, khodng nghich bién ctia mdi ham s6 sau:

a)y=5x2+4x—1; b)y:—2x2+8x+6.

6. Khi du lich dén thanh phd St. Louis (My), ta s& thdy mdt cdi cong 16n ¢6 hinh parabol
hudéng bé 10m xudng dudi, d6 1a cong Arch. Gia sii ta 1ap mot hé toa dd Oxy sao cho

mot chan cong di qua goc O nhu Hinh 16
(x va y tinh biing mét), chan kia ctia cong
G vi tri c6 toa d6 (162 ; 0). Biét mot diém
M trén cong ¢6 toa @6 1a (10 ; 43). Tinh
chiéu cao ctia cong (tinh it diém cao nhat

trén cOng xudng mit dat), lam tron k& Cong Arch (St.Louis, M3)

.k

[ M

T AET)
Hinh 16

qua dén hang don vi. (Nguon: hitps://shutterstock.com)
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§3 | DAU CUA TAM THUC BAC HAI

Dé xay dung phuong 4n kinh doanh cho mét loai san phidm, doanh nghiép tinh toan Igi
nhuin y (d6ng) theo cong thiic sau: y = — 200x% + 92 000x — 8 400 000, trong d6 x 1a s6
san phdm dugc ban ra. Nhu vay, viéc xdc dinh 1i hay 16 khi kinh doanh loai sdn phim
trén dan t6i viée xét ddu chia y = — 200x% + 92 000x — 8 400 000, tiic 12 ta cAn xét diu clia
tam thtic bac hai f{x) = — 200x” + 92 000x — 8 400 000.

Da thic béc hai fix) = ax* +bx + ¢ (a # 0) con goi 1a tam thiic bdc hai. Sau day, ta sé lam
quen vdi viéc xét ddu ctia tam thic bic hai.

2
;"’@53% Lam thé nao dé xét ddu cia tam thitc bdc hai?

I. DAU CUA TAM THUC BAC HAI

Xét tam thic bac hai fix) = ax? + bx + ¢ (a = 0).

Ta da biét:

cax’ +bx+¢>0 ting véi phéan parabol y = ax® + bx + ¢ nim phia trén truc hoanh.

e ax’ + bx + ¢ < 0 ting v6i phin parabol y = ax® + bx + ¢ nim phia duéi truc hoanh.
Nhu vy, ta ¢6 thé nhan ra diu cta tam thiic bic hai fix) = ax® + bx + cla“+” (hodc “-")
thong qua viéc nhin ra phan parabol y = ax® + bx + ¢ nim phia trén (hodc phia dudi)
truc hoanh.

NP
g 1

a) Quan sat Hinh 17 va cho biét ddu ctia tam thic béc hai fix) = x*> — 2x + 2 trén R.
b) Quan sit Hinh 18 va cho biét dau ctia tam thic bic hai f(x) = — x> + 4x — 5 trén R.

¢) Tit d6 rit ra méi lién hé vé dau ctia tam thic bac hai fix) = ax* + bx + ¢ (a = 0) trén R
v6i dau cta hé s8 a trong trudng hgp A < 0. v,
YA 1

v

=Y

A

=
&
X
A
\
LN

=Y

& 5i
Hinh 17 Hinh 18

Nhén xét: Néu A < 0 thi fix) cung dau v6i hé s6 a véi moi x € R.
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a) Quan st Hinh 19 va cho biét dau ctia tam thic bac hai f(x) = x> + 2x + 1.
b) Quan sat Hinh 20 va cho biét ddu ctia tam thic bac hai f(x) = — x* + 4x — 4.

¢) Tit d6 rit ra moi lién hé vé ddu ctia tam thiic bac hai fix) = ax® + bx + ¢ (a # 0) véi ddu
ctia hé s6 a trong trudng hop A = 0.

Hinh 19

; : 3 =b
Nhan xér: Néu A = 0 thi f{x) cing dau v6i hé s6 a véi moi x € R \ {%}

a) Quan sat Hinh 21 va cho biét dau clia tam thiic bic hai f(x) = X+ 3x+2 tuy theo céc
khoang cua x.

b) Quan sit Hinh 22 va cho biét diu ctia tam thidc bac hai fix) = - 2 +4x-3 tuy theo
cdc khoang cua x.

¢) Tii d6 rit ra moi lién hé vé ddu ciia tam thiic bac hai f(x) = ax’ + bx + ¢ (a=0) véi diu cta
hé s6 a tuy theo cdc khodng clia x trong trudng hgp A > 0.

VA VA

=Y

I~

Hinh 21 Hinh 22

Nhén xét: Néu A > 0 thi f(x) cting diu véi hé s6 a v6i moi x thudc cdc khodng (— oo ; 3
va (x, ; + 0); fix) trdi dau v6i hé s0 a véi moi x thude khoang (x, ; x,), trong d6 x,, x, 1a
hai nghiém cta f{x) vax <x,.
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Ngudi ta ¢4 chiing minh dugc dinh Ii vé diu tam thiic bic hai sau:

[ Cho tam thuc béc hai f(x) = ax> + bx + ¢ {a=10). A= b* — 4ac.
+ Néu A < 0 thi f{ix) cung diu véi hé s6 a v6i moi x € R.

” A _ - u 4 = b
+ Néu A = 0 thi f{ix) cing dau v6i hé s6 @ v6i moi x € R \ {2—} ‘
a

+ Néu A > 0 thi f{x) c6 hai nghiém X Xy (X <X,). Khi do:
f(x) cing ddu véi hé s6 @ véi moi x thude cdc khodng (— oo ; xl) va (x2 s+ 0);

S(x) trdi ddu v6i hé s6 a v6i moi x thudc khoang (x| ; x,).

Nhén xét: Trong dinh i, ¢6 thé thay biét thic A = b* — 4ac bing biét thic thu gon
A = (b)) = ac véib=2b".

Il. Vi DU
1 Xét dau ctia mdi tam thiic

Vidul & Xét diau ciia moi tam thic bac hai sau: e
béc hai sau:

a) fx) =3x* - x+ 1; a) fix) =— 2% + 4x - 5;

. 7
b)ﬂx):4x2+4x+l. b) fix)=—x"+6x-9.

Gidi
a) Tam thﬁcbachaif(x)=3x2—x+ 1c6A=-11<0,hé s6a=3>0nénflx)>0
vl moi x € R.

: ) A ) |
b) Tam thiic bac hai fix) = 4% +4x+ 1 c6 A = 0, nghiém kép x, = — 2 va hé so
1
a=4>0nén fix) >0 vdi moixeR\{- E} .
Vidu2  Lap bing xét dau clia tam thic bic hai E 2 Lap bang xét diu clia

_ 2 tam thic béc hai:
=x"-3x+2.

Je=%"- f)=—2—2x+8.

Gidi

Tam thudc bac hai fix) = X% - 3x + 2 ¢6 hai nghiém phan biét X, = o

a=1>0.

,=2vahésd

Ta c6 bang xét dau ciia fix) nhu sau:

X — o 1 o +

fix) - 0 - 0 +
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Vidu3 = Tim nghiém va lap bang xét diu cha tam thic bac hai f(x) Gng véi @6 thi
ham s6 y = flx) dude cho 6 mbi Hinh 23a, 23b, 23c.

VA VA YA

; \ /
\ /

T Nk

INE \ = LWL S |

a) b) c)
Hinh 23

a-‘f

2

Gidi

a) Tu d0 thi Hinh 23a ta ¢6 nghiém cta
tam thic bac hai f(x) la x= 1. Bang xét
ddu cha f(x) la: fix) - 0 -

b) Tt d6 thi Hinh 23b ta c6 tam thic bac A e
hai f{x) vd nghiém. Bing xét dau cla
fix) la: flx) +
¢) Tt d@d thi Hinh 23c ta ¢6 tam thic
% ’ g 3 N § X |—o —2 1 +
béc hai f(x) c¢6 hai nghiém la X, =— 2 va
x, = 1. Bang xét ddu ctia f(x) la: Sx) 4 0§ + 0 =

Vidu4 = Trong bai toan & phan md dau, dya theo sd sdn pham bdn ra, cho biét doanh
nghiép ¢6 1ai khi nao, bi 16 khi ndo.

Gidi
Xét tam thiic bac hai f(x) = — 200x + 92 000x — 8 400 000.
Nhan thdly f(x) 6 hai nghiém Ia x, =— il e 125,6;.x,=— il it 3344
va hé s6 a = — 200 < 0. Ta c6 bang xét dau cha f{x) nhu sau:
X — 00 xl x2 <4 ob
) - 0 + 0 -

Vi x 12 $6 nguyén duong nén:
+) Doanh nghiép c6 lai khi va chi khi f{x) > 0, tdc 1a 126 < x < 334.
+) Doanh nghiép bi 16 khi va chi khi f{x) < 0, tdc 1a x < 125 hoic x > 335.

Vay doanh nghiép c6 lii khi ban tlt 126 dén 334 san phdm, doanh nghiép bi 16 khi ban
t6i da 125 sdn phim hoic bén tdi thi€u 335 san pham.
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. BAI TAP

Trong céc phat bi€u sau, phét biéu ndo ding, phét biéu ndo sai?
a)x —2x—3>0khivachikhixe (—ow;— 1)U 3 ;+ »).
b)xZ—Zx— 3<0khivachikhixe [-1;3]

2. Tim nghiém va lap bang xét diu ctia tam thiic béc hai f(x) véi d6 thi duge cho & moi
Hinh 24a, 24b, 24c.

YA YA \ VA |

P | ] > - »>
) | x 4 -N\O 7 X A
/ \
a) b) c)
Hinh 24

3. Xét diau ctia mdi tam thic bac hai sau:
a) flx) =32 — dx + 1; b) fix) = 9x% + 6x + 1; ¢) flx) = 2% — 3x + 10;
d) fix)=- 5¢% + 2x + 3; e)ji{x):—4x2+ 8x — 4, g) flx) =-— 3% + 3%~ 1.
4. Mot cong ty du lich thong bdo gid tién cho chuyén di tham quan ctia mot nhém
khach du lich nhu sau:

50 khach dau tién c6 gid 1a 300 000 dong/nguidi. Néu ¢ nhiéu hon 50 ngudi ding ki thi
cti ¢6 thém 1 ngudi, gid vé s& giam 5 000 ddng/nguidi cho toan b hanh khach.

a) Goi x 1a s6 lugng khéch tif ngudi thi 51 trd 1én cia nhém. Biéu thi doanh thu theo x.
b) SO ngudi ctia nhém khach du lich nhiéu nhat 14 bao nhiéu thi cong ty khong bi 15?
Biét ring chi phi thuc su cho chuyén di 1a 15 080 000 dong.

5. B0 phan nghlen CiIu thi trudng ctia mot xi nghlep xéc dinh téng chi phl dé san xult
Q sin pham 12 Q + 1800 + 140 000 (nghin dong). Gia st gid mdi sdn pham bén ra
thi trudng 12 1 200 nghin dong.

a) Xdc dinh Igi nhudn xi nghigp thu dugc sau khi bin hét Q san phidm do, biét ring
1gi nhudn 12 hiéu ctia doanh thu trii di tong chi phi dé san xuit.

b) Xi nghiép cin san xuat bao nhiéu sin pham dé khong bi 16? Biét ring cdc san phim
dudc san xuit ra déu ban hét.
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§4 | BAT PHUGNG TRINH BAC HAI MOT AN

Bdc Diing mudn udn tim ton phing o
c6 dang hinh chii nhit v6i bé ngang i
32 ¢m thanh mot rinh din nudc bing
cdch chia tim ton d6 thanh ba phan
roi gap hai bén lai theo mot géc vudbng
(Hinh 25). D& dam béo ki thuat, dién
tich mit cit ngang clia rinh dan nudc

/ e ||

Mt ¢dt ngang

phai 16n hon hodc bing 120 cm”. Hinh 25
Ranh dan nudc phdi cé dé cao it nhdt la bao nhiéu xdng-ti-mét? ’)ﬁ*

I. BAT PHUONG TRINH BAC HAI MOT AN
Quan sdt v néu dic diém ciia biéu thic & v& trdi cha bat phucng trinh
3P A~ Bl

[ e Bdt phutong trinh bdc hai dn x 1a bat phuong trinh ¢6 mot trong cdc dang sau:

ax2+bx+c<0; ax* + bx+c£0;ax2+bx+ c>0;ax2+ bx + ¢ = 0, trong dé
a, b, ¢ 1a cdc so thuc da cho, a = 0.

« D3i v6i bt phuong trinh bic hai ¢6 dang ax® + bx + ¢ < 0, mdi 6 x, € R sao cho
axg + bx,, + ¢ <0 dudc goi Ia mot nghiém cia bt phuong trinh do.

Téap hop céc nghiém x, nhu thé con dugc goi 1a tdp nghiém cha bat phuong trinh

bac hai da cho.

Nghiém va tAp nghiém ctia cdc dang bat phuong trinh bic hai 4n x con lai dudgc

dinh nghia tuong tu.

Vidul | Cho bét phuong trinh bac hai mot 4n x° — 4x + 3 < 0 (1). Trong cdc gid tri sau
day ctia x, gid tri ndo 12 nghiém cta bat phuong trinh (1)?

=2 b =) Cla=3

Gidi L=

a) Véix=2,tac6:2°-4.2+3=—1<0.VAyx=212 1 a) Cho hai vi du v& bat
nghiém ctia bat phuong trinh (1). phuong trinh bac hai mot 4n.

b) V6ix=0,tacé: 0°~4.0+3=3>0.Vayx=0  b) Cho hai vi du vé bat
khong phai 14 nghiém ctia bat phuong trinh (1). phuong trinh ma khong phai

la bat phuong trinh bic hai
mot an.

¢) V6ix =3, tacé: 3°—4.3+3=0. Viy x = 3 khong
phéi 12 nghiém cta bét phuong trinh (1).

Chii y: Giai bat phuong trinh bac hai 4n x 12 di tim tdp nghiém ctia bat phuong trinh do6.
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Il. GIAI BAT PHUONG TRINH BAC HAI MOT AN

1. Giai bat phuong trinh bac hai mot 4n bing cach xét diu cua tam thirc bac hai

a) Lap bang xét ddu ctia tam thic bac hai fix) = x> — x — 2.

b) Gidi bét phuong trinh x> — x — 2 > 0.

Nhdn xét: D€ giai bat phuong trinh bac hai (mdt 4n) ¢6 dang fix) > 0 (flx) = ax® + bx + ¢),

ta chuyén viéc gidi bat phuong trinh d6 vé viéc tim tip hgp nhiing gid tri ctia x sao cho

fix) mang diu “+”. Cu thé, ta lam nhu sau:

Bude 1. Xdc dinh diu ctia hé s6 a va tim nghiém cta f{x) (néu co).

Butée 2. St dung dinh Ii vé diu ctia tam thidc bic hai dé tim tip hop nhiing gid tri chia x
sao cho f{x) mang dau “+”.

Chii y: Céc bt phuong trinh béc hai c6 dang fix) < 0, fix) > 0, fix) < 0 dudc giai bing

cich tuong tu.

-

Vidu2 = Gii cdc bat phuong trinh béc hai sau: 9
2 Gidi cdc bat phuong trinh
bac hai sau:
b) —x*— 2x+8>0. 2) 35~ 2x + 4 < 0;
b)-x*+6x—-9=0.

a) 2x* - 5x+2>0;

Gidi

a) Tam thic bac hai 2%% — 5x + 2 ¢6 hai nghiém X)= =, Xy = 2vicohésba=2>0.

1
2
St dung dinh 1i vé dau clia tam thiic bac hai, ta thdy tdp hop nhiing gid tri ctia x sao

cho tam thic 2x* — 5x + 2 mang diu “+" 1a [_ 0 ; %] W (2 + o0).

Viy tap nghiém ctia bat phuong trinh 2% -5x+2>01a [_ 0 ; %) (2 5 + 00).

b)TamthﬁCbﬁchai—x2—2x+SCéhai nghiém x :—4,x2:2vécéhé36a:— 1 <0.

1
St dung dinh 1i vé dau clia tam thiic bac hai, ta thdy tdp hop nhiing gid tri ctia x sao
cho tam thiic — x* — 2x + 8 mang ddu “+” 12 (- 4 ; 2).

Vay tap nghiém cta bat phuong trinh — -2+ 8>01a(4;2)

2. Giai bat phuong trinh bac hai mot 4n biang cach sir dung do thi
%SEP Cho bit phuong trinh x> — 4x + 3> 0 (2).

L

Quan sat parabol (P): y = x> — 4x + 3 & Hinh 26 va cho biét:
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a) Bit phuong trinh (2) bi€u dién phin parabol (P) nim & y
phia nao cua truc hoanh.

b) Phan parabol (P) nim phia trén truc hoanh tng vdi ;
nhiling gid tri nao cua x.
Bdt phiong trinh (2) biéu dién phan i : , i
parabol (P) ndam phia trén truc hoanh g C(/é‘@\’ "ol N\ @ X
tuong ing voi x < 1 hodc x > 3. @g\ ', —14-------3
- Hinh 26

Nhan xét

* Gidi bdt phitong trinh bdc hai ax®> + bx +¢>01atim tap hgp nhiing gid tri clia x Ging
v6i phan parabol y = ax® + bx + ¢ nim phia trén truc hoanh.

* Tuong tu, gidi bit phuong trinh bic hai ax’> +bx + ¢ <01atim tap hgp nhting gia tri cua
x ing vGi phin parabol y = ax” + bx + ¢ nim phia dudi truc hoanh.

Nhu vy, dé gidi bat phuong trinh bac hai (mét 4n) ¢6 dang fix) > 0 (fx) = ax* + bx + ¢)

bing cdch st dung dd thi, ta ¢6 thé 1am nhu sau: Dua vao parabol y = ax” + bx + ¢, ta tim

tap hop nhiing gid tri cia x Ging v6i phin parabol d6 nim phia trén truc hoanh. D&i véi cic

bat phuong trinh bac hai ¢6 dang fix) <0, flx) = 0, fix) <0, ta cling 1am tuong tu.

Vidu3 & Quan sit dd thi 6 Hinh 27, Hinh 28 va giai cdc bat phuong trinh bic hai sau:

a)x*—Sx+4<0. b) — x% + 3x 540,
YA YA
4. =+
3--
225 Lo
0 5 3\~ .
1 W\
\
£a ™
-2.25 X
1
Hinh 27 Hinh 28

Gidi |

a) Quan sét dd thi & Hinh 27, ta thiy: x* — 5x +4 < 0 3 Giai mbi })ﬁ't phuong trinh
béc hai sau bang cich st dung
dd thi:

a) x4 2x +2>0;
b)—3x>+2x—1>0.

biéu dién phin parabol y = x* — 5x + 4 niim phia dudi
truc hoanh, tuong ing véi 1 < x < 4.

Vay tap nghiém ctia bat phuong trinh =B td <l
la khoang (1 ; 4).
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b) Quan st do thi & Hinh 28, ta thiy: — x* + 3x > 0 biéu dién phan parabol y = — x* + 3x nim
phfa trén tryuc hoanh, tuong ting véi 0 < x < 3. Viy tip nghiém cla bat phuong trinh
— x> + 3x > 0 1a khoang (0 ; 3).

- ? - - - -~ 2
lll. UNG DUNG CUA BAT PHUONG TRINH BAC HAI MOT AN
Bit phuong trinh bic hai mot 4n ¢6 nhiéu tng dung, ching han: gidi mdt s6 hé bat
phuong trinh; Ging dung vao tinh todn Igi nhudn trong kinh doanh; tinh toan diém roi
trong phéo binh; ...
Chiing ta s& lam quen vdi nhiing tng dung d6 qua mot s6 vi du sau day.

Vidu 4 = Gii bai todn § phan mé dau.
Gidi
Khi chia tAm ton d6 thanh ba phan rdi gp hai bén lai theo mot gé¢ vudng nhu Hinh 25 thi
kich thudc ctia mit cit ngang la x (cm) va 32 — 2x (cm). Khi d6 dién tich mat cit ngang la
(32 - 2x)x (cm?).
Ta thay: Dién tich mit cit ngang ctia rinh dan nudc 16n hon 120 cm? khi va chi khi
(32 - 2x)x > 120 — x* + 16x— 60 > 0.

Tam thiic fx) = — x* + 16x — 60 c6 hai nghiém x =6, x, =10 vah¢ s a=- 1< 0.
Sti dung dinh 1i vé diu ctia tam thiic bac hai, ta thiy tip hop nhiing gi4 tri cia x sao cho
tam thiic f{x) mang dau “+” 1a khoéng (6 ; 10). Do d6 tdp nghiém ctia bt phuong trinh
— x*+16x— 60 =0 1a doan [6 ; 10].
Vay rinh dan nudc phéi c6 do cao it nhét 1a 6 cm.

Vidu5 & Tim giao céc tap nghiém ctia hai bat phuong trinh sau:
P+2x-8<03)vax’—-9<0 @)
Gidi
Ta cé: (3) < — 4 < x < 2. Tap nghiém ctia bat phuong trinh (3) la S;=(=4;2);
(4) © — 3 < x < 3. Tap nghiém cla bat phuong trinh (4) 1a S;=( 3: 3)
Giao céc tap nghiém cta hai bit phuong trinh trén 1a:

S:S3m54=(—4;2)m(—3;3)=(—3;2).

o . _
. 0 2 X
z —
-3 0 3 X
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Vidu6 = Mot tinh hudng trong huan luyén phéo binh dugc md tad nhu sau: Trong
mit phiang toa dd Oxy, khiu dai bac dugc biéu thi bing diém O(0 ; 0) va bia muc tiéu

dugc biéu thi bing doan thang MN véi M(2 100 ;

¥

cin xdc dinh parabol y = — a*x* + 10ax Y
(@ > 0) md ta quy dao chuyén dong cla
vién dan sao cho vién dan bén ra ti khiu
dai bac phai cham vao bia muc tiéu. Tim
gid tri 16n nhét cta a dé xa thi dat dugc
muc dich trén.

25) va N(2 100 ; 15) (Hinh 29). Xa tht

y = —a*x* + 10ax

M

iV;

Y

s 0
Gidi
Tai vi tri x = 2 100, d0 cao cta vién dan la:

2100 X
Hinh 29

y=—a*.2100% + 10a . 2 100 = — 4 410 000a* + 21 000a.

Vién dan cham duoc vao bia muyc tiéu khi va chi khi @ thod mén cédc bat phuong trinh sau:

2100 < 10 (5): — 4410 00042 + 21 000a <25 (6); — 4 410 00042 + 21 000a > 15 (7).

a

. (5)(:)1221()<:>0<a£ﬁ.Tﬁclaa € [0;1}.

a

o (6) & 4 410 0004 - 21 000a+ 2520

210

< (2100a- 5)2 > (). Bat phuong trinh nay ding Va > 0.
1 V10 | \10
. 2. <0 —- <as—+
(7)== 4410000a”-21000a+15<0 120 2100 120 2100

420 2100 420 2100

R Yy

l mOvﬁl m lné

e i DN n

420 2100 420 2100 210

10_1+Jﬁ

210 420 2100 420 2100

A B

-

420 2100420 2100 |

Vi thé, vién dan cham dugc vao bia myc tiéu |
khi va chi khi 4 Tong chi phi 7' (don vi tinh: nghin dong)

NN SRy

420 2100 420 2100

Viy gid tri 16n nhit clia a 1a & ﬂ
420 2100

Poc sach tai hoc10.vn

dé san xuit Q sin phim dugc cho bdi
bidu thic T = Q2 + 300 + 3 300; gid bn
clia 1 san pham la 170 nghin ddng. SO
san phdm dugc san xuat trong khodng
nao dé dam bao khong bi 16 (gia thiét cic
san pham dugc ban hét)?
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. BAI TAP

Trong céc bat phuong trinh sau, bat phuong trinh nao 1a bat phuong trinh bic hai
mot an? Vi sao?

1
a)—2x+2<0; b)zyz—\E(erl)gO; )y +x% - 2x>0.

2. Dua vio dd thi ham s& bic hai y = f(x) trong m3i Hink 30a, 30b, 30c, hiy viét tip
nghiém ctia mdi bat phuong trinh sau: fix) > 0; fix) < 0; fix) = 0; fix) <0.

Ay lhv\’ a
L 4 L A4

=

[ o B
1 I
T

[ §%]

=y

o
|

a) b) c)
Hinh 30
3. Gidi cdc bat phuong trinh bic hai sau:
a)2x> - 5x+3>0; b)—x>—2x+8<0;
c)4x2—12x+9<(); d)—3x2+7x-420.

4. Tim m dé phuong trinh 25 + (m+ 1)x+m— 8 =0 c6 nghiém.

Xét hé toa d@d Orh trén mit phing, trong d6 truc Or biéu thi thdi gian ¢ (tinh bing
giay) va truc Oh biéu thi do cao A (tinh b‘ﬁng mét). Mot qua bong dude da 1én tit diém
A(0 ; 0,2) va chuyén dong theo qu dao 1a mdt cung parabol. Quéa béng dat dd cao
8,5 m sau 1 gidy va dat do cao 6 m sau 2 gidy.
a) Hay tim ham s6 bac hai biéu thi quy dao chuyén ddng ctia qua bong.
b) Trong khodng thdi gian no thi qua béng van chua cham dat?

6. Cong ty An Binh thong bdo gi4 tién cho chuyén di tham quan cia mot nhém khéch
du lich nhu sau:

10 khich dau tién c6 gia 1a 800 000 ddong/ngudi. Néu ¢ nhiéu hon 10 ngudi ding ki
thi ¢ ¢6 thém 1 ngudi, gia vé s& gidm 10 000 dong/ngudi cho toan bd hanh khéch.

a) Goi x 12 s6 lugng kh4ch tlit ngudi thi 11 tré 1én ctia nhém. Biéu thi doanh thu theo x.
b) SO ngudi ctia nhém khach du lich nhiéu nhat 12 bao nhiéu thi cong ty khong bi 15?
Biét riing chi phi thuc su cho chuyén di 1a 700 000 dong/ngudi.
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TiM HIEU THEM

Béng dudi day tong két cdc trudng hop c6 thé xdy ra khi gidi bat phuong trinh bic hai
ax®> + bx +c¢>0(*) (a=0).

Piit f(x) = ax® + bx + c.

Dau cua a - S
> <
DAu cua A
Mexe(-0;x)U(x,;+x) (*) e xe (x;x,)
YA VA
A>0
f{x) ¢6 hai nghiém x,, x, (x, <x,) i / _4% b
] 'Zla A0 G 0,1;},\‘_?
S T - “2a
4a /
b *) v6 nehid
() xe R\ em (*) vO nghiém
a

vA
YA

A=0 / _B
2a
b

x) ¢6 nghiém kép x = — — 7??
A g Y Ya b/o . /
X
" 2a

S

He=xelR (*) vO nghiém
YA VA
A<O / B
Ol 2a
5 nohid " . e
Jf(x) v nghiém <1 . A 2
b O X 4a
or /

Tuong t, em hiy 14p bang tdng két cédc trudng hop c6 thé xay ra khi gidi cdc bat phuong
trinh bac hai ax® + bx + ¢ < 0; ax2+bx+(:20;ax2+bx+c§0(a¢()).
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§5 | HAIDANG PHUONG TRINH
QUY VE PHUONG TRINH BAC HAI

Hai 6 t6 xuit phat tai cing mot thoi diém voéi <
vén td¢ trung binh nhu nhau 1a 40 km/h tii hai l
vi tri A va B trén hai con dudng vudng géc véi i

nhau d€ di vé bén O 1a giao ctia hai con dudng. — )5
Vi tri A cdch bén 8 km, vi tri B cdch bén 7 km. e
Goi x (gi0) Ia thai gian hai xe bit ddu chay cho

t6i khi cach nhau 5 km (Hinh 31). @
Ban Duong xac dinh dugc x thod man phuong
trinh /(8 — 40x)% + (7 — 40x)? =

? Hinh 31
" f@% Lam thé nao dé tim duge gid tri cuia x?

. GIAl PHUONG TRINH CO DANG \/f(x) = \/g(x) (I)

(flx) = ax® + bx + ¢ va g(x) = mx* + nx + p voi a # m, a hoac m c6 thé ban g ()

D¢ gidi phuong trinh (I), ta 1am nhu sau:

Bude 1. Binh phuong hai v& ctia (I) din dén phuong trinh f(x) = g(x) r6i tim nghiém cta
phuong trinh nay.

Budc 2. Thay tling nghiém cua phuong trinh f{x) = g(x) vao bit phuong trinh f{x) > 0
(hodic g(x) = 0). Nghiém nao thod man bat phuong trinh d6 thi gitt lai, nghiém
nao khong thoa man thi loai di.

Butée 3. Trén co s6 nhiing nghiém giii lai 6 Budc 2, ta két ludn nghiém ctia phuong trinh (I).

Chii y:

» Trong hai bat phuong trinh f{x) > 0 va g(x) > 0, ta thudng chon bat phiiong trinh ¢6 dang
don gian hon dé thyc hién Budc 2.

o Ngudi ta chiing minh dudc ring tip hop (s thuc) gifi lai & Bude 2 chinh la tap nghiém
cua phuong trinh (I).

Phitad J Giiiolone thnk Y42 - G4 =oJx—a ),
Gidi
Binh phuong hai v& ctia (1) ta dudc —bx—d=x-4 (2).
Ta cé: (2) & x*> - Tx =0.
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Do do, phuong trinh (2) ¢6 hai nghiémlax=0vax=7.

Thay lan lugt hai gi4 tri trén vao bat phuong trinh x — 4 > 0, ta thiy chi ¢6 x = 7 thod man
bat phuong trinh.

Vay nghiém ctia phuong trinh (1) lax =7.

Vidu2 = Giai phuong trinh \/2x2 +3x+1= \/x2 +4x+3 (3).
Gidi
Binh phuong hai v& ctia (3) ta dugc 2x% + 3x + 1 = x + 4x + 3 (4).
Ta cé: (4)<:>x2—x— 2=10.
Do @6, phuong trinh (4) c6 hai nghifmlax=-1va =
x=2. 1 Giai phuong trinh:

Thay lan ludt hai gi4 tri trén vao bat phuong trinh 5 -
x> +4x + 3 >0, ta thdy ca hai gid tri d®u thod mén \/3x —4x+1=vx"+x-L

bat phuong trinh.
Vay phuong trinh (3) c6 hai nghiémlax=-1vax=2.

-

Il. GIAI PHUONG TRINH CO DANG //(x) = g(x) (11)

(fix) = ax® + bx + ¢ va g(x) = dx + e v6i a = d°)

Dé gi4i phuong trinh (1), ta 1am nhu sau:

Budc 1. Giai bat phuong trinh g(x) > 0 d€ tim tdp nghiém ctia bat phuong trinh doé.

-~ ” 2 Ao ~ -~
Butéc 2. Binh phuong hai vé& ctia (I) din dén phuong trinh f(x) = [g(x)] roi tim tap
nghiém cia phuong trinh doé.
2
Budc 3. Trong nhiing nghiém cta phuong trinh f(x) = [8@)] , ta chi git lai nhiing
nghiém thudc tap nghiém ctia bat phuong trinh g(x) > 0. Tap nghiém giti lai d6
chinh la tap nghiém cta phuong trinh (II).

Vidu3 = Giai phuong trinh

N2 — Bt i Dx—1 (5
Gidi
Trudc hét ta gidi bat phuong trinh 2x — 1 > 0 (6).
1
Tach, (B) S 2x > 1-Sx2 5

Binh phiong hai v& ciia (5) ta dudc x* — 6x + 6 = (2x — 1)* (7).
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Tacé: (1) x> —6x+6=4x>—4x+ 1 & 3% +2x - 5=0.

K

Do 46, phuong trinh (7) e6 hai nghigm Bx=1vax= =0, BT
3 N3x—=5=x=1.

1
Trong hai gid tri trén, chi c6 gid tri x = 1 12 thod mén x > 5"
Vay phuong trinh (5) ¢6 nghiém la x = 1.

Vidu4 = Trong bai todn & phan md dau, hdy gidi thich vi sao thoi gian x (gid)
dé hai xe bit diu chay cho t6i khi cidch nhau 5 km thod min phuong trinh

J(S - 40x)2 +(7-40x )2 = 5. Sau do, hay giai phuong trinh trén.

Gidi. (Hinh 32)

Quing dudng xe O td xuat phat tif A, B di dudc sau x gid (véi x > 0) 1a 40x (km).

Sau x gio, 6 td xuat phat tif vi tri A dén C cdach O mot khoang OC = 8 — 40x (km).

Sau x gi, 6 to xuét phat tii vi tri B @én D cdch O mdt khoang OD = 7 — 40x (km).

DE 8 - 40x>0va7-40x>0thi 0 <x<0,175. Do tam gidc OCD la tam gidc vudng nén

D = JOC? + 0D = (82102 @240 )"

A

2 2 g
Ta c6 phuong trinh: \/(8— 40x)” +(7-40x)" =5.
Binh phuong hai v€ ta c6: E S km
(8- 40x)" +(7-40x)° = 25. D
= 1600x2 — 640 + 64 +1 600x2 — 560x +49 = 25 Ol r-um 7
A
S 3200x°-1200x+88=0 Hinh 32

& 400x% —150x+11=0.

Phuong trinh ¢6 hai nghiém 13 x = 0,1 hodc x = 0,275. D6i chiéu véi diéu kién
0= a<0.175 tachonx=0.1,

Viy thoi gian d€ hai xe cdch nhau 5 km 12 0,1 gid.

. BAI TAP

1. Gidi cdc phuong trinh sau:
a) V2x?2 —3x—1=+/2x+3; b) V4x2 — 6x — 6 = Vx — 6;

c)Nx+9=2x-3; d) \j—x2+4x—2:2—x.
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Giai cac phuong trinh sau:

a2 g D=3 b)\/—x2+7x—6+x:4.

DE leo 1én mot biic tudng, bic Nam diing mdt chiéc thang ¢6 chiéu dai cao hon biic tudng
d6 1 m. Ban dau, bac Nam diit chiéc thang ma dau trén cta chiéc thang d6 vita cham
ding vao mép trén biic tudng (Hinh 33a). Sau d6, biac Nam dich chuyén chén thang vao
gan chin tidng thém 0,5 m thi bic Nam nhén thiy thang tao véi miit dit mot géc 60°
(Hinh 33b). Hoi biic tudng cao bao nhiéu mét (1am tron két qua dén hang phin mudi)?

N
N
N
Q

S

N

N

@ G
PLagRN
b)
Hinh 33 *3“0“1
—
Mot ngudi diing & diém A trén mot bd song rong 300 m,
cheo thuyén dén vi trf D, sau d6 chay b dén vi tri B cdch
C mdt khoang 800 m (Hinh 34). Vin toc chéo thuyén la D 800'm
6 km/h, van toc chay bo 12 10 km/h va gia sit van tdc dong ’
nudc khong dang ké. Tinh khodng cdch tit vi tri C dén D, biét |
tong thoi gian ngudi d6 cheéo thuyén va chay bd tif A dén B ¥
(qua D) 1a 7,2 phit. B
Hinh 34

Mot ngon hai ding dit tai vi tri A cdch bd bién mot khodng ciach AB = 4 km.
Trén bd bién c¢6 mdt cdi kho 6 vi tri C cich B mot khoang 1a 7 km. Ngudi
canh hdi ding c6 thé chéo thuyén tif A dén vi tri M trén bd bién véi van tde
3 km/h roi di bd dén C véi van toc 5 km/h (Hinh 35). Tinh khoang cach tii vi tri B dén
M, biét thoi gian ngudi d6 di tit A dén C (qua M) 1a 148 phuit.

A
4 km
B M C
................................................... >
7 km
Hinh 35

(Nguon: https://shutterstock.com)
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BAI TAP CUOI CHUONG III

1. Tim tip xdc dinh cia mbi ham s§ sau:

1 1
a)y= 5 5 b)y:\/x2_4x+3; C)y:m.

X —X

2. bd thi 6 Hinh 36 cho thffy su phu thudc cua Luitong cung hang hod
luong hang hod dudc sdn xuit (cung) (don vi: san (san phim)
phdm) bdi gid ban (don vi: triéu ddong/san phim) |
d6i véi mot loai hang hod.

a) Xdc dinh lugng hang hod dugc san xuat khi mdc

gid ban 1 sin pham 12 2 triéu ddng; 4 triéu dong.

b) Biét nhu cau thi trudng dang can la 600 san
phidm. Hoéi v6i mic gid ban 1a bao nhiéu thi thi 600
trudng cin bing (thi trudng cin bing khi sin
luong cung bing san lugng ciu)?

3. Mot nha cung cip dich vu Internet dua ra hai géi
khuy&n mai cho ngudi diing nhu sau:
Goi A: Gid cude 190 000 ddng/thang.
Néu tra tién cude ngay 6 thang thi s& dudc ting

thém | thang. 0 2 4 Gid
Néu tra tién cude ngay 12 thang thi sé dugc ting (triéu dong/sin phim)
thém 2 thang. Hinh 36

G6i B: Gi4 cude 189 000 dong/thang.

N&u tré tién cudc ngay 7 thang thi sO tién phai tra cho 7 thdng d6 1a 1 134 000 dong.
N&u tra tién cudc ngay 15 thng thi s6 tién phai tra cho 15 thang d6 12 2 268 000 dong.
Gia sti s0 thang st dung Internet 12 x (x nguyén duong).

a) Hiy 1ap cdc ham s6 thé hién s6 tién phai tra it nhit theo mdi g6i A, B néu thdi gian
dung khong qua 15 thang.

b) Néu gia dinh ban Minh dung 15 thang thi nén chon géi nao?

4. Quan sdt dd thi ham s8 bac hai y = ax® + bx + ¢ & mdi Hinh 37a, 37b ti néu:

a) Dau cha hé s6 a; b) Toa dd dinh va truc d6i xing;
¢) Khoéng dong bién; d) Khodng nghich bién;
e) Khoang gid tri x ma y > 0; g) Khoang gid trix may < 0.
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a) b)
Hinh 37

V& dd thi cia mdi ham s sau:

a)y=x>—3x—4; b)y=x>+2x+ 1; C)y=—x>+2x-2.

th

6. Lap bang xét diu ctiia moi tam thic béc hai sau:

a) fix) =— 3x*> +4x - 1; b) fix) =x* - x— 12; ¢) fix) = 16x% + 24x + 9.

7. Gidi cdc bat phuong trinh sau:

a)2x2+3x+120; b)—3x2+x+l>0;
0)4x* +4x+1>0; d)— 16x* +8x— 1 <0;
e)2x2+x+3<0; g)—3x2+4x—5<0.

8. Gidi cdc phuong trinh sau:
A Nx+2 =x;

b) \/2x2+3x—2=\/x2+x+6;

L

9. Mot ki su thiét k&€ dudng day dién tif vi tri
A dén vitri S va tli vi tri S d@én vi tri C trén
ct lao nhu Hinh 38. Tién cong thiét k& mdi
ki-16-mét dudng day tif A dén S va tii S dén C
14n lugt 12 3 triéu ddng va 5 triéu ddng. Bidt

tong so tién cong 1a 16 triéu ddng. Tinh tong VSR S .
sO ki-16-mét dudng day dién da thiét k&, 4 km
Hinh 38
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HE THUC LUONG
TRONG TAM GIAC. VECTO

Trong chuong nay, ching ta tim hiéu nhing néi dung sau:
gia tri lugng giadc cia mot goc tir 0° dén 180°, dinh li cosin va
dinh li sin trong tam giac, giai tam giac; vecta, téng va hiéu
hai vecto, tich cia mét sé véi mét vecto, tich vé hudng cla
hai vectd; itng dung vao giai cac bai toan thuc tién.

GIA TRI LUONG GIAC CUA MOT GOC TU 0° DEN 180°.

S1 PINH LI COSIN VA PINH Li SIN TRONG TAM GIAC

Cot o Liing Cii 1 cot cd Qudc gia, ndm
¢ dinh Liing Ci hay con goi 1a dinh nai
Rdng (Long Son) thude xd Ling Cu,
huyén Ddng Vin, tinh Ha Giang, cich
cuc Bic Viét Nam khoang 3,3 km.
Thaoi nha Ly, ¢t ¢6 Ling Cu chi dudc
lam bing ciy sa mdc. Ngay nay, cot cd
¢6 do cao 33,15 m bao gom bé ¢t cao
20,25 m va can ¢d cao 12,9 m. Chan bé
cOt ¢d c6 8 miit phui diéu bing da xanh
mo phong hoa viin miit clia tréng dong
Dong Son va nhiing hoa tiét minh hoa

Cot co Liing Cu (Ha Giang)
(Nguon: https://shutterstock.com)

cdc giai doan qua tiing thoi ki lich st B
cta dat nuide, cling nhu con ngudi, tap 50°7"120,25 m
qudn cua céac dan toc 6 Ha Giang. Trén 4 ol

dinh cot 1a Qudc ki Viét Nam c6 dién
tich 54 m*, biéu tugng cho 54 dan toc ;
clia dat nudc ta. ”

(Ngudn: http://baophutho.vn) |

Ti chan bé cot cd va dinh bé cot co

ban Nam do dugc goéc ning (so véi = = \
phuong nim ngang) téi mot vi trf dudi
chin ndi 1an lugt 12 45° va 50° (Hinh I). Hinh I
2
aﬁ‘:) Chiéu cao h cita dinh Liing Cii so véi chan niii
w;‘” la bao nhiéu mét?
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I. GIA TRI LUONG GIAC cUA MOT GOC TU 0° PEN 180°

Cho tam gidc ABC vudng tai A ¢6 ABC =@

: A
(Hinh 2).
a) Nhiic lai dinh nghia sina, cos o, tan a, cota.
b) Bi€u dién ti s6 ligng gidc clia gbc 90° — a theo ti s6 2 e -
lugng gidc cua goc a. Hinh 2
; AC AB AC AB
Sina=——,C0sSgx="—— ana= —, cola=——.

BC BC AB AC
sin (90° — a) = cos a, cos(90° — a) = sina,

tan (90° — a) = cota, cot(90° - o) = tan .

Trong miit phiing toa dd Oxy, nlia dudng tron tim O ndm phia trén truc hoanh
ban kinh R = 1 dugc goi 1a nita duong tron don vi (Hinh 3). V6i mdi géc nhon a ta ¢d
thé x4c dinh mot diém M duy nhét trén ntia dudng tron don vi sao cho XOM = o. Gia sit
diém M ¢6 toa do (xn; yn). Hay tinh sin o, cos a, tan o, cot a theo X0 Yo
Pé tinh sin o, cos a, tan o, cota theo X Y 12 lam

YA
nhu sau: ‘
Xét tam gidc vudbng OMH, ta c6: I
e M
; MH vy, OH x, Yo :
sina= —=2=y,, cosa= —=—= X, ;
OM 1 OM l o IOE e
=] 0 H 1 X
MH OH x
tana = —:y—o, cota = —:—0. Hinh 3
YA
M6 rong khai niém ti s6 luong gidc ddi véi goc
nhon cho nhiing géc a tii 0° dén 180°, ta ¢6 dinh '
M
nghia sau day: . "
Vi moi géc o (0° < a < 180°), ta xdc dinh mot diém \ﬂ
M (xy; y,) trén nifa dudng tron don vi sao cho 1 % O i §
XOM = « (Hinh 4). Khi dé: Hinh 4
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i e sin ctia géc a, ki hiéu 1a sin a, dugc xdc dinh bdi: sina = Yo

« cOsin cua géc a, ki hiéu la cos a, dude xac dinh bdi: cosa = Xy

e tang clia goc a, ki hiéu 12 tan a, dugc xac dinh bdi: tana = Bd(] (xO = 0);
X
0

i
e cOtang cua goc a, ki hiéu la cot o, dude xdc dinh béi: cota = -0 (yoi 0).
Yo

Céc s0 sina, cos a, tan o, cota dudc goi 1a cdc gid tri luong gidc cha goc a.
Vidul @ Tinh cédc gid tri lugng gidc ctia cdc goc: 0°, 90°, 180°.

Gidi. (Hinh 5)

V6i a=0% Khi d6, M triing véi A(1; 0). Do d6 sin0° =0, v

cos0° = 1, tan0° = 0, cot0° khdng x4c dinh.

Véi a = 90°: Khi d6, M tring véi B(0; 1). Do d6
sin 90° = 1, cos 90° = 0, tan 90° khong xac dinh,
cot90° = 0.

Vé6i a = 180°: Khi d6, M trung véi C(— 1; 0). Do d6
sin180° =0, cos 180° =— 1, tan 180° = 0, cot 180° khong
xdc dinh.

Chu y

=Y

Hinh 5

sino

® fano = (Oz * 900),

CoOScx

coSo

cota = (0< a < 180°).

sin &
* sin (90° — &) = cos a (0°< a < 90%);
cos (90° — a) = sin a (0°< & < 90°);

tan (90° — &) = cot a (0° < a < 90°);
|

cot (90° — a) = tan o (0° < a < 90°).
N/ \ M

Trén ndia dudng tron don vi ta ¢6 day cung Yo

MN song song véi truc Ox va xOM = a (Hinh 6). “ 'x - =1
= ]

YA

=Y

a) Ching minh XON = 180° - a. Hinh 6

b) Biéu dién gia tri ligng gidc ctia géc 180° — o theo gia tri lugng gide clia géc av.
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[ V6i 0° < a < 180° thi:

sin (180° — @) = sina;
cos (180° — a) = — cos a;
tan (180° — «) = — tana (a # 90°);

cot(180° - a) = — cota (a# 0° o # 180°).

Vidy2 @ Khong dung mdy tinh cam tay, tinh gid tri ctia bi€u thic sau:
T =cos 15° — 5in35° + c0s 55° + cos 165° — cos 180°.
Gidl
T = cos 15° — sin35° + cos (90° — 35°) + cos (180° - 15°) + 1

=cos 15° - sin35° + sin35° - cos 15° + 1 = 1.

Vidu3 | Viét gid tri lugng gidc cta géc 120°.

Gidi
N3 1

Ta cé: sin 120° = 5in60° = —; cos 120° = — cos60° = — E;
V3

&
Tuong tu ta ¢6 bang gi4 tri luong gidc (GTLG) ctia mot s& goc dic biét:

tan120° = — tan60° =— +f3:  cot120° = — cot60° = —

« (8} (8} 0 (8} O O 0 O (8}
GTLG 0 30 45 60 90 120" | 135> | 150" | 180
. 1 | v2 | 43 V3 | V2 | 1
sin a 0 i~ — | = 1 — | = i 0
2 2 2 2 2 2z
V342 ] 1| V2] 43
cosa ;|2 (2] 2 | B | -2 =B o
2 2 2 2 2 2
tana 0o | By B =B -1 B
3 3
ot I [0 B o |- L)
3 3
Trong bang, ki hiéu “II” dé chi gid tri lugng gidc khong xac dinh.
65
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Ta ¢6 thé tim gid tri lugng gidc (ding hodic gin ding) ctia mot géc (tii 0° dén 180°)

bing cdch sii dung cdc phim: (sin}, (cos), [tan] trén mdy tinh cim tay.

Tinh sin75°, cos 175°, tan 64° (lam tron dén hang phan chuc nghin).

Dé tinh cdc gi4 tri lugng gidc trén, sau khi dua mdy tinh vé ché do “do” ta lam nhu sau:

Niit 4n Két qua
sin75° (=] 0.9659
cos 175° (=] - 0.9962
tan 64° (6)(4)(=) 2.0503

Ta ¢6 thé tim s do (ding hoiic gAn diing) clia mot gée tit 0° d&n 180° khi biét
gid tri luong gidc clia goe d6 bling cdch st dung cac phim: (SHIFT) cing v6i (sin; (cos)
trén mdy tinh cam tay.

Tim s6 do géc a (tit 0° dén 180°) va lam tron dén do, biét:

a)cosa =-0,97; b) tana = 0,68; ¢) sina = 0,45.

Dé tinh gin ding s& do géc a trong mdi trudng hop trén, sau khi dua mdy tinh vé ché do
“dd”, ta lam nhu sau:

Nt 4n Két qua

cosa=-097 [[HFDeIQOE@DE | 166°
ana=068  |[SHIFT) ) (0) ) (6)(8) (=) e
ina =045 [SHIFT)Gin) (0)(J[@5)E 22

Chii y: Khi tim géc a (0° < a < 180°) néu da biét sin o, j
trén may tinh chi hién 1én két qua goc a trong khoang tit '1 Hiy tinh chidu cao &

0° d&n 90°. Gid tri con lai can tim 12 180° — a. ctia dinh Liing Cd so véi

Ching han trong hoat dong trén, gi4 tri con lai cin tim Cllﬁn nl’g éiong bai todn 0
; £ ) y an mo dau.
clia a véi sina = 0,45 13 khoang 180° — 27° = 153°, P
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Il. PINH LI COSIN
Cho tam gidc ABC c6 BC=a,AC=b,AB = ¢, BAC = a. Ké duong cao BH. Thuc hién
cac hoat dong sau:

. » Cho « la géc nhon, chiing minh:

a) HC = |AC - AH| va BC?=AB* + AC* - 2AH . AC;

b) a* = b* + % — 2bc cos .

Dé chiing minh cdc ding thic trén, ta 1am nhu sau:

a) Néu géc C nhon thi A nim gilia A va C. Do d6 Hinh 7
HC =AC - AH =|AC - AH| (Hinh 7). A

Néu géc C tu thi C nim gilia A va H. Do dé
HC =AH - AC =|AC - AH| (Hinh 8).

Néu goc C vuodng thi C trung v6i H. Do d6 B\Q/ 5
HC=0=lAC- AHI. H
Trong moi trudng hogp, ta déu c6 HC=|AC- AH|. Hinh 8

Xét cac tam gidc vudng BHC va AHB, ap dung dinh 1i Pythagore, ta c6:
BC? = BH? + HC? = BH? + (AC - AH)? = (BH? + AH*)+ AC? -2AH . AC
= AB* + AC* -2AH . AC.
b) Xét tam gidc vudng AHB, ta c6: AH = AB cosA = c cosa.
Do d6 BC* = AB* + AC* - 2AH . AC = b*+ ¢* - 2bc cos .

Vay a* = b* + ¢* - 2bc cos .

Cho « 12 géc ti. Chitng minh:

a) HC=AC + AH VA BC*=AB? + AC*> +2AH . AC;
b) a® = b* + ¢* - 2bccosa.

Dé chiing minh cdc ddng thiic trén, ta Iam nhu sau:

a) (Hinh 9). Xét cédc tam gidc vudng BHC va AHB, ép dung

dinh li Pythagore, ta c6: 5 £

BC? = BH? + HC? = BH? + (AC + AH)? a N
= (BH? + AH*)+ AC* +2AH . AC £ - >
= AB*+ AC?+2AH . AC. Hinh 9
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b) X¢ét tam giac vudng AHB, ta co:
AH = AB cos (180° - ) =— ccos a.
Do d6 BC? =AB? + AC?* + 2AH . AC =b* + ¢* - 2bccos a.

Viy a’ = b + ¢* - 2bccosa.

Cho « 12 géc vudng. Ching minh @ = b + ¢* - 2bccos o
Nhu vay, trong tam giac ABC tuy y ta c6: a® = b* + ¢ — 2bccosA.
Biing céich chiing minh tuong tu, ta ¢6 dinh If cosin sau day:

' T
E Cho tam gidc ABC ¢6 BC =a, CA=b, AB = . Khi d6: A e Al
2bc
a® = b* + ¢* — 2bccosA, )
g ta - b
b? = ¢* + a® — 2cacosB, SR B
c? =a*+ b*> - 2abcosC. i th — ¢
cosC = —
2ab
Vidu4 | Chotam gidc ABCc6AB=3,AC=5va A =120°
(Hinh 10). A
a) Tinh cosA. i 5
b) Tinh d¢ dai canh BC. B (
Hinh 10
Gidi
1
a) Ta c6: cos A=co0s120°=- cos60°=— —.

b) Ap dung dinh If cdsin trong tam gidc ABC ta c6:
BC*=AB*+AC* - 2AB . AC . cos A.

Thay s ta co: ?
1 2 Cho tam gidc ABC co

BC2=32+52—2.3.5.(——)=49. AB=5,AC=6,BC=1.
k Tinh cosA.

Do d6 BC = /49 = 7.

Vidu5 @ Hai mdy bay ciing xudt phat tit mot san bay A va bay theo hai hudng khac
nhau, tao voi nhau géc 60°. Mdy bay thid nhat bay véi van tdc 650 km/h, mdy bay thi hai
bay véi van tdc 900 km/h. Sau 2 gid, hai may bay cdch nhau bao nhiéu ki-16-mét (1am
tron két qua dén hang phan trim)? Biét ring ca hai may bay bay theo dudng thang va sau
2 gid bay déu chua ha cénh.
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Gidi

Gia sti sau 2 gio, mdy bay thi nhat dén vi tri B, mdy bay thii hai dén vi tri C.
Tacé: AB=2.650=1 300 (km),AC=2.900=1 800 (km), #
BAC =60° (Hinh 11).

Ap dung dinh Ii cosin trong tam gidc ABC, ta c6:

—

BC?=AB%>+AC?—2AB . AC. cos BAC 1 800 km
=1300%+1800>-2.1300.1800.cos60°=2 590 000. B
Do d6 BC ~ 1 609,35 (km). P i
Viy sau 2 gi0 hai may bay cdch nhau khodng 1 609,35 km. A
Hinh 11

lll. PINH Li SIN

Cho tam gidc ABC ndi tiép dudng tron tim O, ban kinh R va ¢6 BC = a, BAC = a. Ké
dudng kinh BD ctia dudng tron (O). Thuc hién cac hoat dong sau:

Cho a 1a géc nhon. Ching minh:

a)jﬁé:a; b) 2 — 21

SN v
bé chiing minh d-fmg thiic G cau b, ta lam nhu sau (Hinh 12):

Xét tam gidc BDC, ta c6 BDC = Q.

Vi BD la duong kinh cua dudng tron (O) nén BCD = 90°.

Do d6 sinD:E, tic la sina = ihay .a =2R.
BD sin o
Cho a 14 géc tir. Chiing minh:
a) BDC = 180° — o b —% .0 .
S«

DE chiing minh ding thiic 6 cau b, ta lam nhu sau (Hinh 13):
Xét tam gidc BCD, ta c6:

BDC =180° — o vd BCD = 90°.

Do 85 6D =27 . e 13 i (1807 — s
BD 2R

Hinh 13

a

SIn ¢

= 2R,

. ! B a
Ma sin (180° — a) = sina nén sina = — hay
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Cho a 1a géc vudng. Chiing minh: L3
sin a

a

Nhu vy, trong tam gidc ABC tuy y ta c6: =2R.

sin o

Biing cdch chitng minh tuong ty, ta ¢6 dinh If sin sau day:

. o i
Cho tam gidc ABC ¢6 BC=a, CA=b, AB=cva ﬁra:ZRsinA,

ban kinh duong tron ngoai tié’p la R. Khi do:
a b e
= = =2R _ 7
sinA sinB sinC ¢=2RsinC.

b =2R sinB,

Vidu6 @ Cho tam gidc ABC c6 A= 120°, B =45° va CA = 20 (Hinh 14). Tinh:
a) SinA;

b) D6 dai canh BC va bdn kinh R clia dudng tron ngoai ti€p tam gidc.

Gidi \/g A
g}
a) Ta ¢6: sinA = sin 120° = sin60° = X=. By
; 2 45
b) Ap dung dinh I sin trong tam gidc ABC, ta co: B ‘ €
BC cA Hinh 14
——=——=2R.
sinA sinB V
Do d6 7 @ Cho tam gidc ABC ndi
_CA.sinA 20 .sinl120° . ti€p dudng tron (0) co
Bt sinB  sind5° 10\/8’ ban kinh R = 6 va c6 cac
A 20 géc B - 650, C = 850
= C. S =1042. Tinh do dai canh BC
2.sinB 2.sin45° : : i

Vidy 7 = Céc nha khio ¢6 hoc tim dude mot manh chiéc dia ¢b hinh tron bi vd. DE xdc
dinh dudng kinh ctia chiéc dia, ho 14y ba diém trén vanh dia va tién hanh do dac thu duge
két qua nhu sau: BC ~ 28,5 cm, BAC ~ 120° (Hinh 15). Tinh dudng kinh ctia chiéc dia
theo don vi xiing-ti-mét (1am tron két qua dén
hang don vi). B
Gidi
Ap dung dinh If sin trong tam gidc ABC, ta c6:

BC 28,5
SinA - §jn120°
Vay dudng kinh cta chiéc dia khodng 33 cm.

2R=

I

~ 33 (cm).

A

Hinh 15
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6.

Cho tam giac ABCc6 AB=3,5;AC=17.,5; A = 135°. Tinh dd dai canh BC va ban
kinh R cha dudng tron ngoai tiép tam gidc (1am tron két quéa dén hang phan mudi).
Cho tam gidc ABC c6 B =75°, C = 45° va BC = 50. Tinh d6 dai canh AB.

Cho tam gidc ABC c6 AB=6,AC =7, BC = 8. Tinh cosA, sinA va ban kinh R cta
dudng tron ngoai tiép tam gidc ABC.

Tinh gia tri cla cdc biéu thic sau (khong dung mdy tinh cam tay):

a) A = cos 0° + cos 40° + cos 120° + cos 140°;

b) B = sin 5° + sin 150° — sin 175° + sin 180°;

¢} C=cos 13° +cos 35°—sin 75 —5in 55%

d) D =tan 25° . tan 45° . tan 115

e) E =cot 10° . cot 30° . cot 100°.

Cho tam gidc ABC. Chiing minh:

a) siné = cosB £ 6 : b) tan
2 2

A
= cot—-
2

Dé do khoang cach tli vi tri A @n vi tri B ¢ hai bén bo
mot cdi ao, ban An di doc bd ao tit vi tri A dén vi tri C
va tién hanh do céc goc BAC, BCA. Biét AC = 25 m,
BAC = 59,95°, BCA = 82,15° (Hinh 16). Hoi khoang
cdch tli vi tri A dén vi tri B 12 bao nhiéu mét (1am tron két
qué dén hang don vi)? 5995°  82.15°

A" 2sm  ©

Hai thu ddnh cd cling xuat phét tii bén A va di thing déu
vé hai viing bién khéc nhau, theo hai huéng tao véi nhau Hinh 16
g6c 75°. Tau thd nhat chay véi toc @6 8 hai If mot gid va
tau thd hai chay véi toc dd 12 hdi 1i mot giod. Sau 2,5 gio
thi khoang cach gitia hai tau la bao nhiéu hai I (1am tron A
két qua dén hang phan mudi)?

Ban A ding & néc clia tod nha va quan sét chiéc diéu,
nhén thiy géc nang (g6¢ nghiéng gilta phuong tif mét ctia
ban A t6i chiéc diéu va phuong nim ngang) 12 a = 35°;
khoéng céch tif néc toa nha t6i mit ban A 1a 1,5 m. Cling
lic d6 & dudi chan toa nha, ban B ciing quan sdt chiéc
diéu va thdy g6c nang 1a 3 = 75° khodng céch tif mit dat
dén mét ban B ciing 12 1,5 m. Biét chiu cao ctia toa nha 1a
h =20 m (Hinh 17). Chiéc diéu bay cao bao nhiéu mét so Hinh 17
v6i miit dat (1am tron két qua dén hang don vi)?

2

7]
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§92 GIAI TAM GIAC

T xa xua, con ngudi dd can do dac cdc khodng cdch ma khong thé do tryc tiép dugc.
Chiang han, dé do khoang cach tii vi tri A trén bd bién t6i mot hon dio (hay con tau, ...)
trén bién, ngudi xua da tim ra mot cach do khoang cach d6 nhu sau:

Tu vi tri A, do g6éc¢ nghiéng a so véi bd bién
t6i mot vi tri C quan sat duge trén dao. Sau
dé di chuyén doc bd bién dén vi tri B ciach A
mot khoang d va tiép tuc do géc nghiéng 3

S0 v6i bd bién tdi vi tef C da chon (Hinh 18). Agh 4
Bing cdch giai tam gidc ABC, ho tinh dugc l B I
khoéng cich AC. BoGign

B 5 4 T Hinh 18
Gidi tam gidc duoc hiéu nhu thé nao?

P

1. TINH CAC CANH VA GOC CUA TAM GIAC DUA TREN MQT $6 DIEU KIEN
CHO TRUGC

Nhu ta da biét, mot tam gidc hoan toan xdc dinh néu biét mot trong nhiing dii kién sau:

— Biét d6 dai hai canh va d0 16n géc xen gitia hai canh d6;

— Biét do dai ba canh;

— Biét @6 dai mot canh va do 16n hai géc ké véi canh do.

Gidi tam gidc la tinh cac canh va cac goc ctiia tam gidc dua trén nhting du kién cho trudc.

Cho tam gidc ABC c6 AB=c, AC=b, A = a. Viét cong thiic tinh BC theo b, ¢, a.

Vidul | Cho tam gidc ABC c6 AB = 15, AC = 35, A = 60° (Hinh 19). Tinh canh BC
(lam tron két qua dén hang phin mudi) va géc B (1am tron két qua dén do).

Gidi A
Ap dung dinh If c6sin trong tam gidc ABC, ta c6: e "
BC?=AB*>+AC?-2.AB .AC .cosA =
=15%+35%-2.15.35. cos 60° = 925. 2
Do d6 BC = 4925 ~ 30.4. B ' C
AB*+BC*-AC® 15°+925-35" Hinh 19

Ta co: cosB = =
2.AB.BC 2.15.+/925

Do d6 B = 95°.
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Cho tam gific ABC ¢6 AB = ¢, AC = b, BC = a. Viét cong thic tinh cos A
theo a, b, c.
Vidu2 @ Cho tam gidc ABC c6 AB =6, BC = 10, CA = 14 (Hinh 20). Tinh sd do g6c B.
Gidi
Ap dung dinh If césin trong tam gidc ABC, ta cé: 4
AB* + BC* - AC

cosB = i
2 .AB.BC 6
2 2 2
_e+107-147 i
i 2.6.10 B 10 o
Do d6 B = 120°. Hinh 20

Viét cong thiic dinh 1f sin cho tam gidc ABC.
Vidu3 | Cho tam gidc ABC c6 BC = 100, B = 60°, C =40° (Hinh 21). Tinh géc A va
cdc canh AB, AC (1am tron két qua dén hang phan mudi) clia tam gidc do.
Gidi
Ta co:
A = 180°— (B + C)= 180° — (60° + 40°) = 80°.
Ap dung dinh I sin trong tam gidc ABC, ta c6:
AB BC _ CA
sinC~ sinA  sinB’

Do do
. : 5
AB - BC'. sinC _ 100 . sin40 S653:
sin A sin80°
AC = BC-. sin B _ 100 . sin60 ~ 87.9.
sin A sin80°

Il. TINH DIEN TiCH TAM GIAC

Cho tam gidc ABC ¢c6 AB = ¢, AC = b, BC = a. Ké dudng cao BH.
a) Tinh BH theo ¢ va sinA.

b) Tinh dién tich § ctia tam gidc ABC theo b, ¢ va sinA.

A
H=A

H A

a) b) c)
) _ Hinh 22 73
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Dé tinh @6 dai BH va dién tich tam gidc ABC, ta 1am nhu sau:

a) Xét cdc truong hop:
Véi ﬁ < 90° (Hinh 22a). Xét tam gidc vudng AHB, ta c6: BH = AB. sinA = csinA.
Véi A =90° (Hinh 22b). Khi d6, BH = BA = ¢ = c¢sinA.
V6i A> 90° (Hinh 22c). Xét tam gidc vuong AHB, ta c6: BAH = 180° - A.
Do d6 BH = AB . sin(180° — A) = AB . sinA = ¢sinA.
Nhu vay, trong moi trudng hop ta déu c6 BH = csinA.

b) Ta co:

S= lAC . BH = lbcsinA.
2 2
Biing cdch chitng minh tuong tu, ta ¢6 cong thic tinh dién tich tam gidc nhu sau:

[ Cho tam gidc ABC ¢6 BC = a, CA = b, AB = ¢. Khi d6, dién tich S cta tam gidc
ABC la: | | )
S=—bcsinA =—casinB = —absinC.
2 2 2

Vidu4 | Cho tam gidc ABC c6 AB = 7,5; AC = 15,5;
A = 75° (Hinh 23). Tinh dién tich S ctia tam gidc ABC

(1am tron két qua dén hang phan mudi).

Giai
1 y Hinh 23 a
Tacd: S=—AB.AC .sinA
2 Eiy Cho tam gidc ABC
- L e e ¢6 AB = 12; B = 60°
2 C =45°. Tinh dién tich
~ 56,1, cua tam gidc ABC.

Cho tam gidc ABC ¢6 BC = a, CA = b, AB = ¢ va dién tich 12 S (Hinh 24).

a) Tit dinh If ¢dsin, ching to ring: A
: v P a+b+c
smA:—\/p(p—a)(p—b)(p—c),ddo p= )
bc 2 C b

b) Biing cdch st dung cong thic S = % bc sinA, hay chiing .

td ring:

B a C
S =\p(p-a)p-b)p-c). Hinh 24
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Ta c¢6 cong thic Heron dé tinh dién tich tam gidc theo do dai ba canh ctia né nhu sau:

Cho tam gidc ABC ¢c6 BC=a, CA=b,AB=c, p= ‘”zﬂ_ Khi d6, dién tich S

cuia tam gidc ABC la:

s=p(p—a)Xp-b)p-c).

Vidu5 & Manh vuon hinh tam gidc clia gia dinh ban Nam c6 chiéu dai cdc canh 1a
MN =20 m, NP = 28 m, MP = 32 m (Hinh 25). Hoi dién tich manh vuon cta gia dinh
ban Nam la bao nhiéu mét vudng (1am tron dén hang phan mudi)?

Gidi e

20+ 28+ 32

o h —— 28
Taco: p 5 40 (m). 5 'm m
Dién tich manh vuon la:
M P
§ = \/40(40 - 20) (40— 28)(40 - 32) 32m
Hinh 25

~ 277,1 (m?).

lll. AP DUNG VAO BAI TOAN THUC TIEN
Vidu 6 = Ding & vi tri A trén bd bién, ban Minh do dudc géc nghiéng so véi bd bién téi

mot vi tri C trén ddo 12 30°. Sau d6 di chuyén doc bd bién dén vi trf B cich A mot khodng

100 m va do dudc géc nghiéng so véi b bién t6i vi tri C di chon 1a 40°.

Tinh khoang céch tit vi tri C trén dao t6i bd bién theo don vi mét (1am tron két qua dén

hang phan mudi).

@

-
- [
[}

D) e
"l ?\\

. N s 30° 40°
A ol . : ho B B
H Bo bién . 100 m >
Gidi Hinh 26
Xét tam gidc ABC (Hinh 26), ta c6: C = 180° — (30° + 40°) = 110°.
Ap dung dinh I sin trong tam gidc ABC, ta c6: %C = ‘_AB «
sinB  sinC
AB .sinB .sin40°
T A g, B BT, JOUSSIANT o8l i,
sinC sin110°
Xét tam gidc vuong AHC, ta c6: CH=AC . sin 30°~ 68,4 . 0,5 ~ 34,2 (m).
Vay khodng cdch tii vi tri C trén ddo t6i bd bién khodng 34,2 m.
75
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Vidu7 = Trong lan dén tham quan thdp Eiffel (6 Thi d6 Paris, Phap), ban Phuong
mu6n udc tinh dd cao ciia thdp. Sau khi quan sat, ban Phuong da minh hoa lai két qua do
dac & Hinh 27. Em hay gitip ban Phuong tinh d6 cao h cta thiap Eiffel theo don vi mét
(1am tron két qua dén hang don vi). D

- AR A 154m B C
o (Nguon: hitps://pixabay.com) Hinh 27
Gidi

Xét tam gidc ABD, st dung tinh chit géc ngoai, ta c6:
2 Tu trén néc cua mot toa

— . o & - o
ADB =70"- 50" =20". nha cao 18,5 m, ban Nam

Ap dung dinh 1 sin cho tam gidc ABD, ta c6: quan sat mot cdi ciy cdch toa

nha 30 m va dung gidc k& do

BD - AB : dugc goc 1€ch gitta phuong

sinBAD  sinADB quan st goc cdy va phuong

il nim ngang la 34°, géc léch

Dodd B = 154 . sin50 ~ 345 (m). gitta phuong quan sét ngon

sin20° ciy va phuong nam ngang la

24°. Biét chiéu cao clia chan

Xeét tam giac vuong BCD, ta co: gidc k€ 1a 1,5 m. Chiéu cao

L , ) cua cdi cdy la bao nhiéu mét

CD =BD . sinCBD ~ 345 .sin 70° ~ 324 (Il'l) (1am tron két qué dén hz‘mg
Vay chiéu cao h clia thap Eiffel khoang 324 m. phéan mudi)?

Vidu 8 = DE tinh dudng kinh va dién tich ctia mot giéng nude cé dang hinh trdn, ngudi ta
tién hanh do dac tai ba vi tri A, B, C trén thanh giéng. K&t qué do dugc 1a: BC = 5 m,
BAC = 145° (Hinh 28). Dién tich ctia giéng 12 bao nhiéu mét vudng (1dy 7~ 3,14 valam

. A o ~ “ A w 9 A
tron két qua dén hang phan trim)? T i
o 3 5m
Hinh 28
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Gidi

Ap dung dinh If sin cho tam gidc ABC, ta c6:
y BC 5

Do S sinA ~ Z s o

Viy dién tich cta giéng 1a: § = 7R* ~ 3,14 . 4,36° ~ 59,69 (m?).

. BAI TAP

Cho tam giac ABC c6 BC =12, CA =15, E‘ =120°, Tinh:
a) Bo dai canh AB; b) S6 do cdc géc A, B; ¢) Dién tich tam gidc ABC.

_ ¢ =R
sin A

2. Chotam gidc ABCc6 AB=5,BC=7, ;‘-i = 120°. Tinh do dai canh AC.
3. Cho tam gidc ABC c6 AB = 100, .?S’ =100°, E’ =45", Tinh:

a) B0 dai cac canh AC, BC; b) Dién tich tam gidc ABC.
4. Cho tam gidc ABC c6 AB=12,AC =15, BC = 20. Tinh:
a) SO do cic g0c A, B, C; b) Dién tich tam giac ABC.
5. Tinh d6 dai canh AB trong mdi trudng hgp sau:
C

A B

Hinh 29 Hinh 30 \/
6. DE tinh khoéng cdch giita hai dia diém A va B ma ta &
n ~ . e . " - - . A v 7 . 8(}” m B

khong thé di truc tiép tir A dén B (hai dia diém nam 0 hai
bén bd mot ho nude, mot dam lay, ...), ngudi ta tién hanh
nhu sau: Chon mot dia diém C sao cho ta do dudc cdc
khoang cach AC, CB va géc ACB. Sau khi do, ta nhan

dugc: AC=1km, CB=800mva ACB = 105° (Hinh 31).
Tinh khodng cich AB (lam tron k&t qua dén hang phin
mudi theo don vi mét).

Hinh 31

7. Mot ngudi di doc bd bién tit vi tri A dén vi trf B va quan
sat mOt ngon hai ding. Géc nghiéng cua phuong quan
sdt i cdc vi trf A, B t6i ngon hai ddng véi dudng di cta
ngudi quan sat 1a 45° va 75°. Biét khoang céch gitia hai
vitri A, B 1a 30 m (Hinh 32). Ngon hai ding cdch bo bién 450 750
bao nhiéu mét (1am tron két qua dén hang don vi)? A 0m B

S 39
Hinh 32 77
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f/"". l - ~ ~
LL i TIM HIEU THEM
Cho tam gidc ABC ¢c6 AB=c¢,AC = b, BC =a. Goi R, r, p va § 1an lugt 1a ban kinh dudng
tron ngoai tiép, ban kinh dudng tron ndi tiép, nta chu vi va dién tich cta tam gidc ABC.

1. Cong thirc do dai duong trung tuyén
Goi m,, my, m,1a d dai cdc dudng trung tuyén lan lugt xuét phét tif cac dinh A, B, C cla

tam gidac ABC. Ta c6: - p it 2 A
ma - T
2 4
2 62 F a2 b2 m
mb — i a
2 4
e a+ B B D 'S
- 2 4 Hinh 33
Chitng minh

Goi D 1a trung diém ctia BC (Hinh 33), ta c6:
AD = m #BDI= Dl =t
2 2

Ap dung dinh 1f c6sin cho tam gidc ABD, ta c6:
2

AD? = AB* + BD® — 2AB . BD . cosABD = ¢* +% — cacosB.

Ap dung dinh 1f ¢6sin cho tam gidc ABC, ta c6:

2 .2 3
a-+c -b
cosB = .
2ac
5 5 a g +c* - b altt o
Suy ra m, =c" +—- = o i
4 2 2 4
Chiing minh tuong tu, ta c6:
5 e+ra B 5 gt 2B e
m:"} = ol e mc = — —y
2 4 2 4

2. Cong thirc tinh ban kinh duong tron ndi ti€p va ban kinh dudng tron
ngoai ti€p tam giac

Ta ¢6 hai cong thic sau:

Em hdy chting minh cac cong thtc trén.
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§3 ' KHAI NIEM VECTO

Miii tén xudt phdt ti A dén B trong
Hinh 34 mé ta chuyen dong (co huong)
ctia mot may bay trén duong bang.

Poan thing AB cé hudng
duoc goi la gi?

: - : [ ?
(Nguon: htips://pixabay.com) A j%’
Hinh 34 -
I. KHAI NIEM VECTO

Trong cong vién, dé chi din huéng di va khoang
cdch tii cdng dén khu vui choi cla tré em, ngudi ta vé
doan thing c¢6 miii tén nhu & Hinh 35. Hinh anh vé& miii

tén chi din cho biét nhiing thong tin gi?

Trén Hinh 35, ta co:

* Hudng quy dinh trén dogn thang AB la hudng gy Hinh 35
xudt phdt tit diém dau A dén diém cudbi B; Qo) A
* Doan thing AB c6 d¢ dai béing 200 m.

[ Vecto 1a mot doan thing ¢6 huéng.

Vectd ¢6 diém dau 1a A, diém cudi 12 B duoc ki hiéu 1a
AB, doc la “vecto AB”.

A B
=

biém cudi

De vé vectfar AB ta vé doan thing AB va danh dau 55 44,
mii tén 6 dau mut B (Hinh 36). Hinh 36

—_—

Déi vdi vecto AB, ta goi:

Yo
2.

— Puong thang d di qua hai diém A va B la gid cta vecto
AB (Hinh 37); Hinh 37

_ Db dai doan thing AB 1a d5 dai cha vectd AB, ki hiéu 12 |AB|.
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Khi khong can chi rd diém dau va diém cudi chia vecto, ”
) ¥ WA " =+ = — = \ A .+ a
vecto con duge ki hiéu l1a a, b, u, v, ... (Hinh 38). B0 dai B
% 5 sty [ u
cua vecto a dwoc ki hiéu la |a\.

. Hinh 38
Vidul | Cho hai diém phdn biét H, K. Viét céc 2

2-
vecto (co diém dau khéic diém cudi) ma hai diu mdt = Cho' i gite ABC
ctia moi vecto 1a hai diém da cho.

Viét tat ca céc vecto ma
Gidi. Hai vecto thod man yéu ciu dé bai la HK va KH. diém du va diém cudi 1a
A, B hoic C.

Vidu 2 = Tinh d6 dai cua cac vecto AB, CD va MN &
Hinh 39, biét ring do dai canh ctia 6 vudng biang 1 cm.
Gidi

48| =

32| = /32 +42 =5 (cm),

=4 cm,

Hinh 39
Il. VECTO CUNG PHUONG, VECTO CUNG HUGNG
gitta gia cua vectd CD véi gid cua vectd AB va PQ.
W lﬁ B - i ¥
Haivecto duoc got la ciing phwongnéugia [ T 7 | | |
cta ching song song hodac trung nhau. 5 Py .l
Hinh 40
Quan sat hai blen bdo 6 Hinh 41a, 41b, cho biét
hai vecto AB va CD ¢O cung hudng hay khong.
Nhan xét: Néu hai vecto ciing phuong thi ching cling
hudng hodc ngugc hudng. Bién bdo huéng  Bién bdo hiidng
di vé bén phdi di vé bén trdi
Vidu3 = Trong Hinh 42, tim vectd cing hudng véi a) b)
= S Hinh 41
vecto AB; ngudc hudng véi vecto AB.
Gidi L . e Py
Vecto CD cung hij.ng vOi vecto AB, vectd MN ngugc ; > —
hudng véi vecto AB. i i ]
Hinh 42
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Ill. HAI VECTO BANG NHAU A

y=

“SY) Quan sit hai vecto AB, CD & Hinh 43.

a) Nhén xét vé phuong, vé hudng cia hai vecto do.

. el S

a

b) So sanh d) dai cua hai vecto do.
Hinh 43

Hai vecto AB va CD c¢6 cung hudng va ciing do dai.

' Hai vecto E, cD bang nhau néu ching cing hudng va cung d6 dai, ki hiéu:

e

AB = CD.

Nhan xét

* Hai vectd @, b bing nhau néu ching cing huéng va A | B

cung do dai, ki hiéu @ = b.
* Khi cho trudc vecto @ va diém O, thi ta ludn tim dudc ' |

mot diém A duy nhét sao cho OA = a. 5 e—

Vidu4 = Cho hinh binh hanh ABCD (Hinh 44).

g = Hinh 44
a) Vecto nao bang vecto AB? -
30 hi —9 =

b) Vectd nao bang vectd AD? ;2 Cho tam gide ABC
Gidi VEé diém D thod min
a) Vi AB, DC cung huéng va AB = DC nén AB = DC. AD = BC. Tigiac ABCD

— ey — ey la hinh ¢i?
b) Vi AD, BC ciing huéng vi AD = BCnén AD = BC. &
IV. VECTO-KHONG

Cho di€ém A, ta xét mot vectd ddc biét, trong d6 A viia la diém dau viia 1a diém cudi.
Vecto nay duoc ki hiéula AA va goi la vecto-khong.

I Vecto-khong 1a vecto co diém dau va diém cuéi tring nhau, ki hiéu la 0.

Ta quy uéGc 6 (vecto-khong) cung phuong, cting huéng véi moi vecto va |6| = 0. Do dé
¢6 thé coi moi vecto-khong déu biing nhau. Nhu viy, 0 = AA = BB =... véi moi diém
A, B...

Nhan xét: Hai diém A, B trung nhau khi va chi khi AB = 6
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V. BIEU THI MOT SO PAI LUOGNG CO HUGNG BANG VECTO

Trong vat If, mot s6 dai Iugng nhu: luc, véin tdc, ... 1a dai luong c¢6 hudng. Ngudi ta ding
vecto dé bleu thi cac dai lugng c6 hudng do, chang han:

Mot luc F tic dong lén xe tai diém dit A; luc F co A 40N B
phuong nim ngang, hudng tii trdi sang phai va_c.:u‘dng g g F

d6 1a 40 N. Ta biéu thi luc F bing vecto AB nhu
Hinh 45.

Hinh 45

Vidu5 = Khi treo ba vat, mdi vét sé tdc dung vao . ]
thanh treo mot luc (trong luc) nhu & Hinh 46.
Nhin xét dic diém vé phuong, huéng cla ba vecto I:]
biéu thi trong luc. i

PE
Gidi >
—> v P,
Trong vat li, cac vecto trong luc ¢é cung hudng nén v P,
ba vectd P, P,, Py biéu thi trong luc ¢6 cliing hudng. ‘
Hinh 46

. BAI TAP

Cho A, B, C 1a ba diém thing hang, B nim giita A va C. Viét céc ciip vecto cling

hudng, ngugc hudng trong nhiing vectd sau: AB, AC, BA, BC, CA, CB,

2. Cho doan thang MN c6 trung diém 1a 1.
a) Viét cdc vecto khic vectd-khdng ¢6 diém dau, di€m cudi 1a mot trong ba diém
M, N, 1. _
b) Vecto nao bing MI? Bing NI?

3. Cho hinh thang ABCD c6 hai ddy 1a AB va CD. Tim vecto:
a) Ciing hudng v6i AB; b) Ngude hudng véi AB.

4. Cho hinh vuéng ABCD c¢6 @6 dai canh bing 3 cm. Tinh
do dai cua cac vecto AB, AC.

a
5. Quan sét rong roc hoat dong khi dung lvc dé kéo mot diu b §¢
cua rong roc. Chuyen dong cua cac doan diy dudc mo ta
bing céc vectd a, b ¢ (Hinh 47).
a) Hay chi ra cic cdp vecto cung phuong.
b) Trong cdc cdp vecto d6, cho biét ching cung huéng Hinh 47

hay ngugc hudng.
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§4 ' TONG VA HIEU CUA HAI VECTO

Quan st hinh dnh hai ngudi ciing kéo moét chiéc thuyén
theo hai huéng khdc nhau (Hinh 48). Tuy nhién, chiéc
thuyén lai khong di chuyén theo cling hudng véi mot
trong hai ngudi d6 ma di chuyén theo mot hudng khac.

Tai sao chiéc thuyén lai di chuyén
nhit vay?

Hinh 48

1. TONG CUA HAI VECTO
1. Pinh nghia B
Mot vat dich chuyén tif A dén B sau khi chiu
tac dong cta luc E Vit tiép tuc dich chuyén tit B d@én C
sau khi chiu tic dong ctia lic F, (Hinh 49). Sau khi
chiu tac dong clia hai lc F,, F,, vit d6 dich chuyén ti

Hinh 49
vi tri A dén vi tri nao?

Ta co dinh nghia sau:

[ Véi ba diém bat ki A, B, C, vecto AC dugc goi

la téng clia hai vecto AB va BC, ki hiéu la
AC = AB+ BC. B

81

Cho hai vecto @, b. Lay mot diém A tuy y.

a) V& AB = @, BC = b (Hinh 50).

b) Tong clia hai vectd @ va b bing vectd nao? Hinh 50

e

Cho hai vectd @, b. Lay mot diém A wy v, vé AB-7 BC-5.
Vecto AC duogc goi la tong ctia hai vecto d va b, ki hiéu AC = a + b.

Phép 1y téng clia hai vecto con dude goi 1a phép cong vecto.
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Vidul @ Cho tam gidc ABC co A ?
Z . 1 Cho tam gidc ABC.
trung tuyén AM (Hinh 51). Goi M. N, P Ian lugt I

Chitng minh AB + MC = AM. trung diém ctia BC, CA,
AB. Chiing minh

Gidi PalC s TS,
PB + MC = AN.

Vi MC = BM nén
AB + MC = AB + BM = AM.

2. Quy tic hinh binh hanh £ 4
a) Hai vecto E va B_C:

b) Vecto tong AB + AD vavecto AC. A D

- _ Hinh 52
- = S e
N&u ABCD 12 hinh binh hanh thi AB + AD = AC.
Vidu2 | Cho hinh chii nhat ABCD.
Chitng minh |AB+ AD|= |BA + BC|. Cﬁﬁ‘fﬁy@f};ﬁfnhh';‘gf“g g

Gidi

Theo quy tic hinh binh hanh, ta ¢6: AB+ AD = AC, BA+ BC = BD.
Suy ra |A_.B+E =|A_C:‘=AC, |ﬂ+l?é = |Eﬁ|= BD.

Do AC = BD nén |AB+ AD| =

3. Tinh chat

Vi ba vecto tuy y a, l_:-. ¢ taco:

« @+ b =Db+a (tinh chat giao hodn);
«(@+b)+& =3+ (b+7) (tinh chat két hop);
«3+0=0+a=a (tinh chat cia vectd-khong).
(Hinh 53)

Chii ¥: Téng ba vecto a + b + ¢ duoc xac dinh Hinh 53. Minh hoa
theo mot trong hai cach: tinh chét phép céng cdc vecto

(@+b)+C hoic @+ (b +0).
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Vidu3 | Cho bdn diém A, B, C, D. Ching minh Ef
Cho hinh binh hanh

AB + CD + BC = AD. ABCD va diém E bt Ki.
Gidi Ching minh
Ta c6: AB + CD + BC = AB + BC + CD AB +CE + AD = AE.

— (AB+BC)+CD = AC+CD = AD.

Il. HIEU CUA HAI VECTO
1. Hai vecto doi nhau

- Trong Hinh 54, hai rong roc ¢6 truc quay nim
ngang va song song véi nhau, hai vat ¢6 trong lugng bing
nhau. Mdi diy c¢6 mot diu budc vao vat, mot diu budc
vao mot manh nhya CLfng Hai vt l1an lugt tdc dong Ién

manh nhua cac luc Fl, F2 Nhin xét vé hudng va do dai
ctia mOi cdp vecto sau:

a) P, va P, bieu dién trong lyc cta hai vit;
e . et Hinh 54
b) Fyva F,.

(B6 qua trong lugng cua cdc day va cac luc ma sat)

V I=r w -~ »
Vecto ¢6 cung do dai va nguoc hudng voi vecto d duoc goi la vecto déi cua
vecto @, ki hiéu la — @. Hai vecto @ va — a dugc goi 1a hai vecto d6i nhau.

Quy wdc: Vecto doi clia vecto 0 lavects 0. i

 Hai vecto a, E_:; la hai vecto doi nhau khi va  d6, hai vecto AB va BA
chikhi 2+8=0. la lﬂvectoﬁgg nhau, tirc
. _— = la BA =- AB.
* V61 hat diem A, B, taco: AB+BA=0.
Vidu4 = Cho I1atrung diém ctia doan thing AB. Chiing t6 JA va IB 1 hai vecto déi
nhau. Viét ding thic lién hé gitia hai vecto do.
Gidi
Hai vecto IA IB 12 hai vecto di nhau vi chiing nguoc hudng va cting d6 dai, 1A = - IB,
IA + IB 0
Chii y: I la trung diém ctia doan thing AB khi va chi khi IA + IB = 0.
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Vidu 5 Cho tam gidc ABC c6 trong tim G. Goi M la trung diém ctia BC va D la diém
d6i ximg voi G qua M (Hinh 55). Chiing minh: A

—_— e ey — — —

a) GB+GC =GD; b)GA+GB+GC = 0

Gidi

a) Vi ti gidc BGCD c¢6 hai dudng chéo cit nhau tai B C
trung diém moi dudng nén ti gide BGCD la hinh binh
hanh. Suy ra GB + GC = GD. D

b) Vi hai diém A, D cung thude duong théng GM nén céc a2
diem A, G, M, D thing hang.

Ta c6: GA = GD. Suy ra G la trung diém ctia AD.

Vi th€ GA + GD = 0. Viy GA + GB + GC = 0.

Chii y: G la trong tam ctia tam giac ABC khi va chi khi GA + GB + GC = 0.

2. Hiéu cna hai vecto

a)VE MA=3, MB=b, MC =— b (Hinh 56).

b) Téng ctia hai vecto d va (- 5) béng vecto nao?

V F = B
Hiéu cna vecto a va vecto b 1a tong ctia vectd a Hinh 56
va vectd d6i cia vecto b ki hiéu 1a @ - b
Phép 14y hiéu ctia hai vecto con dudc goi 1a phép trit vecto.
Vidu6 = Cho badiém A, B, O (Hinh 57). Vectd OB — OA 1a vectd nao?
Gidi 5
Tacé: OB - 0OA = OB + (- OA) = OB + AO = AO + OB = AB.
Nhén xét: V6i ba diém bat ki A, B, O ta c6: AB = OB - OA.
. ¢ s O B
Vidu7 = Cho bon diém batki A, B, C, D. Ching minh Hinh 57
AB - AD + CD - CB = 0. E 4 Cho tam giic ABC
Gidi ¢6 M la trung diém AC,
_ — — — N la trung dlé?m BC va

Tac6: AB—AD + CD - CB = (AB AD) + (CD CB) AB = a. Tinh @6 dai vecto

- DB+ BD = DD = 0. it =5,
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. BAI TAP

n

Cho ba diém M, N, P. Vecto u = NP+ MN bing vectd ndo sau day?
A. PN. B. PM. c MP. D. NM.

Cho ba diém D, E, G. Vectd ¥ = DE + (- DG) bdng vecto nao sau diy?
A. EG. B. GE. C. GD. D. ED.

Cho bén diém A, B, C, D. Chiing minh:

a) AB+CD = AD+ CB;
b) AB + CD + BC + DA = 0.

Cho hinh binh hiainh ABCD, goi O la giao diém ctia AC va BD. Céc khing dinh sau
dung hay sai?

a)‘AB+E —
b)E+E)’:CTB.;

_— —  —  —

¢c) OA+ OB = OC + OD.

Cho duong tron tam O. Gia sii A, B la hai diém nam trén duong tron. Tim diéu kién
can va da dé hai vectd OA va OB d6i nhau.

Cho ABCD la hinh binh hanh. Chimg minh MB — MA = MC — MD véi moi diém
M trong mit phéng.

Cho hinh vuéng ABCD c¢6 canh a. Tinh d6 dai cta cac vecto sau:

—_— —

a) DA+ DC;
b) AB — AD;
¢) OA + OB véi O 1a giao diém ctia AC va BD.

—_— —

Cho ba luc Fl =0A, F, = OB va F3 = OC Lung tdc dong vao mot vt tai diém O
va vat ding yén. Cho biét CLiong dd cha F F2 déu 12 120 N va AOB 120°. Tim
cuong do va hudng cta luc F.

Mot dong séng chdy tit phia bic xudng phia nam véi van tée 1a 10 km/h. Mot chiéc
ca n6 chuyén dong tit phia dong sang phia tdy véi van tdc 40 km/h so véi mit nuée.

Tim vén t6c clia ca nd so v4i bd song.

87
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§5 TICH cUA MOT sO V61 MOT VECTO

Hinh 58 minh hoa hai doan tau chay song song
v6i vecto vén tdc lan lugt 1a v, v,

MGoi lién hé giita hai vecto
vdn téc vy, v, la nhit thé' nao?

{’J

Q,v? (Nguon: https://pixabay.com)
] Hinh 58

. DINH NGHIA

Cho B la trung diém ctia doan thing AC. Quan sét A B ¢

Hinh 59 va thue hién cac hoat dong sau: i i

Chiing t6 riing AC = AB + AB. S

—_— — — —  —

Dé chimg t6 dang thire trén, ta 1am nhu sau: AC = AB + BC = AB + AB.

Tuong tu cdch viét tong a + a & dang 2a (a € R), ta c6 thé viét tong AB + AB & dang
2AB.

Vecto 2AB goi la tich ciia sé 2 vdi vecto AB. Do d6 tich cia s6 2 véi vecto AB la
vecto AC.

“%¥P» Quan sit vecto AB va AC, néu mdi lién hé vé huéng va do dai cta vecto 2AB

o

véi A_B. &
@\fyj’ Vecto ZE citng hudng voi E va ‘ZE| = Z‘TBl

Mot céch tdng quat, ta co:

[ Cho s6 thuc k = 0 va vecto a # 0. Tich ctia s8 k véi vectd @ 1a mot vectd, ki hiéu
14 ka, dudc x4c dinh nhu sau;

* Cung hudng véi vecto @ néu k > 0, nguge hudng vdi vecto @ néu k < 0;
* C6 do dai bing |k| . |al.

Quy uéc: 0a = 0, kO = 0.
Phép 1y tich ctia mot s& v6i mot vectd goi 1 phép nhan mét s6 véi mot vecto.
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Vidul @ Cho B la trung diém cuia doan thang AC. -
e e Lo /{ Cho tam gide ABC. Hai
a) CA = kCB: b) CA = kAB. dudng trung tuyén AM va BN
e cit nhau tai G.
- Tim céc s a, b biét:
a) Tacoé: CA, CB la hai vecto cung huong va AG = aAM: GN = bGB.

cal = 2lcs|
Suy ra CA = 2CB. Vay k= 2.
b) Ta c6: CA, E la hai vecto ngugc hudng va |C771‘ = 2|ﬁ‘
Suyra CA=-2AB. Vayk=- 2.

Vidu2 | Vit thd nhat chuyén dong thing déu tit A dén B véi tdc d6 12 9 m/s va vat
thd hai chuyén dong thing déu tit B dén A véi toc do 1a 6 m/s. Goi 31, 32 lan lugt 1a
cdc vecto van toc¢ cha vat thi nhat va vit thid hai. C6 hay khong s6 thuc k thod man
Giai

4 4 2 ~ P ~ ~ P . - 3 . . A A A
Do ti s0 toc dd chia vat thd nhat va vat thi hai 1a % = 3 dong thdi hai vat chuyén dong

A " ~ 4 - T 3 - T _3
ngudgc hudng nén hai vectd van toc nguge hudng. Suy ra V| = Tvz. Viy k= i

II. TINH CHAT

Véi hai vecto bat ki a, b va hai s6 thuc h, k, ta cé:
« k(@ +b)= ki + kb; k(@ - b) = kd — kb:
* (h+ k)a = ha + ka;
o h(kd) = (hk)a:

—

«1d=23;(-1)d=-a.

Nhan xét: ka = 0 khi va chi khi k = 0 hoiic @ = 0.

2 Cho badiém A, B, C.
Chting minh

Vidu3 | Cho ba diém A, B, C. Chiing minh:

a) 2AB + 2BC = 2AC; 3(AB + 2BC) — 2(AB + 3BC)

b) 3(5AC) + CB - 14AC = AB. _ AR
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Gidi
a) Ta c6: 2AB + 2BC = 2(AB + BC) = 2AC.

b) Ta c6: 3(5AC) + CB — 14AC = 15AC + CB — 14AC

1SAC — 14AC + CB = AC + CB = AB.

. MOT SO UNG DUNG
1. Trung diém cua doan thang

E) Cho 7 la trung diém cta doan thing AB va diém M tuy y. Chiing minh riing

MA + MB = 2MI.
Pé chiing minh ding thidc trén, ta lam nhu sau:

M+m:(ﬁ+ﬁ)+(ﬁ+l_3.):2E+(I_ﬁ+ﬁ):2ﬁ+6:ZE.

I Néu / 1a trung diém ctia doan thang AB thi MA + MB = 2MI v6i diém M bt Ki.

2. Trong tam cuia tam giac

Cho G la trong tam cua tam gidgc ABC va diém M tuy y. Ching minh ring
MA + MB + MC = 3MG.

Dé chimg minh déng thir trén, ta lam nhu sau:

MA + MB + MC = (MG + GA) + (MG + GB) + (MG + GC)

= 3MG + (GA + GB + GC) = 3MG + 0 = 3MG.

Néu G Ia trong tAm ctia tam giéc ABC thi MA + MB + MC = 3MG véi diém M bit ki.

Vidu4 & Cho ti gidc ABCD c6 M, N lan lugt 1a ?
trung diém ctia hai canh AB va CD. Goi G la trung '3 Cho tam gide ABC ¢6 G 1a

diém ctia doan thang MN. trong tdm. Chiing minh

Chitng minh GA + GB + GC + GD = 0. AB + AC = 3AG.
Gidi

Vi M la trung diém ctia AB nén GA + GB = 2GM.

Vi N la trung diém ctia CD nén GC + GD = 2GN.

Suy ra GA + GB+GC + GD = 2GM + 2GN = 2(GM + GN) =20 = 0.
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3. Piéu kién dé hai vecto cung phuong. Diéu kién dé ba diém thang hang
- Cho hai vectd @ va b khic 0 sao cho @ = kb vdi k 1a s6 thure khac 0. Néu nhan

xét vé phuong ctia hai vecto @ va b.

[ Diéu kién cin va di d€ hai vecto @ va b (b = 0) cung phuong la ¢6 mot s6 thuc
kdé a=kb.

Cho ba diém phan biét A, B, C.
a) Néu ba diém A, B, C thing hang thi hai vecto E, AC ¢6 cung phuong hay khong?

b) Ngudc lai, néu hai vecto E, AC cling phuong thi ba diém A, B, C c6 thiang hang
hay khong?

E Piéu kién cin va di d€ ba diém phan biét A, B, C thing hang 12 ¢6 s6 thuc k dé
AB = kAC.

Vidu5 = Cho tam gidc OAB. Piém M thudc canh AB sao
2
cho AM = EAB. Ké MH /] OB, MK I/ OA (Hinh 60).

—

Gidsit OA = @, OB =

a) Bidu thi OH theo 342 0K theo b.

b) Biéu thi OM theo @ va b.

Gidi

a) Tac6: MK // OA, MH // OB suy ra
OK AM 2 OH BM |1

OB AB 3 OA AB 3
Vi O_H va OA cung huéng va OH = %OA nén

OH - la " 1 ! E 4 \(75 Hinh 61, tim k trong moi
3 3 truong hgp sau:
R — 2 —_— —
Vi OK va OB clng hudéng va OK = EOB nén a) AC = kAD;
Ok = 20B = 21 b) BD = kDC.
3 3 A B C D
b) Vi ti gidc OHMK la hinh binh hanh nén
OM = OH + OK = %a’ v %5 Hinh 61
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Nhdn xét: Trong mit phing, cho hai vecto @ va b khong cling phuong. Vi mdi vecto &
¢6 duy nhat cip 6 (x ; y) thod man ¢ = xa + yb.

. BAI TAP

Cho hinh thang MNPQ, MN // PQ, MN = 2PQ. Phat biéu nao sau day 1a ding?

A, MNZZPQ. B. MQZZNP. L. MN:—ZPQ. D. MQ:—ZNP.

2. Cho doan thing AB = 6 cm.
| o

a) Xdc dinh diém C thoa min AC = EAB

1—0

b) Xdc dinh diém D thod min AD = _EAB
3. Cho tam giac ABC co M, N, P lan luot la trung diém cta BC, CA, AB. Chiing minh:
a)A_.P+%B_C::E; b)B_C’+2E:a.
4. Cho tam gidc ABC. Cic diém D, E thudc canh BC
thoa man BD = DE = EC (Hinh 62). Gia su AB = a,

AC = b. Biu dif cde vectd BCBD, BE, AD, AE
theo d, b.

Hinh 62

5. Cho ti gidc ABCD c6 M, N lan luot 1a trung diém ctia hai canh AB va CD. Goi G 1a
trung diém ctia doan thing MN, E 1a trong tim tam gidc BCD. Chiing minh:

a)a+E+EC+ED:4EG;

b) EA = 4EG:
E— 3—;

¢) Piém G thudc doan thing AE va AG = —AE
6. Cho hinh binh hanh ABCD. Dit AB =4, AD = b . Goi G Ia trong tim ciia tam gidc
ABC. Biéu thi cdc vecto E, CG theo hai vectd @, b.

7. Cho tam gidgc ABC. Céc diém D, E, H thod man

DB —BC. A —-AC. AH —2ah
3 3 3

a) Biéu thi mdi vecto Alj, DH, HE theo hai vecto E, A_C:
b) Chiing minh D, E, H thing hang.
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§6 TICH vO HUOGNG CUA HAI VECTO

Trong vt li, néu c6 mot luc }*: tdac dong 1€n mot vt
tai diém O va Iam cho vat d6 di chuyén mot quing
dudng s = OM (Hinh 63) thi cong A cua lic F dugc tinh
theo cong thiic A = |;‘.| ; ‘O—M‘ . cos @ trong dé |;:| goi Hinh 63
oM
mét (m), @ la gbc gitia hai vecto @ va E con cong A tinh bing Jun (J).

la @ dai clia vecto OM tinh bing

la cudng do ciia luc F tinh bing Newton (N),

Trong todn hoc, gid tri ciia biéu thitc A = ‘H : |0_M.| . COS @ ffﬁ

(khong ké don vi do) duwoc goi la gi? X \1*;;;

I. PINH NGHIA
1. Tich v6 hudng cta hai vecto ¢6 ciing di€ém dau

Trong mit phing, cho hai vecto &, OB khic 0 (Hinh 64).

V —— ; 3
* Goc gitia hai vectd OA, OB la goc giua hai tia OA, OB
va dugc ki hiéu 1a (OA, OB).
» Tich vo hudng ciia hai vectd OA va OB 1a mot 6 thuc, o >4
Hinh 64

ki hiéu &(;9. dugc xdc dinh bdi cong thic:
(7'4 .OB = ‘O_.A‘ (ii’.‘ . cos(a, (i?,).

Vidul & Cho tam gidc ABC vudng cin tai A vaAB =4 cm.

a) Tinh do dai canh huyén BC. 9,

b) Tinh AB . AC; BA . BC. 1 Cho tam giac ABC
= vuong tai 4 co B = 30°,

Gidi AB =3 c¢m. Tinh

a) BC = AB\2 = 44/2 (cm). BA.BC: CA.CB.

b) AB. AC = ‘AB‘ ; ‘AC‘ . COS(AB, AC)=4.4.cosBAC=16.c0s90°=16.0=0.

— — — —

BA . BC = ‘ﬁ‘ : ‘B_C.| .cos(BA, BC)= 4 .4+2 .cosm = 16\/5 07 ol

:16\5-%:16.

Poc sach tai hoc10.vn %



2. Tich v6 huéng cia hai vecto tuy y o A
- = = 5 i d S
Cho hai vecto @, b khéc 0. Lay mot diém O va vé vecto / b .

OA = &@, OB = b (Hinh 65). 0 s
Hinh 65

* Goc gita hai vecto d b, ki hiéu (d , l-::) la géc gitia hai vecto OTL! OB
* Tich vd hlidng ctia hai vectd @ va b ki hiéu a . b la tich v6 hudéng cta hai

vecto OA va OB Nhu viy, tich v hudng ctia hai vecto @ va b la mot s6 thuc
dudc xdc dinh bdi cdng thic: a . = |a\ . ‘bl .cos(a, b).

Ouy wde: Tich vo hudng clia mot vecto bat ki véi vecto 0 1a s 0.

Chii ¥

* (@.b)=(b,d).

* Néu (a, b) = 90° thi ta néi hai vectd @, b vudng géc v6i nhau, ki hiu @ L b holc
b L& Khidéa.b=|dl.|bl. cos90°=0.

* Tich v hudng ctia hai vecto cling huéng bing tich hai dd dai clia chiing.

* Tich vO6 hudéng ctia hai vectd ngudc huéng bing sd d6i cta tich hai do6 dai
cua chung.

Ta c6 thé chiing minh chd ¥ thid ba nhu sau:

Néu a b 1a hai vecto (khac 0) cling hudng thi (a, b) 0°. Do d6, cos(a, b) = 1. Vi vay,

a.b= a‘ ) ‘b| cos (a, b): ‘a| ’ ‘b‘

l

Né&u mot trong hai vecto @, b 1a vecto 0 thid.b=0va al . ‘5‘ —0Onén 4. b =dl. ‘5‘

Chu y thid tu duge ching minh tuong tu nhu trén.

Vidy 2 = Cho hinh vuong ABCD tam O c6 d6 dai canh

béng a. Tinh:

—_— i e v 3 4 ) B | ,| B
a) AB.OC; b) AB . BD; ¢)AB . OD. ; :
Gidi. (Hinh 66) D
a) Ta c6: (AB, OC) = (AB, AO) = BAO = 45°. = c

Hinh 66

D%dc sach tali hoc10.vn



-

Vay AB.OC = |AB‘ : ‘OC‘ .cos(AB, OC) 2 Cho tam gidc ABC déu
a’ 2 canh a, AH la duong cao.
=a- 4 - cos45° = \{5 = a— Tinh:
N2} f 2 2 —
a) CB . BA;
b) Vé vecto BE = AB. Ta co: by Al . BC.

(AB. BD) = (BE. BD) = EBD = 135°.

Vay fTB : E). = |ﬁ‘ ‘ |E‘ ; cos(ﬁ, E).)

—a.a 2.cosl35°=a2ﬁ.¥:-a2.
¢) Vi AB = BE, OD = BO nén (AB, OD) = (BE, BO) = EBO = 135°.
; ; 2 .3
Vay AB.OD = |AB|.|0D|. cos(AB, OD) = a - - . cos135° = %—. V2 _-a
J2 J2 2 2

II. TINH CHAT

‘9\:@1 hai vecto bat ki @, b va sé thuc k tuy v, ta co:
« &@.b =b.3d (tinh chit giao hodn);
°d. (g +%)=a. b+ad.¢ (tinh chit phan phoi);
© (kd).b = k(@ .b) = a.(kb);

0.

2l
Il

sd’ 08 =0

2

Trong d6, ki hiéu @ .4 = a@* va biéu thdc nay duge goi 12 binh phuong vo hudéng cia

vecto 4.

Vidu3 = Cho doan thing AB va I la trung diém ctia AB. Chitng minh ring v6i mdi
diém O ta c6:

— — — —

a) Ol.IA+Ol. IB=0;

] ==

b) OI AB = —(OB OA )i
Gidi. (Hinh 67)

a) ViIla trung diém AB nén 1A+ 1B =0.

—  — e e e e —

Vay Ol . IA+OI.IB=0l.(IA+IB) = OI 0=0.

Hinh 67
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— — — —

b) Vi 712 trung diém AB nén 201 = OB + OA < Ol = %@é 1 OA).

Viy oI . E:%(O_B'+o_f4).(£—a) =é(cﬁ+&).53'+%(0_3'+074').(— 0A)

oy o g g ooy m femery [ oadi =

=—O0OB.OB+—0OA.OB-—0B.OA-—OCA.OA=— (0B -0A ),
2 2 2 2 2

Vidu4 = Cho tam gidgc ABC vudng tai A. Tinh: E_—!

AB . AB + AB . BC. 3 Ching minh ring v6i hai

vecto bat ki d, b, ta cé:

e e e iy —g e (@a+b)y =a“"+2a.b+5b";
AB.AB + AB.BC = AB .(AB + BC) (&’—5)2:&'2—2&.5+52'

- AB.AC=0 @~Db) (B+B)=a*-b>

(Do AB vuong goéc véi AC).

. MOT SO UNG DUNG

1. Tinh d¢ dai cia doan thang
Nhdn xét

- —2 —2
V6i hai diém A, B phan biét, ta c6: AB = |AB] .

Do d6 @6 dai doan thing AB duoc tinh nhu sau: AB = Ez :
=
1 4 Si dung tich vO hudéng,
Chiing minh rang trong tam giic ABC, ta co: chiing minh dinh I Pythagore:
BC? = AB® + AC? — 2AB . AC . cosA. Tam gidc ABC vudng tai A khi

va chi khi BC? = AB*> + AC%.

Vidu5 = (Dinh If c6sin trong tam giic)

Gidi

—a2 2 2 —
Tacé: BC = (AC - AB)* = AC + AB - 2AC.AB

Suy ra: BC? = AB® + AC? — 2AB . AC . cos(AB, AC).
= AB* + AC? - 2AB . AC . cosA.

2. Chitng minh hai duong thiang vuong goc
Nhén xét: Cho hai vecto bat ki @ va b khdc vects 0. Tacé: @.b =0 < @ L b.
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Hai dudng thing AB va CD vudng géc véi nhau khi va chi khi AB.CD = 0.
Ciing nhu vay hai dudng dudng thing a va b vudng gée khi va chi khi i . v = 0, trong

a6 i =0, ¥ = 0 gid cuia vectd i song song hoidc tring véi dudng thing a va gid clia
vectd ¥ song song hoic trung v6i dudng thing b.

E
Vidu6 | Cho tam giac ABC co AB = 3, AC = 4, &
A = 60°. Goi M la trung diém ctia BC. V& phia ngoai A
tam gidc v& cdc tam gidc vudng can tai A la ABD va
ACE (Hinh 68).
a) Tinh céc tich vo huéng AB . AE, AC . AD. : e e
g sum T Y ; R R
b) Biéu diéen AM theo AB, AC. Tu d6 chiing minh e
AM J_ DE_ [ Oc
Gidi

a) Do BAE = BAC + CAE = 150°, CAD = CAB + BAD = 150° nén
L V4 5
AB.AE:AB.AE.cosBAE:3.4.c03150°=12.T=—6J§;

3

AC.AD = AC.AD .cosCAD = 4.3 . cos150° = 12._T=—6J§.

b) Ta c6:

AM = %(EJr AC), DE = AE - AD.

E.FE’:%(EJFAC).(AE—AD)

=%(ﬁ.AE+ AC AE — AB.AD — AC . AD).

Vi AB 1L AD,AC | AE nén AB.AD =0, AC.AE = 0.

SuyraE.D_E'zé(—ﬁﬁm-m 6+/3) = 0. Viy AM | DE.

B saiTir

1. Néu hai diém M, N thoad min MN.NM =—4 thi d@6 dai doan thing MN bing
bao nhiéu?

A. MN =4. B. MN = 2. C. MN = 16. D. MN = 256.
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2. Phat biéu nao sau day la ding?
A.Néu @, b khic 0 va (@, b) <90°thi @. b <O0.

B.N&u @, b khic 0 va (@, b) >90°thi @. b > 0.

Lol R |

C.N&u @, b khic O va (@, 5) <90°thi @. b > 0.
D.N&u @, b khéc 0 va (@, b) #90°thi @. b <0.

3. Tinh d. b trong mdi trudng hop sau:
a) lal=3, bl =4, @, b) = 30
b) lal =5, bl =6, (@, b) = 120°;
¢) la| = b| = 3. avab cung hudng;
d) @l =2, b| = 3, d va b ngugc hudng.
4. Cho hinh vudong ABCD canh a. Tinh cac tich v6 huéng sau:
a) AB . AC: b) AC . BD.

5. Cho tam gidc ABC. Ching minh:

AB* + AB .BC + AB.CA = 0.
6. Cho tam gidc nhon ABC, ké dudng cao AH. Chiing minh ring:
a) AB.AH = AC.AH ;

b) AB.BC = HB.BC.

7. Mot may bay dang bay ti huéng dong sang hu’(mg
tay voi toc do 700 km/h thi gip ludng gi6 th01 tu
huwong déng bac sang hudng tay nam voi toée do
40 km/h (Hinh 69). M4y bay bi thay d6i van t&c sau
khi gip gi6é thdi. Tim toc dd méi cia mdy bay theo

700 km/h

40 km/h

don vi km/h (1am tron k&t qua dén hang phan trim).
Hinh 69

8. Cho tam gidc ABCco AB=2,AC =3, BAC = 60°. Goi M 1a trung di€ém clia doan
thing BC. Piém D thod min AD = %E
a) Tinh AB . AC.
b) Biéu dién M, E theo E, R
¢) Ching minh AM L BD.
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BAI TAP cUOI CHUONG IV

Cho tam gidic ABC ¢6 AB = 3, AC = 4, BAC = 120°. Tinh (Iam trdn két qua dén hang
don vi):

a) Do dai canh BC va do6 lon goc B; b) Bén kinh dudng tron ngoai tiép;
¢) Dién tich ctia tam gidc; d) Do dai dudng cao xuit phat i A;

¢) AB.AC., AM.BC v6i M 1a trung diém cta BC.
Khong diing may tinh cdm tay, hdy tinh gid tri ca cdc biéu thic sau:
A = (sin 20° + sin 70°)2 + (cos 20° + cos 110°)2,

B = tan 20° + cot 20° + tan 110° + cot 110°.

Khong dung thude do géc, 1am thé nao dé biét s6 do goc do.
Ban Hoai vé géc xOy va d6 ban Péng lam thé nao co thé biét duoc s6 do ctia goc
nay khi khong co thusc do goc. Ban Pong lam nhu sau:
— Chon cédc diém A, B lan lugt thudc cic tia Ox va

Oy sao cho OA = OB =2 cm;
—Po @6 dai doan thing AB duoc AB = 3,1 cm.
Tu céic du kién trén ban D6ng tinh dudc cos ;6;
tt d6 suy ra do 16n goc xOy. 0 x
Em hay cho biét s6 do géc xOy 6 Hinh 70 bing bao Hinh 70
nhiéu @6 (lam tron két qua dén hang don vi).

el

Tram
Cé hai tram quan sat A va B ven hd va mdt tram

1 C A HO
quan st C & gitta hd. D€ tinh khoang cdch tii A va
tir B dén C, ngudi ta 1am nhu sau (Hinh 71):
—bPo gbc BAC duoc 60°, do goc ABC duoc 45°; Tr"-“; 60° TE”“

— Do khoang cach AB dugc 1 200 m. 1 200 m
Hinh 71

Khoéng céch tit tram C dén céc tram A va B bing
bao nhiéu mét (1am tron két qua dén hang don vi)?

Mot ngudi ding & bo song, mudn do dd rong
cua khic song chay qua vi tri dang ding (khtc
song tuong d6i thing, c6 thé xem hai bd song song

(&
vOi nhau). 350 65°
Tu vi tri dang diing A, ngudi do do dugc goc nghiéng A 50 m B

a =35 50 véi b song t6i mot vi tri C quan sit duoc
Hinh 72

99
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¢ phia bo bén kia. Sau d6 di chuyén doc bd séng dén vi tri B cich A mot khodng
d =50 m va tiép tuc do dugc goc nghiéng 3= 65° so véi bd bén kia téi vi tri C da chon
(Hinh 72). Ho1 do rong cua khic song chay qua vi tri ngudi d6 dang ding 1a bao nhiéu
mét (lam tron két qua dén hang phan muoi)?

6. DE do khoang cich gitta hai vi tri M, N & 0 500 m N
hai phia 6¢c dao, ngudi ta chon vi tri O @ﬂ*”
bén ngoai &c¢ dao sao cho: O khong thude i -
dudng thing MN; cic khoing cich OM, o #W
ON va goc MON la do dudc (Hinh 73). Sau
khi do, ta ¢c6 OM = 200 m, ON = 500 m,

MON = 135°. Hinh 73
Khoang céch gitia hai vi tri M, N 1a bao nhiéu

%ol

mét (1am tron két qua dén hang don vi)?

7. Chiing minh: ) A _
a) Néu ABCD 1a hinh binh hanh thi AB + AD + CE = AE véi E 1 diém bit ki;
b) Néu / 12 trung diém cta doan thing AB thi MA + MB + 2IN = 2MN véi M, N
Ia hai diém bét ki;
¢) Néu G la trong tdm ctia tam gidc ABC thi MA + MB + MC — 3MN = 3NG v6éi
M, N 12 hai diém bt ki.

8. Cho hinh binh hanh ABCD c6 AB =4, AD = 6,
BAD = 60° (Hinh 74).
a) Biéu thi cdc vecto E’) A—C theo E AD.
b) Tinh céc tich vo hudng AB . AD, AB. AC,
BD . AC.

¢) Tinh do dai cac duong chéo BD, AC.

60”

Hinh 74

9. Hailuc ;‘I, Fz.cho trude cung ticdung lén mot vat
tai diém O va tao vainhau mot goc (Fl’, 1?2.) =
lam cho vat di chuyén theo hudng tir O dén C
(H.?nh 75). Lap cong thiic tinh cudng dd cua hop
luc F lam cho vét di chuyén Theo huo‘ng tti O
dén C (gia st chi ¢6 ding hai lc FI, F2 lam cho

vat di chuyén).

Hinh 75
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HOAT BDONG THUC HANH

VA TRAI NGHIEM

CHU PE 1. PO GOC

Cdc goc co y nghia gi
trong thifc tién?

~ » ] 2 ~
I. NOI DUNG CHINH CUA CHU DE
1. Nhirng hinh anh vé géc trong cudc song
“SEP Quan sit nhiing hinh anh vé géc trong mot s6 tinh hudng sau diy va néu cich

xdc dinh nhiing géc doé.

a) Tinh huong 1: Géc siit

Trong béng d4, khi cau thi @4 phat, “gée sit” duge hiu 1a gée tao béi hai tia ¢6 gdc 1a
diém dit béng, 1an lugt ndi gdc vé6i hai chin cta khung thanh (Hinh 1).

= i . ._ 3 2

(Nguon: https://shutterstock.com)
Hinh 1. Dd phat trong bong dd

b) Tinh huong 2: Géc nhin
Khi l4i xe, géc nhin cha tai x& gi6i han béi hai tia (Hinh 2):

Hinh 2. Goc nhin khi ldai xe

Gdc nhin (ving duge t6 mau) dién ta ving ta quan sét dugc. Vi ta khdng thé trong thay
cdc vat ¢ ngoai goc nhin nén vang khong t6 mau duge goi la vang mi (hay vung cdc
di€ém mu). G6c nhin cang 16n ta cang thiy nhiéu sy vt hon va cang 14i xe an toan hon.
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2. Tim kiém nhirng hinh anh vé goc trong thuc tién

Em hay tim thém nhiing hinh 4nh vé géc trong thuc tién.

3. Y nghia va g dung ciia goc trong thue tién

G6c ¢6 nhiéu Gng dung trong thuc tién, diic biét trong an toan giao thong.
a) Tinh huong 1: Géc nhin ciia nguoi ldi xe hang nho

Hinh 3 va Hinh 4 minh hoa géc nhin clia ngudi 14i xe ngdi trén 6 t6. R rang, néu géc
nhin ctia xe 2 16n hon géc nhin cta xe 1 thi di xe 2 s€ an toan hon.

Hinh 3. Goc nhin cuia xe 1

Hinh 5 cho ta hinh 4nh vé géc nhin cia
ngudi l4i xe (bing mit thudng va thong qua
guong chi€u hiu) va ving mi (mau xdm)
cuia ngudi lai xe hang nho.

Hinh 5. Viing quan sdt
cia nguoi ldi xe hang nho

b) Tinh huong 2: Gic nhin ciia nguoi ldi xe tdi
Xe tai khi luu théng trén dudng
s€ khong quan sat dugc cac vung
¢6 mau do (Hinh 6).

Hinh 6. Viing quan
sat cua nguoi Idi
xe tdi

Xe cang 16n thi ving mu ctua ngudi 1di xe cang 16n. Do d6, khi tham gia giao thong phai
tuyét doi tranh di chuyén vao ving mil clia ngudi l4i xe.

Em hiy tim thém nhiing ting dung cta géc trong thuc tién.
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Il. GOI Y TO CHUC CAC HOAT PONG THUC HANH VA TRAI NGHIEM
1. Thuc hanh do goc trong thuc tién bing thudc do goc

a) Nhiém vu: Tim s6 do géc trong ba tinh hudng thuc té sau:

Tinh huong 1: C6 mét chi€c bang treo trén tudng nhung canh ddy dudi ciia bang nim
trén mit san 16p hoc. Tim s6 do ctia géc trong Hinh 7 va Hinh 8 biang cich sit dung thudce
do g6c 180° (Hinh 9) hoic thude do goc 360° (Hinh 10), biét diém goc O & trén mit san

16p hoc.
}.‘

Hinh 9 Hinh 10

Tinh hudng 2: Cau hoi tuong ty nhu trong Tinh huéng I nhung chi€c bang treo trén tudng
c6 canh day dudi song song véi mit san I6p hoc va diem goc O 6 trén mat san 16p hoc.

Tinh huéng 3: Cau hoi tuong tu nhu trong Tinh hudng 2 nhung diém gdc O céch miit san

16p hoc 1a 110 cm.

b) Trinh bay y twong

Péi vdi tinh hudng 1:

— Thudc do gée cin dit nhu thé ndo dé xac dinh dudc tia Ox ctia gée xOy trong Hinh 77
Sau khi ddt thudc do géc nhu vay thi tia Oy cua goc xOy trong Hinh 7 duge xéac dinh
nhu thé nao?

— Thudc do géc can dit nhu thé nao dé xéc dinh dudc tia Ox clia géc xOy trong Hinh 8?
Sau khi ddt thu6c do géc nhu vay thi tia Oy ctia géc xOy trong Hinh 8 dugc xac dinh
nhu thé nao?

Dot vdi tinh hudng 2: Céc budce thuc hién tuong ty nhu trong Tinh hudng 1.

P6i vdi tinh huong 3: Lién hé vdi cdc budc trong Tinh hudng 2 dé dua ra céch do.
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¢) Bdo cdo két qua
Trinh bay cac budc do géc theo y tudng da néu.
Hoan thanh bang thong ké sau véi don vi do 1a dd (sau khi lam tron dén hang don vi).

Do 16n cua goc xOy trong Do lon cia goc xOy trong
Hinh7 Hinh 8
Tinh huéng 1 ? ?
Tinh huéng 2 ? ?
Tinh hudng 3 ? ?

2. Tao dung va thuc hanh do goc bang dung cu ¢6 gin tia chiéu laser

a) Phén chuén bi

Hoc sinh dudc chia theo nhém. Cac nhém chudn bi thiét bi va trao d6i, thao ludn.
o Chuén bi (Hinh 11): d@n chiéu laser, pin, cong tic, thudc do gbc 360° que kem, que

g0 tron, bia cat tong.

¢ iéu lase i ong tdc Gc dc u ue go tro ia cdt tong
ben chiéu laser Pin Cong tac Thudce do e kem e go tron  Bia cit tong
g6c 360°

Hinh 11
e Xdc dinh rd nhiém vu ctia nhém va tiing nhiém vu thanh phan.
 Phin co6ng nhiém vu cho céc thanh vién trong nhém.
o Xdc dinh thoi gian hoan thanh tling nhiém vu thanh phan va nhiém vu chung.

b) Ph an thuwec hién
Thuc hién tao dung dung cu do goc c6 gﬁn tia chiéu laser.

Peén chiéu tia laser

Kim chi géc

Thude do gée 360°

Tru ding

Pin vi cong tic

D& dung cu

Hinh 12. Dung cy do géc cé gdn tia chiéu laser
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Tao dung cdc phan theo m6 hinh nhu Hinh 12: phan d€, phan than, phan biéu dién géc, tia.
Thuc hanh do goc

Buoc 1 Budc 2
Budc 1. Quay dén sao cho tia laser tring Budc 2. Giti nguyén thuée do goc. Quay
v6i mot canh clia géc cin do. Piéu chinh  den sao cho tia laser tring v6i canh thi hai
bé miit thudc do géc sao cho kim chi gée  clia géc can do. Kim chi géc mau d6 chi
mau do chi vao vi tri 0°, vao s6 ndo thi s6 d6 12 s& do ctia géc can do.

c) Tong két

-

=’ E» Lam viéc chung ca 16p.

i

o Nhigm vy 1: Céc nhém béo cdo két qua.

* Nhiém vu 2: Tong két rit kinh nghiém.

lll. DANH GIA

Hinh thirc danh gia: theo hinh thiic ddnh gid ctia hoc tap du an.

1. Panh gia hoat dong ca nhan

» Mdi ¢4 nhén tu ddnh gid vao phiéu c4 nhan.

» Nhém danh gi4 tiing thanh vién trong nhém vao phiéu dinh gid c4 nhan.

2. Panh gia hoat dong va san pham cuia nhém

» Nhém ty ddnh gid lai hoat ddng cia nhém va cho diém vao phiéu ddnh gid hoat dong
cua nhom.

» Gido vién va cdc nhém ddnh gid roi cho di€ém phan trinh bay cla tiing nhém vao phiéu
danh gid hoat dong nhom.
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BANG GIAI THICH THUAT NGU

THUAT NGU'

bang bién thién

bang xét ddu

bat phwong trinh bac
hai mot in

gia ciia vecto

giai tam giac

hai ménh dé twong
dwong

hai vecto bing nhau

hai vecto
cung phwong

hai vecto doi nhau
ham s6 bac hai

mién nghiém ciia bat
phwong trinh bac
nhit hai 4n

tam thirc bac hai

tap xac dinh cia
ham so

tich vé hwéng cia
hai vecto

vecto

vecto-khong

GIAI THiCH

bang thé hién chiéu bién thién (khoang dong bién va khoang
nghich bién) ciia mot ham s6

bang thé hién ddu ctia mét biéu thire dai s trong cac khoang
gia tri ciia 4n

bét phwong trinh dang ax® + bx + ¢ < 0 (hoac ax’ + bx + ¢ < 0,
ax’ + bx + ¢ >0, ax’ + bx + ¢ = 0), trong d6 a, b, ¢ 1a nhitng so
thwe da cho,a= 0

la dwong thing di qua diém dau va diém cudi cia vecto

la tinh cac canh va cac géc clia tam giac dwa trén nhitng dit kién
cho trude

hai ménh dé P va O ma ménh dé kéo theo P = Q va Q0 = P déu
dung

hai vecto cliing hwong va cung do dai
hai vecto co gia song song hoac trung nhau
hai vecto ngwoc hwong va cung do dai

ham s6 dwoc cho bé‘l:}g bié}l thite ¢o dang v = ax’ + bx + ¢, trong
do a, b, ¢ la nhitng hang s6, a = 0

phan mat phang chira cac diém co toa d6 thoa mén bat phwong
trinh bac nhat hai 4n trong mét phang toa 46 Oxy

da thire béac hai f{x) = ax’ + bx + ¢ (a2 0)
tap cac gia tri cia bién sao cho biéu thire ciia ham 6 co nghia

la mot s6 thwe dwoc xac dinh béing tich d6 dai hai vecto nhén
cosin cua goc gitra hai vecto do
la doan thing c6 hwéng

4 i X . -2 A 5
vecto c6 diem dau va diém cuo1 tring nhau
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TU NGU TRANG

bat phwong trinh bac hai mét an
bat phwong trinh bac nhat hai an

biéu thi mét s6 dai lwong co6 hudng
bang vecto

dau ctia tam thitc bac hai

dinh 1i c6sin trong tam giac

dinh li sin trong tam giac

diéu kién can

diéu kién dé ba diém thang hang
diéu kién dé hai vecto cling phwong
diéu kién da

dd thi ctia ham s6

6 thi ham s6 bac hai

gia tri Iwong giac ciia mét goe tir 0°
den 180°

giao cua hai tap hop

hai dang phuong trinh quy vé
phwong trinh bac hai

hai ménh de twong dwong

ham s6

ham s6 bac hai

ham s6 cho bang mot cong thic
ham s6 cho béng nhiéu cong thirc
ham s6 dong bién

ham s6 khong cho béng cong thirc
ham s6 nghich bién

hé bat phuong trinh bac nhét hai 4n
hiéu cua hai tap hop

hiéu cua hai vecto

hop ctia hai tap hop
ki hig¢u V va 3
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20
82

44
67
69
8
91
91
8
34
39

63

TU NGU

ménh dé dao

ménh dé kéo theo

ménh dé phii dinh

ménh dé toan hoc

mién nghiém ciia bat phwong
trinh bac nhat hai an

mién nghiém ciia hé bat
phirong trinh bac nhat hai 4n
phan bt ciia A trong B

phép cong vecto

phép trr vecto

st bién thién ctia ham s6
tam thitc bac hai

tap con

tap hop bang nhau

tap hop rong

tap xac dinh ctia ham 0
tich ctia mot s6 véi maét vecto
tich vO hwdng ctia hai vecto
tinh dién tich tam giac

tong ctia hai vecto

trong tam cua tam giac
trung diém cda doan thing
vecto

vecto-khong

vecto bing nhau

vecto cung hwdng

vecto cung phwong

vecto doi

vecto nguoc hwong
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NHA XUAT BAN PAI HOC SU PHAM
Dia chi: Tang 6, Toa nha s6 128 duong Xuan Thuy, quan Cau Giay, TP. Ha Noi
bién thoai: 024.37547735
Email: nxb@hnue.edu.vn | Website: www.nxbdhsp.edu.vn

Chiu trdach nhiém xudt ban:
Giam déc: NGUYEN BA CUONG
Chiu trach nhiém néi dung:
Téng bién tap: DO VIET HUNG

Chiju trdch nhiém té chirc ban thao va ban quyén néi dung:
CONG TY €O PHAN PAU TU XUAT BAN - THIET Bl GIAO DUC VIET NAM
Chu tich Héi d6ng Quan tri: NGUT NGO TRAN Al
Téng Giam déc: VU BA KHANH

Bién tap:
TA THI ANH — NGUYEN THI NGAN — DAO ANH TIEN
Thiét ké sdch:
PHAN THI LUONG
Trinh bay bia:
TRANTIEU LAM — PHAN THI LUGNG
Minh hoa:
TRAN TH| HONG HANH
Sda ban in:
LE TRUNG DUNG - VU MANH HUY

TOAN 10-TAP MOT

Ma sé:
Eo1 ) LOR——
In ... cudn, khé 19 x 26,5cm, tai ......
Blaehl v o
S6 xac nhan dang ki xuat ban: ...-../... /.-.../...
Quyét dinh xuat ban sé: .... /...-... ngay ... /... /....
In xong va nop luu chiéu
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Mang cugc séng vao baihoc
Puwa bai hoc vao cugc séng

e/
04n 10 1a cubn sach gido khoa danh cho hoc sinh

I&p 10, thudec bd sach gido khoa “Canh Diéu”, thwe hién
theo “Chuwong trinh Gido duc phd théng 2018

Sach gém hai tap va chuyén dé hoc tap dwoc bién soan
dap (rng yéu cau phat trién phdm chét va nang lwc cla hoc
sinh. Cac hoat ddng hoc tap duwoc té chirc theo tién trinh
tlr d& dén kho, huwéng dén viéc kham pha, phat hién, thuc
hanh, van dung gidi quyét van dé trong thuc tién, phu hop
v@i trinh d nhan thirc ctia hoc sinh. Sach dwoc trinh bay
hap dan, khoi goi sw t& mo, kich thich hirng thd, tao dwng
niém tin trong hoc tdp mén Toan & hoc sinh.

Séach |a san pham tam huyét clia tap thé tac gia — nhirng
nha giao, nha khoa hoc giau kinh nghiém trong giao duc
phé théng.

SACH KHONG BAN




i ) peBUCTHA (Téng Ch bién kiém Chu bién)
Gﬂllhl]ifll PHAM XUAN CHUNG - NGUYEN SON HA - NGUYEN THI PHUONG LOAN
~~~ PHAM SY NAM - PHAM MINH PHUGNG - PHAM HOANG QUAN

‘b{[[; NHA XUAT BAN PAI HOC SU PHAM & g



PO DUC THAI (Téng Chu bién kiém Chu bién)
PHAM XUAN CHUNG - NGUYEN SON HA — NGUYEN TH| PHUGONG LOAN
PHAM SY NAM - PHAM MINH PHUONG - PHAM HOANG QUAN

BAN MAU

NHA XUAT BAN BAI HOC SU PHAM
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§2. Cac s6 dac trung do xu thé trung tam cho mau s6 liéu khéng ghép nhom 27
§3. Cac s6 dac trung do mitc d6 phan tan cho mau s6 liéu khong ghép nhom 35
§4. Xac suat ciia bién ¢6 trong mét s6 tro choi don gian 42
§5. Xac suét ciia bién c6 46
Bai tap cudi chwong VI 53
HOAT BPONG THUC HANH VA TRAI NGHIEM

Chu dé 2. X4y dung m6 hinh ham s6 bac nhat, bac hai 55

biéu dién 6 liéu dang bang

} CHUGONG VII. PHUONG PHAP TOA PO TRONG MAT PHANG

§1. Toa do cia vecto 60
§2. Biéu thirc toa do ciia cac phép toan vecto 67
§3. Phwong trinh dwong thing 73

§4. Vi tri twong ddi va goc gitta hai dwong thang.

Khoang cach tir mot diém dén mot dwong thing 8

§5. Phwong trinh dwéng tron 87
§6. Ba dwong conic 93
Bai tap cudi chwong VII 103
THUC HANH PHAN MEM GEOGEBRA 105
BANG GIAI THICH THUAT NGU 110
BANG TRA CUU TU NGU 111

Poc sach tai hoc10.vn




PAI SO TO HOP

Trong chuong nay, ching ta sé tim hiéu nhiing van dé sau:
quy tic cong, quy tac nhan, so d6 hinh cay, hoan vi, chinh hap,
t6 hop; nhi thic Newton; &p dung vao giai cac bai toan dém.

s1 Quy TAC CONG. auy TAC NHAN.
SO DO HINH CAY

So @ & Hinh 1 cho biét lich thi diu
giai bong da UEFA Champions League
2020 — 2021 bit dau tit vong td két.

(Chung két)

(Bdn két 1) (Bidn két 2)

(Ter két 1) (Tir kit 2) (Tie ket 3)

C6 bao nhiéu tran ddu cua gidi
bong da UEFA Champions
Wl  League 2020 — 2021 bdt déau

BAYERN PSG MANCITY  DORTMUND  REAL LIVERPOOL PORTO  CHELSEA H} w)ng Ib? ké’t‘?

e

Hinh 1

l. QUY TAC CONG
“&E P Gia dinh ban Lién du dinh di du lich 6 Quy Nhon (Binh Dinh). Hudéng dan vién

L
du lich dua ra hai chuong trinh tham quan nhu sau:
Chuong trinh 1 ¢6 4 dia diém tham  Chuong trinh 2 ¢6 7 dia diém tham quan: bién
quan: khu Safari FLC, khu du lich Quy Nhon, khu du lich Ghénh Réng Tién Sa,
Eo Gi6, khu du lich Ky Co, Tinh x4 Thdp d6i, dam Thi Nai, khu du lich Ciia Bién,
Ngoc Hoa (Hinh 2). Suft Bar, nha thd Lang Song (Hinh 3).

AN B DU LICH TRUNG TAM THANH PI ;3“' ol

TX NGOC HOA [ .
‘An Nhon B8 E _f "
2 - ;A' Eyﬁ B;}M TH| NAI 3
, NHATHO, Al %
o= LANG SONG s el

THAP BOI ¢ . SUFTBAR

i@ DU LICH QUY NHON HUKING EO GIO (30KM)

(Nguon: https://docmiendatnuoc.com) (Nguoén: https://docmiendatnuoc.com)
Hinh 2 Hinh 3

C6 bao nhiéu cdch chon mdt dia diém tham quan trong s6 cdc dia diém dudc gidi thiéu
trong hai chuong trinh & trén?
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Ta c6 quy tdc cong sau:

[ Mot cong viéc dugce hoan thanh bdi mot trong hai hanh dong. Néu hanh dong tha nhat
c6 m cach thuc hién, hanh dong thi hai c6 n cach thuc hién (céc cach thuc hién cia ca
hai hanh dong la khac nhau d6i mot) thi cong viéc dé c6 m + n cach hoan thanh.

Vidul | Ban Phuong c6 7 quyén sdch Tiéng Anh va 8 quyén sdch Viin hoc, cdc quyén
sach 1a khac nhau. Hoi ban Phuong c6 bao nhiéu cach |
chon mdt quyén sach dé doc? L=
Gidi 1 Mot quén bén ba loai do
ubng: tra stta, nude hoa qua
va sinh t8. C6 5 loai tra siia,
6 loai nudc hoa qua va 4 loai

Viéc chon mdt quyén sach @é doc 1a thuc hién mot trong
hai hanh dong sau:

Chon mdt quyén sdch Tiéng Anh: C6 7 cich chon. sinh t&. Hoi khach hang c6
Chon mdt quyén sdch Vin hoc: C6 8 cich chon. bao nhi€u cich chon mot

3 { A ol L4 loai d6 udng?
Viy ¢6 7 + 8 = 15 cich chon mot quyén sich d€ doc. oai d6 udng

Nhén xét: Tuong tu, ta cling ¢6 quy tic sau:

Mot cong viée duge hoan thanh bdi mdt trong ba hanh dong. Néu hanh dong thd nhat
c6 m cach thuc hién, hanh dong thid hai cé n cich thuc hién, hanh dong thi ba c6 p cich
thuc hién (cdc cdch thuc hién cia ba hanh dong la khac nhau d6i mot) thi cong viéc dé c6
m + n + p cach hoan thanh.

Il. QUY TAC NHAN

phuong tién: xe khdch hogc thu hoa. Sau d6, tit Ha Noi di dén Thanh phd HO Chi Minh bing
mot trong ba phuong tién: mdy bay, tau hoa, xe khach (Hinh 4). Hoi gia dinh ban Thao c6
bao nhiéu cdch Iya chon phuong tién dé di tif Lao Cai dén Thanh phé HO Chi Minh, qua
Ha N6i?

Lt
AR -

Fansipan (Lao Cai) Ho6 Guom (Ha Noi) Bo song Sai Gon
(Thanh phé Ho Chi Minh)
(Nguén: https://www.shutterstock.com)
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Phuong tién cho ching Phuong tién cho ching Phuong tién cho ching
Lao Cai — Ha N1 Ha Noi — Thanh phd Lao Cai — Ha No1 -
Ho Chi Minh Thanh ph6 H6 Chi Minh

{4

Mdy bay |== == == =3 (Xe khdch; Mdy bay)

Tau hod = wm == = (Xe khdch; Tau hod)

[
-

[_mouhos ]

Xe khich |mm == == =g (Xe khdich; Xe khdch)

w— wm == = (Tau hoa; Mdy bay)

» Tauhoi |w= == == =P (Tau hod, Tau hod)

Tau hod |

U

Xe khach

= wm wm =P (7au hod; Xe khdch)

Hinh 4

Ta c6 quy tdc nhén sau:

E Mot cong viée dudc hoan thanh bdéi hai hanh dong lién tiép. Néu hanh dong
thit nhat ¢6 m céch thuc hién va tng véi moi céch thuc hién hanh dong thd nhét,
¢ n cach thyc hién hanh dong thi hai thi cong viéc d6 ¢6 m . n cach hoan thanh.

Vidu2 | Trong Hoat dong 1, néu gia dinh ban Lién mu6n chon mdt dia diém tham quan
trong chuong trinh 1, sau d6 di tham quan tiép mot dia diém trong chuong trinh 2 thi ¢6
bao nhiéu cdch chon hai dia diém & hai chuong trinh khdc nhau @é tham quan?

Gidi

Viéc chon hai dia diém & hai chuong trinh khdc nhau dé tham quan 12 thuc hién hai hanh
dong lién ti€p: chon mot dia diém trong chuong trinh 1, sau d6 chon mot dia diém trong
chuong trinh 2.

C6 4 cdch chon dia diém tham quan trong chuong trinh 1.

V6i méi cach chon mot dia diém tham quan trong chuong trinh 1 sé ¢6 7 cach chon dia
diém tham quan trong chuong trinh 2.

Vay ¢6 tat ca 4 . 7 = 28 cach chon hai dia diém tham quan & hai chuong trinh khic nhau.

Nhén xét: Tuong tu, ta cling ¢ quy tic sau:
Mbét cong viée duge hoan thanh bdi ba hanh dong lién tiép: Néu hanh ddng thi nhat ¢6
m céch thuc hién; dng véi mdi cach thuc hién hanh déng thid nhat, ¢6 n cdch thuc hién
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hanh dong thi hai; Gng v6i mdi cdch thuc hién hanh dong thi nhit va mdi c4ch thuc hién
hanh dong thi hai c6 p cach thyc hién hanh dong thi ba thi cong viéc d6 com . n. p cach
hoan thanh.

Vidu3 = Trong kinh doanh nha hang, combo la mdt hinh thiic goi mén theo thiyc don
dudc két hgp tif nhiéu mén dn hodc do uéng. Néu nha hang ¢6 5 mén rau, 4 mén cd va
3 mén thit thi ¢6 bao nhiéu cach tao ra mdt combo? Biét mdi combo ¢6 diy di 1 mén
rau, 1 mon ca va 1 mon thit.

Gidi
Dé tao mdt combo ta thuc hién ba hanh dong lién tiép: E .
chon 1 moén rau, chon 1 mén c¢d va chon 1 mén thit. 2 Ban Nam du dinh dit

mat khau cho kho4 vali 1a
mot s6 ¢6 ba chi s6 dugce
Chon 1 mén ca: C6 4 cach chon. chon ra tii cdc chii s0 1, 2,

Chon 1 mén thit: C6 3 céch chon. 3, 4. Hoi ban Nam c6 bao
nhiéu cach dat mat khau?

Chon 1 m6n rau: Co6 5 cach chon.

Viay c6 5.4 .3 =60 cach tao ra mdt combo.

l1l. SO PO HINH CAY

So @6 trong Hinh 4 md ta cdc cdch chon phuong tién di ti Lao Cai dén
Thanh phé H6 Chi Minh ctia gia dinh ban Théo c6 thé vé lai nhu sau (Hinh 5):

Phuong tién cho ching Phuong tién cho ching
Lao Cai — Ha Noi Ha Noi — Thanh phd
Ho6 Chi Minh

|/ —

Xe khach ’\i Tau hoa

Xe khich

Phuong tién

Tau hod J\: Tau hod

Xe khich

Hinh 5

Quan sét so d6 hinh cdy & Hinh 5, cho biét c6 bao nhiéu cdch chon phuong tién di ti
Lao Cai dén Thanh phd H6 Chi Minh, qua Ha Noi.
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Nhdn xét

* S0 dob hinh cdy (Hinh 6) 1a so dd bét dau tai mot nit duy nhat véi
cdc nhénh tod ra cdc nit bd sung.

* Ta c6 thé st dung so dd hinh ciy dé dém s6 cdch hoan thanh mot
cong viéc khi cdng viéc d6 doi hoi nhiing hanh dong lién tiép.

Vidu4 & Ban Huong c6 3 chiéc quan khdc mau: x4m, den, niu
nhat va 4 chiéc 40 so mi khdc mau: hong, vang, xanh, tim. Hay vé
s do hinh cdy biéu thi $6 cdch chon:

a) 1 chiéc quan; b) 1 chiéc 40 so mi; ¢) 1 bd quan do.
Gidi

Cdc so do hinh cdy 7', T,, T, T, trong Hinh 7 lan lugt:

a) Biéu thi s6 cdch chon 1 chiéc quan;

b) Biéu thi sd cach chon 1 chiéc 40 so mi;

¢) Biéu thi s6 cdch chon 1 b6 quén 4o.

T;: Quan T Ao
&
Quin  Quan  Quén nau Ao Ao
Xxam den nhat hdng vang
Tl Tz: Quén — Ao
Hinh 7

IV. VAN DUNG TRONG BAI TOAN DEM

Hinh 6

Ao
tim

Viéc ki€ém dé€m ¢6 ¥ nghia quan trong trong todn hoc va thuc tién, dic biét trong thdng
ké va xdc suit. Két qua dém cho phép chiing ta x4c dinh dudc s6 cdc kha ning ma mot su
kién c6 thé xay ra dé lam co s6 cho viéc dua ra quyét dinh. Quy tic cong, quy tic nhan

va sd do hinh cay la nhiing nguyén tic co ban trong cic bai todn dém.
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1. Van dung trong giai toan

-

Vidu5 = Cho 10 diém phén biét. Hoi 1dp dudc bao nhiéu %’
vecto khdc 0? Biét ring hai ddu mit cia mdi vecto 12 hai 3 Tu céc chit s0 1, 2,

trong 10 diém da cho. 3, 4, 5, lap duge bao

nhiéu s6 1¢ gom ba chit
Gidi s6 d6i mdt khac nhau?
Viéc 14p vecto la thuc hién hai hanh dong lién ti€p: chon diém
dau va chon diém cudi.
Chon diém dau: c6 10 cdch chon. Chon diém cudi: ¢é 9 ciach chon.
Theo quy tic nhan, s6 vecto lap duge 1a: 10 . 9 = 90 (vecto).

Vidy 6 = Phan tich s6 675 ra thifa s6 nguyén to rdi tim s6 udc nguyén duong ctia no.
Giai
Ta c6: 675 = 37 . 5% Mot ude nguyén duong cta 675 thi ¢6 dang 3™ . 5, trong d6 m, n 1a
hai s6 tu nhién sao cho0<m <3,0<n <2.
Nhu viy, d€ tao ra mot udc nguyén duong ctia 675 ta 1am nhu sau:
— Chon s6 tu nhién m ma 0 < m < 3 ¢6 4 cdch chon.
— Chon s6 tu nhién n ma 0 < n <2 ¢6 3 cdch chon.
— Layteh 3. 5%
Theo quy tic nhan, s6 udc nguyén duong ctia 675 1a: 4 . 3 = 12 (s0).

2. Van dung trong thuc tién

Vidu 7 = Tu ba mang di liéu A, B, C, mdy tinh tao nén mot thong tin dua ra man hinh
cho ngudi dung bing cdch 1an lugt 1dy mot dif liéu ti A, mot dif liéu ti B va mot dit liéu
ti C. Gié sti A, B, C lan lugt chda m, n, p dii lieu. Hoi mdy tinh ¢6 thé tao ra dugc bao
nhiéu thong tin?
Giai
Viéc mdy tinh tao ra thong tin 12 thuc hién ba cdch chon lién tiép: chon dii liéu tii A, chon
di liéu ti B va chon di liéu tu C.
C6 m cach chon mot du liéu tii A.
Co6 n cach chon mot di liéu tu B.
Co p cach chon mét du liéu tu C.
Theo quy tic nhan, s6 thong tin mdy tinh ¢é thé tao dudc la: m . n . p.

Vidu 8 & Poi viin nghé ciia I6p 10B ¢6 3 hoc sinh nit va 2 hoc sinh nam. Gido vién chu

nhiém mudn chon ra mét ddi tam ca gdbm 3 hoc sinh sao cho ¢6 ¢4 hoc sinh nam va hoc
sinh nti. HOi gido vién chi nhiém c6 bao nhiéu cach chon ra mét doi tam ca nhu vay?
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Gidi
Khi chon ra mot doi tam ca gom 3 hoc sinh ¢6 ¢4 nam va ni, gido vién cht nhiém chi c6
thé chon theo mot trong hai kha ning sau:
— Chon ra mot hoc sinh nti va hai hoc sinh nam;
— Chon ra hai hoc sinh nti va m6t hoc sinh nam.
* Xét khd nding thit nhat: Chon ra mot hoc sinh nit va hai hoc sinh nam.
C6 3 cach chon ra mot hoc sinh nu.
C6 1 cach chon ra hai hoc sinh nam.
Theo quy tic nhan, s cdch chon ra mdt hoc sinh nii va hai hoc sinh nam Ia: 3. 1 = 3.
® Xét khd ndng thit hai: Chon ra hai hoc sinh ntt va mot hoc sinh nam.
C6 3 cach chon ra hai hoc sinh ni.
Co 2 cach chon ra mot hoc sinh nam.
Theo quy tic nhan, s6 cdch chon ra hai hoc sinh nii va mot hoc sinh nam Ia: 3. 2 = 6.
Theo quy tic cdng, s cdch chon ra mét ddi tam ca gdm 3 hoc sinh sao cho ¢6 ca hoc
sinh nam va hoc sinh nt ciing tham gia la: 3 + 6 = 9 (céach).
Vidu 9 = Chokiéu gen AaBbDdEE. Gi4 sti qud trinh gidm phan tao giao tii binh thudng,
khong xdy ra dot bién.
a) V& so dd hinh céy biéu thi su hinh thanh giao ti.
b) Ti d6, tinh s6 loai giao tii clia ki€u gen AaBbDdEE.
Gidi
a) So @6 hinh cdy bi€u thi su hinh thanh giao ti:

B<:D—>E
. g —»E
< D——>»E

b<d —F

b) Tii s6 dd hinh ciy, ta c6 8 loai giao ti ctia kiéu gen AaBbDdEE.
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B eiitip _

1. Tiicéc chitsd 1,2, 3,4, 5, 6, talap ra s6 tu nhién gdm ba chii s6, chia hét cho 5.
C6 thé 1ap dugc bao nhiéu s& nhu the?

2. Tucécchiisd 1,2, 3,4,5,6,7, lap dudc bao nhiéu
a) S& chin gdom ba chil s6? b) S6 chidn gdm ba chit s6 d6i mot khac nhau?

3. Trong mot trudng trung hoc phd théng, khéi 10 ¢6 245 hoc sinh nam va 235 hoc
sinh nu.
a) Nha trudng can chon mot hoc sinh & khéi 10 di du budi giao Iuu véi hoc sinh céc
trudng trung hoc phd thong trong tinh. Hoéi nha trudng ¢é bao nhiéu cdch chon?
b) Nha truong can chon hai hoc sinh 6 khéi 10, trong do ¢O 1 nam va 1 nu, di du trai
he cta hoc sinh trong tinh. Hoi nha trudng ¢6 bao nhiéu cach chon?

4. Trong giai thi dau bong d4 World Cup, vong bang c¢6 32 doi tham gia, dudc chia
lam 8 bang, moi bang ¢6 4 ddi dau vong tron mot lugt. Tinh & tran dau dugc thi diu
trong vong bang theo thé thiic trén.

5. O Canada, md buu chinh ¢6 6 ki ti gdm: 3 chii cdi in hoa (trong s& 26 chii cdi
tiéng Anh) va 3 chit s&. Mdi ma buu chinh bit diu bing 1 chii cdi va xen ké bing
1 chi s0.
(Nguon: https://capath.vn/postal-code-canada)
a) C6 thé tao dugc bao nhiéu ma buu chinh?
b) C6 thé tao dude bao nhiéu ma bit ddu bing chit §?
¢) C6 thé tao dudc bao nhiéu ma bit diu bing chit S va két thiic bing chii s6 8?
6. MOt hing thoi trang dua ra mot mau 4o so mi méi ¢é ba mau: tring, xanh, den. Moi
loai cocaccd S, M, L, XL, XXT&
a) V& so dd hinh cay biéu thi cdc loai 40 sd mi véi mau va ¢d 40 néi trén.
b) Néu mdt clia hang mudn mua tét ca céc loai 40 s6 mi (dt loai mau va dd loai ¢d 40)
va moi loai mot chiéc dé vé gidi thiéu thi cin mua tit cd bao nhiéu chiéc 4o s6 mi?
7. Mot khéch san nho chuén bi bita #n sdng gdm 2 dd udng 1a: tra va ca phé; 3 mén #n
la: phd, biin va chdo; 2 mén trang miéng la: banh ngot va siia chua.
a) V& so do hinh ciy biéu thi cdc cdch chon khiu phin in gdm du ba loai: dd udng,
mon dn va mon trang miéng.
b) Tinh & cach chon khdu phan #n gdm: 1 d6 uéng, 1 mén #n va 1 mén trang miéng.
8. Cho ki€u gen AaBbDdEe. Gid s qud trinh gidm phén tao giao tl binh thudng,
khong xay ra dot bién.
a) V& so dd hinh cy bi€u thi sy hinh thanh giao t.
b) Tii d6, tinh s& loai giao i cta kiéu gen AaBbDdEke.
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§2 | HOAN VI. CHINH HOP

Trong vong dau loai truc tiép cia g1a1 bong da,
néu sau khi két thiic 90 phit thi déu va hai hiép
phu ma két qua van hoa thi loat da ludn lvu 11 m
s& digc thuc hién. Truéc hét, moi d6i cti ra 5 cau
thi thuc hién loat da luan luu.

Trong todn hoc, mdi cdch xép

2 - A ? A )
(Nguén: https://shutterstock.com) thit ty da ludn luu cia 5 cdu thi
duoc goi la gi?

1. HOAN VI
1. Dinh nghia
@ Huiln luyén vién chon 5 cAu thi An, Binh, Cudng, Diing, Hai dé luan liu 11 m.

Néu ba cach xép thir tu da luan luu 11 m cta 5 cAu tha trén.

g

[ Cho tap hgp A gdm n phan tii (n € N).

Mbi két qua clia sy sdp x€&p thii ty n phan tii cia tip hop A dudc goi 1a mot hodn vi
ciia n phan tit do.

Vidul | Hay liétke cac so gom ba chii s6 d6i mot khdc nhau dugc lap tii cdc chii sd 1, 2, 3.
Gidi
Céc $6 gdm ba chii s6 d6i mdt khac nhau dude 1ap tii cdc chii s6 1, 2, 3 1a:
129132, 213,231, 312, 32

~ ” ” .
2. S0 cac hoan vi

@ 7 Mot 16p duoc chia thanh 3 nhém A, B, C d€ tham gla hoat dong thuc hanh trai

nghiém. Sau khi cdc nhém thuc hién xong hoat ddng, gido vién sip x&p thi tu trinh bay

cua 3 nhom.

a) C6 bao nhiéu cich chon nhém trinh bay thd nhat?

b) Sau khi da chon nhém trinh bay thii nhat, co bao nhiéu cach chon nhom trinh bay thir hai?

¢) Sau khi @4 chon hai nhém trinh bay thii nhat va thi hai, ¢6 bao nhiéu cdch chon nhém
trinh bay thu ba?

d) Véi céch 1am nhu trén, gido vién tao ra mdt hodn vi ctia 3 phan ti. Tinh s6 cdc hodn vi
dugc tao ra.

Theo quy tdc nhdn, s6 cdc hodn vi ciia 3 phan titla: 3.2 .1 =6.
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Trong trudng hop tong quét, ddi véi tip hop A ¢6 n phan ti (n = 1), ta 1am tuong ti nhu
trén dé tao ra mot hodn vi clia n phan tli d6 va s6 cdc hodn vi ctia n phin tii trong tip hgp A
153 mhi— 1.2 . L

[ Kihi¢u P 1a s6 cdc hodn vi clia n phan td. Ta c6: P =n(n-1)..2.1L

Quy wdc: Tich 1.2 ... n duoc viét 1a n! (doc 1a n giai thua), ticlan!=1.2 ... n.
Nhu vay Pn = nl.

Vidu2 = Tinh sé cach xép thir tu da luan luu 11 m cta 5 céu tho.

-

Gidi
M&i cich x&p thit tu dd luan luu 11 mcia 5 cAuthd lamot
hodn vi ctia 5 cau tha.

Co bao nhiéu s6 gom
sdu chtt s6 d6i mdt khac
nhau dudc tao thanh tii cac
Vay s6 cdch sip xép la: P,=5.4.3.2.1=120. chits§ 1,2, 3,4,5,67

Il. CHINH HOP
1. Dinh nghia

[
By

)

N

'

% Cho 3 diém A, B, C khong thang hang. Liét ké cic vecto (khic 6) c6 diém dau
va diém cudi 1a 2 trong 3 diém trén.

DéE tao ra mot vecto nhut trén, ta phdi chon ra 2 trong 3 diém A, B, C
va xdc dinh thit tu 2 diem do.

Trong thuc tién, bén canh viéc chon ra mot s6 doi tugng tif nhitng doi tugng cho trude,
ta con cin sip x&p thi ty clia nhiing d6i tugng dugc chon ra.

“SEP» Mot 16p co 4 nhom hoc tap duge dit tén la A, B, C, D. Gido vién thyc hién hanh
dong sau: chon 2 nhém trong 4 nhém, sau dé sip xép thi ty trinh bay ctia 2 nhém da
dudc chon ra. Néu 4 két qua thic hién hanh dong clia gido vién.

Ta goi mdi két qua thuc hién hanh dong nhu thé 1a mdt chinh hgp chép 2 ctia 4 phan ti
da cho.

E Cho tap hop A gdbm n phan tif va mot s6 nguyén k véi 1 <k <n.

MGdi két qua cia viéc 1ay k phén tii tif #n phin tit cha tip hdp A va sdp xép chung
theo mot thir tir nao do duoge goi la moét chinh hop chdp k cita n phan it da cho.
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Vidu3 | Hay liét ké cac s6 gdm hai chit s6 khdc nhau dugc 14y tif cdc chiisé 1, 2, 3, 4, 5.
Gidi
Céc s6 gﬁm hai chif s6 khdc nhau duge lffy tii cdc chit so 1, 2, 3, 4, 5 1
12, 13, 14, 15, 21, 23, 24, 25, 31, 32, 34, 35, 41, 42, 43, 45, 51, 52, 53, 54.

2. S6 cac chinh hop

% P Mot 16p dugce chia thanh 5 nhém A, B, C, D, E dé tham gia hoat dong thyc hanh

trai nghi€ém. Sau khi cdc nhom thyc hién xong hoat dong, gido vién chon 3 nhom trong

5 nhém va sip xép thi tu trinh bay két qua hoat dong ctia 3 nhém da dude chon ra.

a) C6 bao nhiéu cach chon nhém trinh bay thi nhat?

b) Sau khi d4 chon nhém trinh bay thd nhat, ¢6 bao nhiéu cach chon nhém trinh bay
thir hai?

¢) Sau khi da chon hai nhém trinh bay thi nhét va thi hai, cé bao nhiéu cach chon nhom
trinh bay thir ba?

d) Véi cdch 1am nhu trén, gido vién tao ra mot chinh hgp chép 3 ctia 5 phan td. Tinh s&
cdc chinh hgp dugc tao ra.

Theo quy tdc nhan, sé cdc chinh hop chdp 3 ciia 5 phan tit la:
5.4.3=60.

Trong tridng hdp tong quat, d6i véi tip hop A ¢6 n phén ti (n > 1), ta lam tuong tu nhu
trén d¢€ tao ra mot chinh hop chip k ctia n phin t d6 (1 <k < n) va s6 cdc chinh hgp chéap
k ctia n phan ti trong tip hop A la: n(n — 1)...(n —k + 1).

i Ki hiéu Afﬁ 1a s6 céc chinh hop chap k ctia n phan tii (1 < k < n).

Tacé: AX =n(m—1)..(n—k+1).

Nhén xét: A" = P, Yne N*,

Vidu4 = () cdc cin ho chung cu, ngudi ta thuding dung cdc chii sd dé tao
mat ma clia. Gia dinh ban Linh dit mit ma ctia 1a mot day s6 gdm 6 chii s0
do61 mét khace nhau. Hoi gia dinh ban Linh ¢6 bao nhiéu c4ch dé tao méit ma?
Gidi
Mdi mat ma cha gia dinh ban Linh 12 mot chinh hgp chip 6 ctia 10 chii s6.
Vay co A?o =10.9.8.7.6.5=151200 (cich @€ tao mat ma).
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Ta c6 thé tinh 8 cdc hodn vi va s6 cdc chinh hgp 9
2 Trong vong dau loai

bing mdy tinh cAm tay nhu sau: : X e
& Y tric tiép cla mot gidi

Niit giai thita: (x/); ndt chinh hop [nPr ], béng d4, néu sau khi két
thic 90 phit thi diu va
Tinh Nt an Két qua cd hai hiép phu cua trin

. ddu ma két qud van hoa

5! SHIFT|(x/] (=] 120 thi loat d4 luan Iwu 11 m
6 e = sé dugc thuyc hién. Tinh s6
Ao e | ke | 6] (=] 151 200 cich x&p tht tf 5 cu thi

da luan luu ctia d6i bong c6

; A 9
Vidu5 | Dung mdy tinh cm tay dé tinh: 12!; AS,. 1 cay an.
Gidi
Tinh Nt an Két qua

121 | ([2)(sHFT) ()] 479 001 600
AL, | [2)(sHiFT) (2P ] (6)(=) 665 280

. BAI TAP

T cdc chiis6 1, 2, 3, 4, 5, 6, 7, 8, ta lap duoc bao nhiéu sd ti nhién
a) Gom 8 chii s6 do1 mot khdac nhau? b) Gom 6 chit s6 d61 mot khac nhau?

2. Trong chuong trinh ngoai khod gido duc truyén thong, 60 hoc sinh dudc trudng to
chiic cho di xem phim. Cdc gh& & rap dugc sip thanh cdc hang. Mbi hang c6 20 ghé.
a) C6 bao nhiéu cach siap x&p 20 ban dé ngdi vao hang diu tién?
b) Sau khi sip xép xong hang dAu tién, c6 bao nhiéu cdch sip x&p 20 ban dé ngdi
vao hang thi hai?
¢) Sau khi sip x&p xong hai hang dau, c6 bao nhiéu céch sip x&p 20 ban dé ngdi vio
hang thi ba?

3. Ban Viét chon mét khau cho email cia minh gébm 8 ki tu d6i mét khac nhau, trong
d6 co6 3 ki tu dau tién la 3 chif cdi trong bang gdm 26 chil cdi in thudng va 5 ki tu
tiep theo la chit s6. Ban Viét ¢6 bao nhiéu céch tao ra mat khau?

4. MOo6i mdy tinh tham gia vio mang phai ¢6 mot dia chi duy nhat, goi la dia chi IP,
nhim dinh danh may tinh dé trén Internet. Xeéttaphop A gdm cdc dia chi IP ¢6 dang
192.168.abc.deg, trong d6 a, b, ¢ la cac chit s6 phan biét duge chon ra tir cac chit so
0,1,2,3,4, cond, e, g la cac chit $6 phan biét dugce chon ra tir cac chi $65,6,7,8,9.
Héi tip hgp A c6 bao nhiéu phan tir?

wn

Mot nhém 22 ban di chup anh ki yéu. Nhém mudn trong biic dnh c6 7 ban ngdi 6 hiing
dau va 15 ban ding & hang sau. C6 bao nhiéu cch x&p vi tri chup 4nh nhu viy?
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S3 | 16 HOP

Trong gidi béng ban d6i nam, mdi ddi chon
2 vAn dong vién dé tao thanh mot cip dau.

4

)

Trong todn hoc, moi cdch chon
2 vdn dong vién tit cdc van dong
vién dé tao thanh mét cdp ddu
(Nguon: hitps://shutterstock.com) dugc goi la gi?

1. Pinh nghia

Doi tuyén béng ban nam cia tridng c¢6 4 ban Manh, Phong, Cudng, Tién.
Huin luyén vién mudn chon 2 ban dé tao thinh mot cip diu d6i nam.
a) Néu 3 cdch chon ciip diu.

b) Mbi cip diu 1a mot tip con gdm bao nhiéu phén tii dugce 14y ra tii tip hop gdm 4 ban
noi trén?

[ Cho tap hop A gdm n phan tii vd mot s6 nguyén k véi 1 <k < n.
M&i tap con gdm k phan tii dugc 14y ra tit n phén ti cha A dugc goi 1a mot 16 hop
chap k ciia n phan tit do.

Vidu I = Ban Quan c6 4 chiéc 40 s0 mi khdc mau 12 40 vang, 4o xanh, 4o tring va 40 nau.
A EpE ~ . . . [y # ~ A 7 v S
Ban muon chon 2 chiéc 4o dé mdc khi di du lich. Viét cac to hop chap 2 cta 4 chiéc do.
Gidi "
# ~ -~ 7 .t - e F
Céc t0 hgp chap 2 cua 4 chiéc 4o la: |77
5 rd - e o~ & A1 i A’

{do vang; 4o xanh}, {40 vang; 4o tring}, {40 vang; 4o niu}, 1 Viét tat ca 0 hop

" g ) — o g o chdp 2 cta 3 phan tu
{40 xanh; 4o trang}, {40 xanh; 4o ndu}, {4o tring; 40 niu}.

a, b, c.
2. S6 céc td hop
¥ Cho tap hop A = {a; b; ¢; d; e}.

WL

a) Néu céch 1dy ra mot t6 hop chap 3 ctia 5 phén ti trong A.

b) Néu céch 14y ra mdt chinh hgp chép 3 ctia 5 phan tii trong A.

¢) So sdnh cdch 1dy ra mdt chinh hgp chép 3 ctia 5 phén tii trong A véi cdch 1dy ra mot
t6 hop chip 3 ctia 5 phan t trong A.
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Pudgc tip
con 3 phén ti

LAy mdt 6 hop

chip 3 clia 5 phén i Hodn vi 3 phén tif trong t6 hgp

Puge mdt
chinh hgp chip
3 clia 5 phan

Tao ra mot chinh hgp chap 3
clia 5 phan ti

.

5 A @j A 7 A 4 A i 5 1 2 A L)
@@3\ v Moi 10 hf)’p\ci*{ap 3 cua 5 p{zan 1 .th‘)ra 3 gh:r’ifi h?'p chap 3 cuia
oy 9 5 phan tik vi ¢o 3! hodn vi cia 3 phan . Vi thé, s6 chinh hop chdp 3

ctia 5 phdn tit nhiéu gdp 3! lan s6't6 hop chdp 3 ciia 5 phan ti.

Nhan xét: S chinh hop chip k ctia n phan tit nhiéu gip k! 1an s t6 hop chip k cta n
phin ti dé.

P P

Ki hiéu CX 12 56 t8 hgp chap k cia i phan tit v6i 1 < k < n. Ta c6: CX =2

k!
: . . k n! I
Vidu2 = Chiing minh C” =m volrl <k<n.
Gidi
R _ - t
TG G Aﬁ:n(n—l)...(n—kJrl):n(n D..(n—k+1)(n k)...2.l: n! .
(n—k)..2.1 (n—k)!
N !

Dodé Ck="n= B

k!  k!(n—k)!

Quy udc: 0! =1; C) =1.

V61 nhiing quy udc trén, ta c6 cong thic sau:

”:mvdiOSkSn.
' (n-k)!

Vidu3 @ L6p 10A ¢6 18 ban nii va 20 ban nam.
a) C6 bao nhiéu cach chon 3 ban nt trong 18 ban nt?
b) C6 bao nhiéu cdch chon 5 ban nam trong 20 ban nam?
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¢) C6 bao nhiéu cich chon mét td xung kich gdbm 3 ban

nd va 5 ban nam? 2 Trong mot budi tap hudn
Gidi cho cdc bi thu chi doan cé
a) Mdi cdch chon 3 ban nit trong 18 ban nit1a mot td hgp 10 ban nam. Hoi ¢6 bao
chap 3 ctia 18 phin tit, do d6 ¢6 Cjq cdch chon. nhiéu cdch chon 3 ban nam

., détham gia mot trd choi?
b) Mdi cédch chon 5 ban nam trong 20 ban nam la mot td

hop chip 5 ctia 20 phan td, do d6 c6 Cgﬂ cach chon.
¢) S6 cdch chon mot t& xung kich gdm 3 ban nii va 5 ban
nam la:
Cig - C5p =816. 15504 = 12 651 264 (cich chon).

tay nhu sau: Niit t6 hop: . =
- : 3 Dung mdy tinh cim tay
Tinh Nut an Két qua dé tinh:

C?n [SHIFT)(nCr)(4) (=) 210 8) C S

3. Tinh chat cia céc s§ C

So sdnh: a) Cz ¥a €; b) C{C€; va C1.

Mot cich tdng quat, ta c¢6 hai ding thic sau:

I = C D <k<m) WC | +CT = CHl <k<n),

B eiiTap _

1. Cho 8 diém sao cho khong ¢6 3 diém nao thing hang. C6 bao nhiéu tam gidc véi
3 dinh 1a 3 diém trong 8 diém di cho?

2. C6 10 doi tham gia mot gidi béng dd. C6 bao nhiéu cdch x&p trin ddu vong tinh
diém sao cho hai ddi chi gip nhau ding mot 1an?

3. Khoi 10 ¢6 16 ban nit va 18 ban nam tham gia dot tinh nguyén Muia hé xanh. Poan
trudng dy dinh 1ap mot to trong ciy gdm 3 hoc sinh ¢6 ¢4 nam va nii. C6 bao nhiéu
céch 1ap mot to trong ciy nhu vay?

4. Mot quin nho bay ban hoa ¢6 50 bong hong va 60 bong cic. Bic Ngoc mudn mua
5 bong hoa gdm c4 hai loai hoa trén. Bac Ngoc ¢6 bao nhiéu cdch chon hoa?

8. Tinhitdng G+ Cl + 01

Poc sach tai hoc10.vn i



§4 | NHI THUC NEWTON

Lam thé nao dé khai trién cdc biéu thitc (a + b)*, (a + by’
mot cdach nhanh chong?

Tadibit (a+b)’=ad’ +3a®b+3ab? +b’=1.a>+3.a>. b' +3.a' . B*+1. 0",
21Tk €5, €505, O,
b) Chon s6 thich hgp cho [ ? ] trong khai trién sau:

(a+by =c g1 e g pry g el g

b
=
L4

ET
) e

(a+ b)Y CREGEEC Wamllh. C\Na" > . >+ C2 . b°.

3k pk

Méi 56 hang trong téng déu cé dang C5 . a

Tuong tu nhu viy, ta c6 cdc khai trién sau:

(a+b) =€ .a* VW a*! b O™ . ¥+ Cff " Y. b° +C;  B*
=Cla*+ CLa bR Cid L P + Clb”.

(@b =CJ .o "4 CL .o’ B+ C: .a”2 b+ C . a PP +C; .a?t b C P

= Cla” + Cla'b+ Coa’p g2l L Coa? CiF°.

(a+b)' =Cla’* +Cia’b+Ca’b’ + Cab’ + C, b
=a'+4a’b+ 6a’b’ + 4ab’ + b’

(a+bY =Cla’ + Cla’b+ C;a’b’ + Cla’b’ + Ciab* + C20°
=a +5a'b+10a’b” +10a’b’ + 5ab" + b’

Nhiing cong thiic khai trién néi trén 1a c¢dng thdc nhi thic Newton (a + b)" tng v6i
H=4: n=>5;

Biing cdch nhu thé, ta c6 thé khai trién dudc (a + b)" v6i n 1 s8 nguyén duong 16n hon 5.
Cong thic khai trién cu thé duge trinh bay trong Chuyén dé hoc tap Todn 10,
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Vidu1 | Khai trién biéu thic (x + 1)* ?
e 1 Khai trién biéu thic
Gidi

9x)
Tacé: (x+ D*=x*+4. 3. 1+6.22. 1244.x. 13+ 1 S
=x*+4x° + 62+ 4x+ 1. g
V'dllz 1 vl . i - 4 ? P 7
I_ . Khai trién biéu thic (x — 1)". @ Khai trién bidu thic
Gidi (2_3y)4

Tacé: (x— D*=[x+ (- D*
=4 & D462 =15 D=1

=x*— 457 + 62— 4x + 1. 3
Vidu3 = Khai trién cdc biéu thic sau: %Tfnh;
a) (x - 2y)*; b) (3x - y)°. )i PO =T
gijé; By l-cleCoriaci o0

-2 =[x+ ) Exr B (— 2y) +6. % . 29)% 4. x. (- 29+ (-2
=xt- 8%y + My’ - 320 Tl0
b) Bx—y)° =[Bx+ (P
=(3x)’+5.G0. ) +10.Gx)*. —»)*+10.Bx). =)’ +5.(3x) . - Y+ (- y)°
= 243x° - 405x*y® + 270x°y* - 90x%y* + 15x* — y°.

B eiiTap |
1. Khai trién cdc biéu thic sau: i g
a) 2x + 1% b) By—2)% c) [x ¥ %} : d) (x = %} .

2. Khai trién cdc biéu thic sau:
a) (x+ 1) b) (x — 3y)°.

3. Xic dinh hé s6 ctia x* trong khai trién biéu thiic (3x + 2)°.
5
4. Cho I—lx =a +ax+ax’+ax +ax*+ax. Tinh:
] g% | SHyToTl, 3 4 ot # '
a) a,;
b)ao+a1 +a,+a,+a, +a.
5. Cho tap hop A ¢6 5 phan ti. SO tap hgp con cia A 1a bao nhiéu?
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BAI TAP CUOI CHUONG V

1. a) C6 bao nhiéu cach x€p 20 hoc sinh theo mot hang doc?
A, 0%, B. 20!. C. 20. D. 1.

b) S6 cédch chon ra 3 hoc sinh tit mdt 16p ¢6 40 hoc sinh la:
o KT B. 40°. c.3%, A0

2. Ban Duong ¢6 2 chi€c quan gdm: mdt quin mau xanh va mot quan mau den; 3 chiée
40 gdm: mot 40 mau niu, modt 40 mau xanh va mot 40 mau vang; 2 doi gidy gdm:
mot doi giay mau den va mot doi gidy mau do. Ban Ducng mudn chon mot b quan
40 va mot doi giay dé di tham quan. Biing cdch vé so @ hinh ciy, tinh s6 cdch chon
mot bd quan 4o va mot doi giay cho ban Duong.

w

Trong mit phing, cho hai dudng thing song song a va b. Cho 3 diém trén dudng thing a
va 4 diém trén duong thang b. C6 bao nhiéu tam gidc c6 ca 3 dinh 1a 3 diém trong
7 diém noi trén?

4. Trong mit phing, cho 6 dudng thing song song va 8 dudng thing vudng géc véi
6 duong thing d6. C6 bao nhiéu hinh chii nhit dugc tao thanh?

5. Khai trién cic biéu thic sau:
a) 4y — D% b) (3x + 4y)°.

6. Mat khau ctia may tinh 12 mot ddy céc ki t (c6 ké tha tu tif trdi qua phai) dugc chon
tli: 10 chi s8, 26 chii cdi in thudng cling véi 26 chil céi in hoa va 10 ki tu diic biét.
Ban Ngan mudn 1ap mdt mat khau ctia mdy tinh ¢6 do dai 12 8 ki tu bao gom: 4 ki
tu dau tién 12 4 chit s6 khac nhau, 2 ki tif tiép theo 12 chii cdi in thudng, 1 ki ty tiép
theo niia 12 chii céi in hoa, ki tu cudi ciing 1a ki tu ddc biét. Ban Ngén c¢6 bao nhiéu
céch 1ap mat khau ctia mdy tinh?

7. Mot truong trung hoc pho thong to chiic cudc thi chay tiép stic gitta cdc 16p véi ndi
dung 4 x 100 m va yéu cau mdi doi gdm 2 nam, 2 nii. Ban An dugc gido vién giao
nhiém vu chon ra 4 ban va sip x&p thi tu chay ctia cdc ban d6 dé ding ki du thi.
Ban An ¢6 bao nhiéu cdch 1ap ra mot ddi thi di diéu kién didng ki? Biét 16p ban An ¢6
22 nam va 17 nu.

8. Bdc Thao mudn mua 2 chiéc may tinh dé phuc vu cong viéc. Ngudi ban hang gidi thiéu
cho bac 3 hang mdy tinh dé tham khéo: hang thi nhét c6 4 loai mdy tinh phu hop,
hang thi hai ¢6 5 loai mdy tinh phu hgp, hang thi ba c¢6 7 loai mdy tinh phu hgp.
Bac Thao ¢6 bao nhiéu cdch chon 2 mdy tinh dung cho cong viéc?
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MOT sOYEUTO
THONG KE VA XAC SUAT

Trong chuong nay, chiing ta sé tim hiéu nhiing néi dung sau:
sO gan dung, sai s6; cac s6 dac trung do xu thé trung tam va do
muic d6 phan tan cho mau sé liéu khéng ghép nhém; xac suat
cla bién cé.

s® GAN PUNG. SAI SO

Trdi Dat v6i tén goi “Hanh tinh xanh” 1a ngdi nha
chung cta nhan loai. Trong H&é Mit Troi, Trdi Dat
la hanh tinh thi ba tinh ti Mat Troi, dﬁng thoi clng
12 hanh tinh 16n nhéat trong cdc hanh tinh dit dd xét vé
ban kinh, khoi lugng va mat do vat chat.

Trii Dt c6 dién tich toan bo bé mit 14 510,072 triéu km?.
(Nguébn: https://vi.wikipedia.org)

Con 56'510,072 (triéu km?) la
(Nguén: https://shutterstock.com) s0' chinh xdc hay so gan diing?

1. SO GAN PUNG

“SEP Hod don tién dién thang 4/2021 cha gia dinh bac Mai 1a 763 951 ddng. Trong
thuc t&, bac Mai di thanh todn (hod don) bing tién mit cho ngudi thu tién dién sé tién 12
764 000 ddng. Tai sao biac Mai khong thé thanh todn bang tién mit cho ngudi thu tién
dién so tién chinh x4c 1a 763 951 ddng?

Trong do dac va tinh todn thuc tién, doi khi ta khong st dung dugc cdc s6 chinh xdc
(chidng han s6 763 951 & trén) ma phéai st dung nhiing s& gin ding véi s6 chinh xdc.

E Trong do dac va tinh todn, ta thudng chi nhan dudc cic sd gan ding.
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1. SA1 SO CUA SO GAN PUNG

1. Sai so tuyét doi

“%FP Mot bdon hoa c6 dang hinh tron véi

ban kinh 1a 0,8 m.

a) Viét cong thic tinh dién tich S ctia bon hoa
theo m va ban kinh 0,8 m.

b) Khi tinh dién tich clia bdn hoa, ban Ngin lay
mot gid tri gan ding ctia 7 1a 3,1 va duoc két

qua la: (Nguén: https://commons.m.wikimedia.org)
3,1.(0,8)*= 1,984 (m?).
Gid tri | S— 1,984| bidu dién diéu gi?

[ Néu a la s6 gan dung ctia s6 dung @ thi A, = @ — a| dwoc goi 1a sai 56 tuyét d@oi
7 o A ” n
cua sO gan dung a (Hinh 1).

a a a da

 J
)

[
Y

— ——
A = |E— a| A = |E— fi'|
a<a a>a
Hinh 1

Vidul & Mot bon hoa c6 dang hinh tron véi ban kinh 12 0,8 m. Hai ban Ngén va Anh
cting mudn tinh dién tich § ctia bon hoa d6. Ban Ngéin 14y mot gi4 tri gan ddng clia © 1a
3,1 va dugc két qua 1a . Ban Anh 14y mot gi4 tri gan ding cta = 12 3,14 va dugc két
qua 1a §,. So sdnh sai s0 tuyét doi Ag, cla s0 gin diing S, va sai sO tuyét doi Ag, clia s6
gan ding S,. Ban nao cho két qua chinh xdc hon?

Gidi
Tac6: S, =3,1.(0,8)°= 1,984 (m?);
S,=3,14. (0,8)%=2,0096 (m?).
Ta thdy: 3,1 <3,14 <z nén 3,1.(0,8)* < 3,14.(0,8)* < = . (0,8)* tifc 1a §,<8, < 4.
Suy ra Asz = ‘S = Sz‘ < ‘S = S|‘ = ASI .Viy ban Anh cho két qua chinh xdc hon.

Chii y: Sai s8 tuyét d6i clia s6 gan ding nhan duge trong mot phép do dac, tinh todn cang
bé thi két qua ctia phép do dac, tinh todn d6 cang chinh xac.
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~ ”, e 7 ~ e A 4
2. D0 chinh xac cua mot s6 gan dang

&P Hiy udc ligng sai s tuyét doi Ag, O Vidul.

Dé wde huong sai s& tuyét d6i do, ta lam nhu sau:

Do 3,1 <m<3,15nén3,1.(0,8)*<x.(0,8)*<3,15.(0.8)". Suy ra 1,984 < S < 2,016.
Viy Ag =[S -S| <2,016 - 1,984 = 0,032.

Ta néi: Két qua ctia ban Ngan co sai s6 tuyét d6i khong vuot qua 0,032 hay ¢6 do chinh xdc
120,032.

Nhdn xét: Gia st a 1a s6 gén dung cta 6 dung @ saocho A = @ - al < d.

Khids: A, =|a-al<de-d<a-a<doa-d<a<a+d.

Mot cich tdng quit:

[: 2 g & ; : M o A 4 ‘ e . =
Tandi a la s6 gan ding cuia s6 dung @ v6i do chinh xédc d néu A = @-al<d
va quy udc viet gonla a = a + d.

Nhan xé1: Néu A _<d this¢ ding @ nam trong doan [a — d ; a + d]. B6i vdy, d cang nhd
thi do sai 1éch cha s6 gan diing a so v6i sO ding @ cang it. Piéu d6 giai thich vi sao d
dudc goi 1a @6 chinh x4c clia s6 gan ddng.

Vidu2 & Hay udc luong sai sé tuyét doi Ay, & Vidul.
Gidi
Do 3,14 <m<3,15nén 3,14 .(0,8)> <m. (0,8)*<3,15.(0.8)%. Suy ra2,0096 < S <2,016.
Viy Ag =S - 8,| <2,016 - 2,0096 = 0,0064.

Ta néi: K&t qua clia ban Anh c¢6 sai s6 tuyét di khéng vugt qué 0,0064 hay ¢6 @6 chinh
xdc 12 0,0064. Khi d6 ta c6 thé viét S = 2,0096 + 0,0064.

3. Sai s6 tuong doi

“S¥:¥P Cic nha thién viin tinh dugc thoi gian dé

WL

Trdi DAt quay mot vong xung quanh Mit Troi 1a

365 ngay + i ngay. Ban Hung tinh thoi gian di
bd mot vong xung quanh sdn van ddng cua trudng
khoang 15 phut £ 1 phut. Trong hai phép do trén,
phép do nao chinh xac hon?
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- 7 - ~ 4 A w Fe + ~ ~ ~le A Py l ~ P ~ ~
Phép do cua cac nha thi€n van co6 sai so tuyét do1 khong vugt qua 2 ngay, co nghia la

khong vuot qud 360 phit. Phép do clia Hing c6 sai s tuyét d6i khong vuot qua 1 phuit.
N&u chi so sdnh 360 phiit va 1 phiit thi ¢6 thé din dén hiéu riing phép do ctia ban Hing

1 .
chinh xdc hon phép do ctia cdac nha thién van. Tuy nhién, 1 ngay hay 360 phat la do

chinh xdc ctia phép do mot chuyén dong trong 365 ngay, con 1 phit 1a d6 chinh xdc cta
1

- - A A - - . 0 " 4 l
hép do mot chuyén dong trong 15 phit. So sanh hai ti sO = = 0,0006849...
phep ; y ong glop 365 1460

- s . T —— ;
va 15 = 0,0666..., ta thiy ring phép do ctia céc nha thién viin chinh xédc hon nhiéu.
Vi du trén cho ta thay: Sai sd tuyét doi clia s6 gan ding nhan dugc trong mdt phép do dac,
tinh todn doi khi khong phan dnh day dua tinh chinh xé4c ctia phép do dac, tinh todn do.
Vi vy, ngoai sai s0 tuyét d6i A clia s6 gan ding a, ngudi ta con xét mot ti s6 khdc lién
quan dén sai 0.

P

; A ) : A .
7 ~ = {i . 1 ’ - A d ~ ~ r
Tis6 &, = \j duoc goi la sai s6 twong doi cia s6 gan dung a.

Nhan xét

= ~ - d “ A ~ d -~ # “ ey 7
*Néua=atd thi A, =d.Dodé S, < —‘ Vi vay, néu W cang bé thi chat lugng cua
a a
phép do dac, tinh toan cang cao.
» Ngudi ta thudng viét sai sd tuong doi duéi dang phan triim. Ching han, trong phép do
thdi gian Trai Dat quay mot vong xung quanh Mt Trdi thi sai s6 tuong ddi khdng vict qué
|

4 _ 1 0.068%.
365 1460

1. sO auy TRON. @uyY TRON sO GAN PUNG

L Trude hét, ta néu lai quy tic 1am tron (con goi 12 quy tron) sd nguyén hoic s&
thap phan dén mdt hang ndo d6 (goi 1a hang quy tron) nhu sau:

* Néu chii s6 ngay sau hang quy tron nhd hon 5 thi ta chi viéc thay thé chit s6 d6 va céc
chit s6 bén phai né béi 0.

* Néu chii s6 ngay sau hang quy tron 16n hon hodc bing 5 thi ta ciing 1am nhu trén nhiing
cong thém mot don vi vao chit s6 cia hang quy tron.
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St dung quy tic trén, hiy quy tron so:

a) 123 456 dén hang trim:;

b) 1,58 dén hang phan mudi;

¢) 3,14159265... dén hang phan trim.

Nhén xét: Khi quy tron sd 123 456 dén hang trim ta dugc s6 123 500. S6 123 500 goi 1a

~* a ] e A
$O quy tron cua sO ban dau.

[ Khi quy tron mot s6 nguyén hoiic mot s6 thap phan dén mot hang nao dé thi s6
nhan dudc goi 12 s6 quy tron cha s6 ban dau.

L)
Khi quy tron s6 3,141 dén hang phan trim ta dugc s6 3,14 va sai s tuyét doi cia sd
quy tron 12 3,141 — 3,14/ = 0,001 < 0,005. Do vdy 3,14 1a 56 gAn ding ctia 3,141 vdi do
chinh xac 0,005.

P Quy tron s6 3,141 dén hang phan trim roi tinh sai s tuyét doi cia s6 quy tron.

Nhan xét: Khi thay s6 ding boi s6 quy tron dén mot hang nao do thi sai sd tuyét doi clia
s6 quy tron khong vuot qud nita don vi clia hang quy tron. Nhu vy, d6 chinh xdc clia s6
quy tron bing niia don vi clia hang quy tron.

TU nhén xét trén ta c6 thé viét s6 quy tron cta s& gan ding cin cd vao do chinh xdc
cho trudc.

Vidu3 = Viét s6 quy tron ctia mdi s§ sau vé6i do chinh xéc d:

a) 2 841 331 véi d = 500; Ey
b) 4,1463 véi d = 0,05; 1 Viét s6 quy tron ctua
¢) 1,4142135... véi d = 0,005. moi s sau v6i do chinh
Xac d:
Gidi a) 28,4156 véi d = 0,005;
.'d) Vi da Chfﬂh Xﬁc d = 500 ﬂén ta quy trbn 36 2 841 331 b) 1,7320508 véi
dén hang nghin theo quy tic & trén. d = 0,0005.

Viy s6 quy tron clia s6 2 841 331 véi dd chinh xdc
d =500 1a 2 841 000.

b) Vi @6 chinh xdc d = 0,05 nén ta quy tron s6 4,1463 d&n hang phin mudi theo quy tic
G trén.
Viy s6 quy tron ctia s6 4,1463 véi do chinh xdc d = 0,05 1a 4,1.

¢) Vi do chinh xéc d = 0,005 nén ta quy tron s6 1,4142135... d@&n hang phan trim theo
quy tic & trén.
Viy s0 quy tron cta s6 1,4142135... v6i do chinh xdc d = 0,005 1a 1,41.

Poc sach tai hoc10.vn =



[ Qua Vi du 3, ta thdly néu s6 ding 1a sd nguyén hoic sd thap phan thi ta ¢6 thé
tim dé dang s& gin ding véi do chinh xdc cho trude bing cdch quy tron vé hang thich
hgp. Tuy nhién, viéc biéu dién sd thyc vé dang s& nguyén hojc s6 thap phan trong thuc
tién 1a khong don gian. Ngay nay, ta c6 thé st dung may tinh cam tay ho#c cc phuong
tién tinh todn hién dai dé giai quyét van dé dé.

Sti dung mdy tinh cam tay, tinh 3’ . V14 (trong k&t qua 14y bon chii sd & phan thap phan).
Pé thuc hién phép tinh trén ra két qua c6 bon chii s6 & -
phan thap phan, ta ¢6 thé Iam nhu sau: ? : N

2 Su dyng mdy tinh

+ An lien tigp (3)63 (D )] MWM(4)(=) Ao

i e - R - cam tay, tinh ‘\/G:S—Z
* Tiép tuc an 14n lugt (SHIFT)[SETUP|( 6 | thi man hinh hién (trong két qua 14y hai chit
ra Fix 0 ~ 9? s6 G phan thap phan).
An tiép (4] @& 18y bon chit s& thap phan. Két qua hién ra
man hinh la 8183.0047.

Vidu4 = Mot t gidy A4 c6 dang hinh chii nhét vé6i chiéu dai, chiéu rong 1an ludt 12
29,7 cm va 21 em. Tinh d6 dai dudng chéo cua to gidy A4 do6 va xac dinh d6 chinh xac
cua ket qua tim duoc.

Gidi
Goi x la d6 dai duong chéo ctia to gidy A4 di cho. Theo dinh li Pythagore, ta co:
x = 4/29,7% + 212 = /882,09 + 441 = ,[1323,09 = 36,3743...
N&u 1ay gia tri gan ding cha x la 36,37 ta c: 36,37 < x < 36,375.
Suy ra |x — 36,37| < 36,375 — 36,37 = 0,005.
Vay do dai dudng chéo clia to gidy A4 da cho 1a x ~ 36,37 va do chinh x4c ctia két qua
tim dugc 1a 0,005, hay néi cach khac x = 36,37 + 0,005.

lBAI TAP

Quy tron s6 — 3,2475 dén hang phin trim. SG gin ding nhin dugc ¢6 do chinh xédc
la bao nhiéu?

2. Viét s6 quy tron ctia méi s6 sau véi d6 chinh xéac d
a) 30,2376 vo1 d = 0,005; b) 2,3512082... vé1 d = 0,0005.

3. Bift 2 =1,41421356237... Viét s6 gin diing cia v/2 theo nguyén tic quy tron
1an lugt véi hai, ba, bon chi s,o' thip phén va udc lugng sai s6 tuyét doi.

4. Ta da biét 1 inch (ki hiéu la in) 14 2,54 cm. Man hinh ctia mot chiéc ti vi ¢6 dang
hinh chi nhat v6i dd dai dudng chéo la 32 in, ti sd gilia chiéu dai va chiéu rong cta
man hinh 13 16 : 9. Tim mdt gid tri gin ding (theo don vi in) chia chiéu dai ti vi va
tim sai s0 tuyét doi, dd chinh xdc ctia s6 gan diing do.

5. Hay tim hiéu khoi luong ctia Trai Dat, Mt Troi va viét két qua dudi dang so gan ding.
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§2

Viét Nam 6-0 Brunei
Viét Nam 6-1 Lao
Viét Nam 2-1 Indonesia
Singapore 0-1 Viét Nam
Viét Nam 2-2 Thai Lan
Viét Nam 4-0 Campuchia
Indonesia 0-3 Viét Nam

Bdng 1. Bdang két qud thi ddu béng dd cua
doi tuyén béng dda nam U22 Viét Nam
tai SEA Games 30

CAC SO DAC TRUNG PO XU THE TRUNG TAM
CHO MAU SO LIEU KHONG GHEP NHOM

SEA Games 30 da di vao lich sti ctia Thé thao
Viét Nam. Lan dau tién, Viét Nam cling dudc
Huy chuong Vang ca bong dda nam va bong
d4 nit. Dic biét, s6 ban thing trung binh clia
doi tuyén béng dd nam U22 Viét Nam trong
mdi trin dau la 3,43.

S6 ban thang trung binh trong moi
tran dau duoc tinh nhit thé nao?

1. SO TRUNG BiNH CONG (SO TRUNG BINH)

1. Pinh nghia

SR Két qua do chiéu cao (don vi: xdng-ti-mét) clia 5 ban nam to 1 1a:

165 172

Tinh trung binh cong ctia 5 so trén.

=) 171 170

[ S& trung binh cong ctia mot mau n s6 lidu thdng ké bing tong cla céc s6 liéu chia
" - A A - ~ - ~ e 7 ~ A A ~
cho s6 cdc s0 li€u do. SO trung binh ¢dng X cua méu s6 liéu x, x,, ..., x la:

)C]+J€2-|-...-|-.?CJ,i

e

n

Vidul & Két qud 4 1an kiém tra mon Todn ctia ban Hoa 9
1 Quan sit Bdng [ va

;7 9 8 9

Tinh s6 trung binh cong ¥ ctia mau s6 liéu trén. gidi thich tai sao s6 ban

Gidi thiang trung binh ctia doi
"f‘” o tuyén béng da nam U22

SO trung binh cOng X cta mau s0 liéu trén la: Viét Nam trong méi trin

7+9+8+9 33

déu 1a 3,43,

= = —i= 28,

4 4

Nhdn xét: Cong thic tinh s6 trung binh cong X khi c6 cdc s6 liéu thong ké bing nhau

c6 thé viét lai 6 dang:
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E:7+8+2'9:£:8,25.
1+1+2 4

Ta c6 thé tinh s6 trung binh cdng theo céc cong thiic sau:

* SO trung binh cOong X cha mau soO liéu thong ké e
e e BE g Gia tri X | = awi | ¥
trong bang phan bd tan so la: L. | %2 k
Fo bt mX t .t Tansé | n | n, | .. |n,
14 st i T T
* SO trung binh cong X cta mau so liéu thong ké
trong bang phén bo tan s6 tuong doi 1a:
- : : e > | x, | o | x
X = [iX% + JaXs + vt i Xp a ul | 2 k
a A a’
n n n Tan so
I _ By = | p :
ongidd /=5 fy = =5 v i =o s wongaal | 1 |2 | | K

vdln=n1 +n2+...+nk.

2. Y nghia

Trong thuc tién, dé tim hi€u mdt d6i tugng thong ké, ta dua ra tiéu chi thong ké va tién
hanh thu thap nhiéu 14n s6 liéu thong ké theo tiéu chi d6, tao thanh miu s6 liéu. Cin cu
vao mdu soO liéu do, ta rit ra nhitng két ludn c6 ich vé déi tugng thong ké. DE két luan
riit ra phan dnh ding dfin ban chét ctia ddi tuong, ta cAn nhin biét dudc hinh théi va xu
thé thay d6i ctia miu sd liéu. Vi cdch nhin nhan nhu thé, s6 trung binh cdng clia mau
$0 liéu ¢6 y nghia sau:

Khi cdc s6'liéu trong mau it sai léch véi sé trung binh céng, ta co thé gidi quyét dugc van
deé trén bdng cdch &y s6 trung binh cong lam dai dién cho mdu sé liéu.

Chéng han, dé du bdo lugng mua trong thang 8 tai Ha Noi ngudi ta tién hanh do lugng
mua cla tling ngay trong thang 8 tai Ha Noi, ta dugc miu s6 liéu gdm 31 s6 liéu. S6
trung binh cong clia mau s6 liéu d6 duge xem nhu luong mua trung binh thdng 8 clia
Ha Noi. Thong ké Iugng mua trung binh thang 8 ctia Ha Noi trong nhiéu nim lién tiép
s€ cho ta nhiing du bdo (ngay cang chinh xdc hon) lugng mua trung binh thing 8 cta
Ha Noi trong nhiing nim sip tdi.

Il. TRUNG VI
1. Dinh nghia

74 Diém kiém tra mon Todn clia mot nhém gdm 9 hoc sinh nhu sau:
1 1 367 889 10

» ~ -~ 9 oy A g A ~ - ~ o o
Tinh s6 trung binh c¢dng ctia mau s06 liéu trén va néu nhin xét.
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Nhén xét: S8 trung binh cdng ctia miu s6 liéu trén 1

I+l+3+6+7’+8+8+9+10m
9

Quan sat mau s0 liéu trén, ta thay nhiéu so6 lidu ¢6 su chénh 1éch 16n so véi s6 trung binh

cong. Vi vay, ta khong thé 14y s6 trung binh cong lam dai dién cho miu s6 liéu ma ta

phai chon s6 dic trung khdc thich hop hon. Cu thé, ta chon s6 dimg giita mau s6 liéu

trén, tirc la s6 7, lam dai dién cho mAu s6 liéu do.

B

3,9

[ Sip thit tu mau s6 licu gdm n s6 lidu thinh mot diy khong giam (hoic khong ting).
n+1

* Néu n 1a 1é thi s6 liéu ding & vi tri thd
trung vi.

(s0 ddng chinh gitta) goi 12

2 ~ 3 -~ e - ~ 7 . e P 7 M ” -, n -
* Néu n 12 chin thi s6 trung binh cdng cta hai so liéu didng & vi tri thid 5 va
n s :
5 + 1 got la trung vi.

Trung vi ki higula M.

Vidu2 @ Thdoi gian (tinh theo phit) ma 10 ngudi doi 6 p
bén xe buyt la: 2 Nhiét dd budi téi &
28 12 34 146 43 25 42 W 35 os 0§ = v

Iic 20 giv, 21 gid, 22 gid,

Tim trung vi ctia mau s8 liéu trén. 23 git lan lugt 1a 26, 25,
= 23, 23 (don vi: °C).
Gidi (Nguén: https:/accuweather.com)

Tim trung vi ctia mau so

Bude 1. Sdp x&p cdc s6 liéu chia miu trén theo thy tu L
liéu trén.

khong giam:

08 1,2 1,3 19 25 2.8 34 35 42 14,6
Bude 2. Xac dinh xem s6 céc s6 liéu la s6 chan hay s6 1& dé tim trung vi:
Mau s6 liéu trén c6 10 s6. SO thid ndm va s6 thir sau 1an lugt 12 2,5 va 2.8.

Vivay M, = 25"2'"728 = 2,65 (phuit).

Nhan xét
. ~ ~ . % A ~ i~ e is o - ”
* Trung vi khong nhat thiét 1a mot s6 trong mau s liéu va de tinh todn.
* Khi céc $0 liéu trong mau khong c6 su chénh 1éch 16n thi s6 trung binh cdng va trung vi

xap xi nhau.
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.Y nghia

Néu nhiing $8 liéu trong mau c6 su chénh 1éch 16n thi ta nén chon thém trung vi 1am dai
dién cho mau s6 liéu d6 nhiim diéu chinh mot s6 han ché khi st dung s& trung binh cong.
Nhiing két luin vé doi tuong thong ké rit ra khi d6 sé tin ciy hon.

Ching han, s& trung binh cdng ctia mau s liéu thong ké trong Vi du 2 la:

28+12+34+14,6+1,3+25+42+19+3,5+0,8
10

Y=

= 3,62 (phut).

Vi thé, néu chon thém trung vi M, = 2,65 (pht) lam dai dién cho mau 6 liéu d6 thi két
luan vé thoi gian doi & bén xe buyt sé tin cdy hon.

lil. TU PHAN VI
1. Dinh nghia

=¥ Xét miu s6 lieu duge xEp theo thi ty ting dan:

i 2 S )67 R8N0 1]
Tim trung vi cia mau sd lidu trén.
Nhan xét
Trung vi ctia mau s6 liéu trén 12 6. Tuy nhién, nhiéu s6 liéu trong miu van ¢6 su chénh
1éch 16n so véi 6, ching han: 1, 2, 10, 11. Vi thé, ta cAn chon thém nhiing phin ti dic
trung cho mau s6 liéu.

Nita ddy phia duéi $6 6 (tidc 12 nhiing s6 nhd hon 6) bao gom 1, 2, 3, 4, 5, ¢6 trung vi 1a 3.

Niia day phia trén sd 6 (tic 12 nhiing s6 16n hon 6) bao gom 7, 8, 9, 10, 11, cé trung vi
la 9.

Ba phan tii 3, 6, 9 chia miu s6 liéu thanh bon phin ¢6 s6 lugng phén tli bing nhau 14
{152} {4:5}; {7; 8} {10; 11}

Ta chon bd ba s6 3, 6, 9 12 bo s6 diic tring cho mau s6 liéu.

[ Sip thi ti miu s6 liéu gdm # 6 liéu thanh mot day khong gidm.
Tit phan vi cua mau s6 lidu trén 1a bo ba gla tr1: tr phan vi1 th nhat, ti phan vi
thw hai va ti phan vi thi ba; ba gia tri nay chia mau s6 liéu thanh bén phan ¢o6 s6
lwong phéan t& bang nhau.
* Tu phan vi thir ha1 0, bing trung vi.
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[ * Néu n 12 55 chén thi t¢ phén vi thd nhit Q| bing trung vi clia nita day phia dudi
va td phan vi thi ba Q, bing trung vi ctia niia ddy phia trén.
* Néu n 1a s6 1¢ thi td phan vi thd nhit Q, bing trung vi ctia niia day phia dudi
(khong bao gdm Q,) va tit phin vi thit ba 0, bing trung vi clia niia ddy phia trén
(khong bao gom Q).

Ta minh hoa td phin vi ciia mau s6 liéu gdm 11 s6 lidu trén truc s6 nhu sau:

5 kg W WE g Mg gy g o o [l
& @ 'T\ o—o ’[‘ - ,or *o—eo >
0, 0, 0,

Vidu3 & Tim t phan vi cia mau sd ligu:
21 336¥T 45 8759812119
Biéu dién ti phan vi d6 trén truc so.

Gidi ?
Mau s6 li¢u trén dudc sip xép theo thi tu ting dAn nhu sau: 3 Tim ti phan vi cta

8 17 21 35 43 59 72 119 mau so li¢u:
11 48 62 81 93 99 127
g m e BN 35+ 43 - e
Trung vi cua mau s06 liéu trén la: —— = 39. Biéu dién t phan vi trén
172 - truc so.
Trung vi cua day 8, 17, 21, 35 la: % = 19.
59 + 72

Trung vi cua day 43, 59, 72, 119 la: —5 = 63.5.
Vay 0, =19, 0,=39,0,=655.

Ti phan vi d6 dugc biéu dién trén truc s& nhu sau:

3 I'7 21 35 43 59 T2 119
.T. g ,|\ ® s
Q,=19 =39 0,=655
2. Y nghia

* Trong thuc tién, ¢6 nhiing mau s6 liéu ma nhiéu s6 liéu trong mau d6 van con su chénh
1éch 16n so v6i trung vi. Ta nén chon thém nhiing s6 khédc cuing 1am dai dién cho mau dé.
Biing cédch 14y thém trung vi ca tiing diy s& liéu tdch ra bdi trung vi ctia mau néi trén,
ta nhan dugc td phan vi dai dién cho mAu s liéu do.

* B) ba gid tri Q,. 9,, O, trong ti phin vi phan 4nh d9 phan tdn ctia miu s6 licu. Nhung
moi gid tri O, @, Q, lai do xu thé trung tdm clia phan s6 ligu tuong Ging chia mau do.
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IV. MOT
1. Pinh nghia

Béc Tam khai truong ctfa hang bén 4o s6 mi nam. S 4o ctia hang di ban ra
trong thdng dau tién dugc thdng ké trong bang tin sd sau:

Cd a0 A7 38 39 40 41 42 43

A e
Tan sO

(S6 4o bsn duge) | 1O o 62 81 51 20 3

C4 40 nao clia hang bdc TAm bdn dugc nhiéu nhat trong thidng diu tién?

Ta c6 dinh nghia sau:

[ Mot cia mau s& liéu 1a gid tri ¢6 tAn s6 16n nhét trong bing phan bd tin s6 va ki
higu 1a M .

Chii y: Mot mau s6 liéu c6 thé c6 mdt hodic nhiéu mot.

Vidu 4 @ Mot trong bang tan
sO thong ké sd 4o bdn ra trong 4 KEét qua thi thit mén Todn ctia 16p 10A nhu sau:
thang dau tién cla clia hang &
Hoat ddng 4 la bao nhiéu?
Gidi
Vi tan s6 16n nhat 12 81 va 81
tuong Ung véi ¢d 4o 40 nén
mot clia bang trén 12 40.

5 6%S 6 9 108 585 4B 4 5 7 4 5 8§ 910
34 536 5T 5 8449 596 5 6 8 87 9 7 9
a) Mot cia mau so liéu trén 14 bao nhiéu?

b) Tinh ti 1& s6 hoc sinh 16p 10A dat diém tif 8 tré 1én.
Ti 1& d6 phan 4nh diéu gi?

2. Y nghia

M6t ctia mot méu sd liéu diic trung cho s 1an Lip di 1dp lai nhiéu nhat tai mot vi tri chia mau
s0 liéu d6. Dua vao mét, ta ¢6 thé dua ra nhiing két ludn (c6 ich) vé doi tuong thong ké.
Ching han, trong Vi du 4, mét trong bang tan s& thong ké s6 4o bén ra trong thang dau
tién cla ctia hang 12 40. Do vy, bac TAm nén nhap vé nhiéu hon ¢d 4o 40 dé€ bén trong
thang tiép theo.

V. TINH HOP Li CUA $O LIEU THONG KE

“S XY Doc ki cdc ndi dung sau:

Sau khi thu thip, td chic, phan loai va biéu dién s6 liéu bing bang hoiic biéu dd, ta can
phan tich va xii I cdc s6 liéu d6 d€ xem xét tinh hop I chia s6 lidu thong ké, dic biét chi
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ra dugc nhiing s6 liéu bat thudng (hay con goi 1a di biét, trong tiéng Anh la Outliers).
Ta c6 thé sti dung cdc s6 liéu diic trung do xu thé trung tAm cho mau sd liéu khong ghép
nhém dé thuc hién diéu do.
Vidu5 = Mau s6 liéu sau ghi lai cin niing ctia 40 ban hoc sinh 16p 10 ctia mot trudng

trung hoc pho thong (don vi: ki-16-gam):

30 32 45 45 45 47 48 44 44 49

49 49 32 51 50 50 33 55 54 54

54 56 &7 57 58 58,5 68,5 60 60 60

60 63,5 63 62 69 58,5 88 85 72 T1
a) Xac dinh trung vi, td phan vi cta mau so liéu trén.
b) Tii két qua ciu a), budc dau xdc dinh nhiing s6 liéu bét thudng trong miu sd lidu trén.
Gidi
a) MAu s& liéu trén duge sip xEp theo thi tu ting dan nhu sau:

30 32 44 44 45 45 45 4T 48 49

49 49 50 50 51 52 53 54 54 54

a3 56 o ) 57 58 .Y 58,5 60 60 60

60 62 63 63,5 68,5 69 71 78 85 88

54 + 55

* Trung vi cia mau s liéu trén Ia: =54.5,

* Trung vi ca nifa ddy phia du6i 30 32 44 44 45 45 45 47 48 49 49
49 50 50 51 52 53 54 54 54 2r¥_ 49

* Trung vi cuia ntia day phia trén 55 56 57 57 58 58,5 58,5 60 60 60
| 60 + 60

60 62 63 635 685 69 71 72 85 88 i ————=60

Viy 0, =49; 0, =54,5; 0, = 60.

b) Dua vao trung vi, tf phan vi cia mau s6 liéu da cho, budc dau ta c6 thé thay nhiing s&
liéu bat thuong trong mau s6 lidu d6 1a: 30 32 85 88.

Chii ¥: Trong thuc tién, nhiing s lidu bat thudng ctia mau s6 lidu duge xdc dinh bing
nhting c6ng cu toan hoc sau sac hon.

B saiTir
1. Chiéu cao (don vi: xing-ti-mét) cta cdc ban to I & 16p 10A 1an luot 1a:
165 155 171 167 159 175 165 160 138
D1 vé1 mau s6 liéu trén, hay tim:
a) SO trung binh cdng; b) Trung vi; c) Mét; d) Td phan vi.
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2. S déi giay ban ra trong Quy IV nidm 2020 ctia mot ctia hiang dudc thong ké trong
bang tin sd sau:

Co giay 37 38 39 40 41 42 43 44

Tan sO

' 40 | 4 2 4 | 47 | 8
(S6 ddi giay bén dugc) 8§ |52 | 70 | 5 % | 3

a) Mot ctia mau so liéu trén la bao nhiéu?

b) Clia hang d6 nén nhap vé nhiéu hon ¢d gidy nao dé ban trong thang tiép theo?

3. Bdng 2 cho biét nhiét d6 trung binh céc thdng trong nidm & Ha Noi.

Thang 1 2 3 4 5 6 7 8 9 10 11 12

Nhiét do

°C) 16,4 17,0 120,2 (23,7 27,3 |28,8|28,9|28,2|27,2|24,6|21,4|18,2

(Nguon: Tap bdan dé Pia li 6, NXB Gido duc Viét Nam, 2020)
Bang 2

a) Nhiét do trung binh trong nim ¢ Ha Noi 1a bao nhiéu?

b) Nhiét do trung binh ctia thing ¢6 gid tri thip nhat 12 bao nhiéu dd6 C? Cao nhat
la bao nhiéu d6 C?

4. Bdng 3 cho biét tong dién tich riing ti nim 2008 dén nim 2019 & nudc ta.

Nam 2008 | 2009 | 2010 | 2011 {2012 | 2013 | 2014 | 2015 | 2016 | 2017 | 2018 | 2019

Téng dién
tichrimg |13,1[13,2(13,4(13,5(13,9|14,0|13,8 14,1 | 14,4 |14,4|14,5(14,6
(triéu ha)

(Ngubn: https://baodantoc.vn)
Bdng 3

a) Dién tich rling trung binh ctia nudc ta tif nim 2008 dén ndm 2019 14 bao nhiéu?
b) Tl nim 2008 dén nim 2019, dién tich riing clia nim c¢6 gi4 tri thap nhat 1a bao
nhiéu triéu héc-ta? Cao nhét 13 bao nhiéu triéu héc-ta?

¢) So véi nam 2008, ti 1 tong dién tich rling clia nudc ta nim 2019 ting l1én dudc
bao nhiéu phan trim? Theo em, ti 1 ting d6 1a cao hay thip?

d) Hiy tim hiéu s6 liéu vé tong dién tich riing clia tinh em dang song trong mot s
nim gan day.
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§3 CAC SO DAC TRUNG PO MUC DO PHAN TAN
>/ CHO MAU $O LIEU KHONG GHEP NHOM

K&t qué 5 bai kiém tra mdn Todn cia hai ban Diing va Huy dudc thong ké trong bang sau:

Piém kiém tra
Bail Bai 2 Bai3 Bai 4 Bai 5
Hoc sinh
7 5 9

Diing 3 6
Huy

Bdng 4

e e Y N . A A 2 * ~ A
K&t qud lam bai kiém tra mon Todn cia ban nao dong déu hon?

I. KHOANG BIEN THIEN. KHOANG TU PHAN VI
1. Dinh nghia

L]

"SR Két qua clia 11 14n do duoc thong ké trong mau s6 liéu sau:
25168791012 14116 (1)

a) Tim hiéu gitta s6 do 16n nhat va sd do nho nhat.

b) Sap x€p céc so liéu chia miu (1) theo thd tu ting dan. Tim cdc gid tri Q1’ Qz, Q la

td phan vi ciia mau d6. Sau d6, tim hiéu Qq Ql
Nhan xet
* Trong mau s6 liéu (1), hiéu gitia s6 do 16n nhat va sd do nho nhat 1a
R=x_ —x =16-2=14.

SO R goi 1a khodng bién thién chia mau so liéu (1).

* Sip x&p cdc s liéu ctia miu (1) theo thd ty ting dan, ta dudc:
2567 89 10 11 12 14 16

Vay Q,=6;0,=9; 0, =12. Suy razSQ =0, - Q,=12- 6= 06 va goi la khodng ui phan vi

ctia mau sd liéu (1).

Wi‘rong mot mau s6 liéu, khodng bién thién 12 hiéu s6 gitia gid tri 16n nhat va gid
tri nho nhét ctia mau s6 liéu do.
Ta c6 thé tinh khodng bién thién R ctia mau s liéu theo cong thiic sau: R = Xk
trong d6 x_ 12 gid tri 16n nhat, x_ 1a gid tri nho nhat ciia mau so liéu do.
* Gid st 0, 0,, O, la tii phan vi ctia mau s ligu. Ta goi hi¢u A, =0, 0, 1a khodng
tit phan vi ciia mau s6 liéu do.
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Chii y: Khoang ti phan vi cia mau s& liéu con goi la khodng trdi gitia (ti€ng Anh la
InterQuartile Range — IQR) ctia miu s& liéu do.

Vidy 1 = Mau s6 liéu thong ké chiéu cao (don vi: mét) ctia 15 cay bach dan la:
63 66 75 82 83 78 79 90 B9 72 75 87 7.7 88 76 (2)

a) Tim khodng bién thién ctia mau s6 liéu (2).

b) Tim khodng ti phin vi cia miu s0 liéu (2).

Gidi

a) Trong mau s6 liéu (2), s6 16n nhat 12 9,0 va s6 bé nhat Ia 6,3. Vay khoéang bién thién
clia mau so liéu (2) la:

R=x_ —%. =90-63=27 @)

X m

b) Sip x&p céc s6 liéu ctia mau (2) theo thi tu ting dan, ta dugc:
6,3 66 7.2 75 7.5 40 7, Jd5719,58 83 8,7 88 89 90
Do dé Ql =115 () Q2 =7,8 (m); Q3 =87 (my
Vay khodng td phin vi cia mau s6 liéu (2) la: Ap=0,-0,=87-175=12(m).

2. Y nghia

a) Y nghia ctia khoang bién thién: Khodng bién thién ciia mdu sé liéu phdn dnh sut
“dao dong”, “su dan trdi” cua cdc sé liéu trong mdu dé. Khoang bién thién dudc st
dung trong nhiéu tinh huéng thuc tién, ching han: tim ra sy phén tdn diém kiém tra ctia
mot 16p hoc hay xac dinh pham vi gia ca cia mot dich vu ...

Theo cdch nhin nhu & trong vét li, & d6 bién dd dao ddng phan 4nh khodng céch tii diém
cAn biing d&n diém xa nhat ctia dao ddng, néu coi s6 trung binh c¢dng 1a “diém can bing”
ctia miu s6 lidu thi khoang bién thién ctia mau s6 liéu c¢6 thé xem nhu hai 1an bién do
dao dong ctia cdc s trong miu d6 quanh di€m céin bing.

Trong céc dai luong do mic dd phan tdn clia miu s6 liéu, khoing bién thién 12 dai luong
dé hiéu, dé tinh todn va tuong doi tot ddi véi cdc mau sd lidu nho. Tuy nhién, do khodng
bién thién chi st dung hai gid trix_ vax . cua mau s0 liéu nén dai lugng do chua dién
giai day da sy phan tdn ctia cdc sO lidu trong mau. Ngoai ra, gid tri ciia khodng bién thién
s€ bi 4nh hudng bdi cdc gid tri bat thudng clia mau s6 liéu dé. Trong nhiing trudng hop
nhu vy, kho4ng bién thién ctia maiu s6 liéu khong phan dnh chinh xdc dd dan trai cha
mau so liéu.

b) Y nghia ctia khoang ti phén vi: Khodng tit phéan vi la mét dai luong cho biét mikc
do phan tdan ciia 50% s6 liéu chinh giita ciia mdu sé liéu dd sdp xép va cé thé giiip xdc
dinh cdc gid tri bdt thuong ciia mau sé liéu dé. Khoang td phan vi thudng dudc st dung
thay cho khoang bién thién vi n6 loai trii hiu hét gid tri bat thudng ctia mau s6 liéu.

Dec’)bc sach tali hoc10.vn



Il. PHUONG SAl
1. Pinh nghia

ciaban Diing la: 8 6 7 5 9 (3) (xem Bdng 4).

S6 trung binh cong ctia mau s6 liéu (3) 1a:
8+6+7+5+09

X = =.

%"‘ P So licu thong ké két qua 5 bai kiém tra mon Toén ﬁ'

M&éi hiéu gitia s6 liéu va
sO trung binh cong goi 1a
do léch cua so lidu do6 doi
v4i s0 trung binh cong.

5
a) Tinh cdc d6 1éch sau: (8 —7); (6 =7): (7—=7); (5=7); (9="7).

b) Tinh binh phuong ciac do 1éch va tinh trung binh cdng ctia chiing.

Trung binh cdng ctia binh phuong cdc do l1éch la:
(BT il T [T~ TP L5 K. + @ T

z -
S6 s* duoc got1 la phuong sai cia mau so liéu (3).

S2 =

Mot cich tdng quat, ta c6 dinh nghia sau:

v

X Ay ~ ~ ’ 1 “ . A 1 A 2l =
ho mau s6 li¢u thong k& ¢ n gid tri x, x,, ..., x va so trung binh cong 1a X.

2 AP+ (- F o+ (x, - X

Ta goi sO s la phwong sai ctia mau

n
sO liéu trén.

Nhan xét
* Khi ¢6 céc s6 liéu biing nhau, ta ¢6 thé tinh phuong sai theo cong thic sau:
+ Phuong sai cia mau s6 liéu thong ké trong bang

phan bd tan s6 1a: o . | . .
(ki — XV + i 06— T # aut B(h — TP : o x
?2 - 2 kA Tan o
n : an so nl n2 nk
trong d6n=n +n,+ ... + n; X la sO trung binh
cOng cua cdc s liéu da cho.
+ Phuong sai ctia mau s6 liéu thong ké trong bang
phén b4 tan s6 tuong doi 1a: B . | o
3 - T el : L3 k
= fokk = T+ B0 =3 et &), =
Tan so ; ;
# AT - A N A 7 > A qea
trong d6 X la sd trung binh cOng cua cdc sd liu tuong déi hHhlkh Ji
da cho.
37
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* Trong thuc t&, ngudi ta con dung cdng thiic sau dé tinh phuong sai cia mot mau s6 liéu:

s [ B 3 (T ek (o]
§% = - I 2 , trong d6: x, 1a gid tri clhia quan st thi i;
n-—

¥ 1a gid tri trung binh va n 12 s6 quan sdt trong mau s liéu do.

Vidu2 = Mau s0 liéu thong ké két qua 5 bai kiém tra mon Todn clia ban Diing, ban
Huy lan lugt 1a:
8 6 759 (3 .
6 7 7 8 7 (4) (xem Bang 4). ” [
S6 trung binh cdng clia mau s liéu (3) va (4) déu 9 [ #,
leis & = 7.

——e "‘i

Tofx
._,F: g e

a) Tinh phuong sai s;,, 7, 14n lugt ctia hai miu s6
liéu (3) va (4).

b) Xét miu s liéu (3), ta goi d6 dai doan thiing MH,
1a d9 léch cua s6 liéu thong ké x, ddi vdi s5 trung Bail Bai2 Bui3 Buid Bais Bar
binh cdng X =7 (Hinh 2). So sanh phuong sai s s

- I R e v Ao ) g Hinh 2
§p, cua mau so lidu (3) va gia tri cua biéu thic
MH +M,H; + M.H; + M H,; + M H;
; ;
¢) Sosanh 57, va s3,. Tit d6 cho biét ban nao ¢6 két qua kiém tra mon Todn ddng déu hon,

Gidi

O =k W Lo ) 0O

) B-T) + (@7 + (7T + 5~ T¥ 80V 1);

a) Taco: s;, = 3 = @
s 6= +T=-TV+(-7+@-7V+(7-7) 2
§ o ===04
] 5 5
b) Véi mau s6 liéu (3), ta c6: A
MH, =R-7, M.H,=l6-17, M;H,=[7-1], 71' Maiu s6 liéu vé thoi gian
M. H,=|5-1], M.H,=9-7|. (don vi: gidy) chay cu li 500 m
- cua 5 nguoi la:

S 4 q ﬁ ,\ 552 58,8 624 54 594 (5)
o . Mabls Wl Sulbiatl Yy Wl Mau s& liéu v& thoi gian (don

5 vi: gidy) chay cu li 1500 m cua
Nhu vdy, phuong sai sf) danh gid mic do phan 5 ngudi do la:
tdn két qua 5 bai kiém tra mon Todn cta ban 271,2 261 276 282 270 (6)
Diing (so véi sd trung binh céng x = 7). Tinh phuong sai ciia miu (5) va
mau (6). Tui d6 cho biét cu li chay

g 2 _ R & Gl el I
c)Do s; =0,4<s;=2 nén ban Huy c6 két qua o 66 két qui déng d2u hon,

kiém tra mon Toédn dong déu hon ban Diing.

Dec’asc sach tali hoc10.vn



2 ¥ nghia

Phuong sai 1a s6 diic trung do mic dd phan tdn cia mau sd liéu. Mau s6 liéu nao ¢6
phuong sai nho hon thi mic do phin tdn (so véi s6 trung binh cong) clia cdc s6 lidu trong
mau d6 sé thap hon.

. DO LECH CHUAN
1. Dinh nghia

o -

“S &P Trong Vi du 2, phuong sai ciia miu s0 lidu (4) 1a S;‘; = 0,4. Tinh s, = ‘/si,.

[ Cin bic hai ctia phuong sai goi 1a dé léch chuan ctia miu s6 liéu thong ké.

Nhén xét: Vi don vi do ctia phuong sai la binh phuong don vi do cia s6 ligu théng ke,
trong khi o léch chuin lai ¢6 cting don vi do véi s6 liéu thong ké, nén khi can chu y dén
don v1 do thi ta sit dung d6 léch chuan.

Vidu3 | Bdng 5 thong ké nhiét d6 (don vi: °C) & Thanh phd H& Chi Minh ngay
03/6/2021 sau mot so lan do.

Gio do 1h 4h 7h | 10h | 13h | 16h | 19h | 22h
Nhiét do (°C) 27 26 28 32 34 39 30 28

Bdng 5 ?
2 Maiu sd liéu vé s6 lugng

40 bén ra lan lugt ti thang 1
dén thiang 12 ctia mdt doanh

a) Viét miu s6 lidu théng ké nhiét do tlt Bdng 5.
b) Tinh s6 trung binh cong, phuong sai va do léch
chuin ctia mau sd liéu do.

nghiép la:
Gidi 430 560 450 550 760 430
a) Mau s liéu thdng ké nhiét d6 nhin dugc tii Bdng 5 525 410 635 450 800 900
la: 27 26 28 32 34 35 30 28 Tinh @6 léch chudn ctia méu s6
b) Nhiét do trung binh a: ligu do.
- _ 27+26+28+32;—34+35+3()+ 28 _ 30 (°C).

Phuong sai ctia mau s6 liéu d6 la:
2 - B+t =X+ (g =T+ (o, = %) + (o =X + (5, - X + (%, - %) + (% - XY
8
BB A a0 Oy B 2 B DR O B e
8 g8

D06 léch chuan ctia mau s6 lidu do la: s = /9,75 ~ 3,12 (°C).
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2.Y nghia

Ciing nhu phuong sai, khi hai mau s8 liéu thdng ké ¢6 cing don vi do va ¢6 sd trung
binh cdng b;“ing nhau (hoic xz’i'p xi nhau), mau sé liéu nao ¢6 dod léch chuian nhd hon
thi mic dd phan tdn (so véi 6 trung binh cdng) clia céc s6 liéu trong mau dé sé thap
hon. Do 1éch chuin 1a s6 diic trung do mic do phan tian clia mau so6 liéu thong ké cé
cung don vi do.

IV. TINH HOP Li CUA $O LIEU THONG KE

Ta c6 thé sti dung cdc so diic trung do mic dd phan tan cho miu s& liéu khong ghép
nhém @€ chi ra dugc nhiing s6 lidu bat thudng clia mau sd liéu d6. Ta thudng sii dung
khodng ti phan vi dé xdc dinh s& liéu bat thudng clia mau sd liéu. Cu thé nhu sau:

Gia su 0 Q3 12 td phan vi ctia mau s06 liéu va hiéu AQ =0.— 0 la khodng td phan
vi clia mau soO liéu d6. Mot gid tri trong mau s6 liéu duge coi 1a mot gid tri bat thudng
néu n6 nho hon 0, — %A 0 hodc 16n hon Q; + %A o Nhu vay, khoang ti phén vi cho ta

cdch nhan ra gid tri bat thudng clia mau s6 liéu.

Vidu 4 = Neéu céc gid tri bat thudng ctia mau sd liéu thong ké sau:
56 19 21 22 23 24 25 26 27 28 29 30 31 32 33 34 48 49 (7)
Gidi
Mau s6 liéu (7) ¢6 tit phan vi 12 Q1 = 2% Q2 =27, Q3 = 32. Suy ra
A,=07=0,=32-23= 10.

Céc gié tri 5, 6 (nhd hon Q, — %AQ 9D %10 = 7) va cdc gid tri 48, 49 (I6n hon

0, + %AQ =32 + %.10 = 47) 1a cdc gid tri bat thudng ctia mau so liéu (7).

Chii y: Ta ciling c6 thé x4c dinh s6 liéu bat thudng ctia mau sd liéu bing s6 trung binh
cong va do 1éch chuin. Cu thé nhu sau:

Gia st X, s 1an lugt 1a s6 trung binh c¢dng va do 1éch chuin ctia miu so6 liéu. Mot gid tri
trong mau sd liéu cling dudc coi 12 mot gid tri bat thudng néu né nhé hon X — 3s hoic

16n hon X + 3s. Nhu vy, s0 trung binh c¢dng va do 1éch chuin cho ta cdch nhan ra gid
tri bat thudng ctia mau sd liéu.
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) A Tap

1.

Poc sach tai hoc10.vn

Trong 5 l4n nhay xa, hai ban Hung va Trung ¢6 két qua (don vi: mét) lan luot la

Hung 2.1 2.6 2.4 2.3 2,6
Trung 2.4 2.5 2.5 2.5 2.0

a) K&t qua trung binh cla hai ban c6 bing nhau hay khong?
b) Tinh phuong sai cia miu s6 liéu thong ké két qua 5 14n nhay xa ctia mdi ban. Tii
d6 cho biét ban nao c6 két qua nhay xa 6n dinh hon.

ié $ne & Hi 2 x e TOCdp ting trudng GDP
Biéu dd doan thing & Hinh 3 biéu dién toc 7“7 “[if/;} B
75 A (%

dd tang truéng GDP cta Viét Nam giai 7,08 7.02
doan 2012 —2019. 7 8L A=

a) Viét méu s& liéu thong ké toc do ting 0
trudng GDP nhan dugc ti biéu dd 6 Hinh 3. 6

b) Tim khodng bién thién ctia mau s6 liéu d6. 9

¢) Tim khoéng td phan vi cia miu s6lidu d6. % ——— >
2012 2013 2014 2015 2016 2017 2018 2019 Ndm
” . ~ ~ o~ A i 2
d) Tll’lh pthO"ng sdl va do leCh Chllan cua (Ng”ﬁn hrq}s_l'//gso_go'l;_vn}
mau sd liéu do. Hinh 3
; = 5 h Gid vang
. a ;-3 . w % . L Ly L =
Biéu do doan thiang 6 Hinh 4 blfu dién gid (nghin dbag/chi)
vang bdn ra trong bay ngay dau tién cua A
. 5767 |--8
thang 6 ndm 2021.
5757
a) Viét mau so liéu thong ké gia vang ban 5747
ra nhan dugc tit biéu dd6 & Hinh 4. 5737
b) Tim khodng bién thién ctia mau s6 liéu do. ; 3%3
¢) Tim khoang t phan vi cia mu s§ liéuds. oLt & &+ & ¢ F

: N o 4 6 26 306 416 SI6 6/6 /6 Ngdy
d) Tinh phuong sai va do léch chuén ctia e

il ss lidu do. (Nguon: htips://bieudogiavang.vn)

Hinh 4

D& biét ciy dau phat trién nhu thé nao sau khi gieo hat, ban Chéau gieo 5 hat diu vao
5 chiu riéng biét va cung cip cho chiing lugng nudc, d4nh sdng nhu nhau. Sau hai tuin,
5 hat ddu da ndy mam va phét trién thanh 5 ciy con. Ban Chau do chiéu cao tii ré dén
ngon clia mdi cdy (don vi: mi-li-mét) va ghi két qua 1a miu s0 liéu sau:

112 102 106 94 101
a) Tinh phuong sai va do 1éch chuin cia miu s6 liéu trén.
b) Theo em, céc cly c¢6 phat trién dong déu hay khong?

4]



XAC SUAT CcUA BIEN CcO

54 | TRONG MOT S6 TRO CHOI DON GIAN

Quan sat dong xu & Hinh 5 ta quy udc: miit
xudt hién 8 5 000 12 mit sdp hay mit S; miit
xudt hién Qudc huy Viét Nam 12 mit ngtia
hay mit N. Tung mét ddong xu cin ddi va
dong chat hai 1an lién tiép. Xét bién ¢d “C6
it nhat mot 1an xudt hién mit ngtia”.

. [ * A
Hai mdt cua dong xu
Hinh 5

Lam thé nao dé tinh dge xdc sudt
cuia bién cd néi trén?

I. XAC SUAT CUA BIEN CO TRONG TRO CHOI TUNG PONG XU

Trong trd choi tung ddng xu, ta quy udc dong xu 1a cin ddi va dong chat.

Tung mot dong xu hai 1an lién tiép. Thuc hién cédc hoat ddng sau:

B Viét tap hop Q cdc két qué c6 thé xay ra doi véi mit xuit hién ctia ddng xu sau
hai 14n tung.

Nhdn xét

* Tap hop Q cac két qua co thé xay ra doi voi mat xuat hién ctia ddng xu sau hai lan tung
la Q= {SS; SN; NS; NN}, trong d6, chiing han SN la két qua “Lan thii nhit ddng xu xuat
hién miit sap, 1an thd hai ddng xu xuat hién mit ngilia”.

* Tap hop Q goi 1a khong gian mdu trong trd choi tung mot ddng xu hai 1an lién tiép.

Xét sy kién “K&t qué ciia hai 14n tung ddng xu la gidng nhau”. Sy kién da néu
bao gdm nhiing két qua nao trong tip hop Q? Viét tip hop A cac két qua do.

Nhan xét

* Tap hop A cac két qua co thé xay ra doi voi su kién trén la; A = {SS; NN}. Ta thiy
A c Q. Tap hop A con goi 12 bién ¢6 ngdu nhién (hay goi tit 1a bién ) trong trd choi
n6i trén. Khi do, su kién da néu chi ra tinh chét dic trung cho c4c phan tii cta tip hop A.

* M&i phan tii clia tAp hop A dwoc goi 1a mét két qud thudn loi cho bién cd A: “Két qua
ctia hai 1an tung dong xu 1a giéng nhau”.
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SG di ta goi nhiing phan tii do la k&t qua thuén 16i cho bién ¢d trén vi ching dap g
duirgc mong muon thé hién trong bién ¢d, d6 12 mit xuit hién & ca hai Iin tung ddng xu
Ia giéng nhau.

= Viét ti s6 gilia s6 phan tl cha tAp hop A va s& phan tii cta tip hop Q.

A - P " . 7 ) A . " L) - A - 2 l
Nhan xét: Ti s6 gitia s6 phan tli cta tap hgp A va s6 phan tli cha tap hop Q 1a 1 = %
Ti 6 nay dugc goi la xdc sudt cha bién ¢d A: “K&t qua ctia hai 1an tung dong xu 1a gidng
nhau” trong tro choi néi trén.

Trong trd choi tung mot ddng xu hai 14n lién tiép, d6i véi mdi bién cd A, ta c6 dinh nghia
¢6 dién ctia x4c suit nhu sau:

[ Xdc suat clia bién ¢ A, ki hiéu P(A), 1a ti s0 gitta s6 cdc két qua thuén 1¢i cho
bién c6 A va s phan tif cia khong gian mau Q:

n(A)

n(Q)’

§ d6 n(A), n(Q) 1an lugt 1a s6 phan tii cha hai tip hop A va Q.

P(A) =

r A A + 1R A = Al
Vidul = Tung mét dong xu hai lan lién ti€p. '1 fung motabng xu hai
a) Viét tap hop Q 1a khong gian mau trong trd choi trén., lan lién ti€p. Xét bién c6

“C6 it nhat mot lan xuAt
hién mit sip”. Tinh x4c
suat ctia bién ¢o ndi trén.

b) Xét bién ¢d B: “C6 it nhat mdt 1an xuat hién miit ngiia”,
Tinh x4c suét cha bién ¢6 B.

Gidi

a) Khong gian mau trong trd chai trén la tip hop Q = {SS; SN; NS; NNJ.

b) C6 ba két qué thuén 16i cho bién ¢& B 1a: SN, NS, NN, tc 1a B = {SN; NS; NN}.
n(B) 3

n(Q) 4

Vi thé, xdc suat ctia bién co B la

Il. XAC SUAT CUA BIEN CO TRONG TRO CHOI GIEO XUC XAC

Trong trd chdi gieo xiic xic, ta quy udc xic xic 1a can d6i va ddng chat.

Gieo mot xic xic hai 1an lién ti€p. Thuc hién cic hoat dong sau:

“SEY Vit tap hop Q cac két qua c6 thé xay ra d6i véi mit xudt hién cha xdc xdc sau
hai l4n gieo.

Nhdn xét: Khi gieo mot xiic xéc hai 14n lién ti€p, c6 36 két qua c6 thé xay ra doi véi miit
xuét hién ctia xdc xic sau hai lan gieo, d6 1a:
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(1;1) (1:;2) (153) A:;4 135 (@1;6)
2;1) 252) 2;3) 2;4 (235 2:6)
(B;1) (3:2) (333) B:4 (B35 (B:6)
4:;1) (4;2) (4;3) (4:;4 @4:5 4:6)
G:;D (5:2) 533) G534 (B5:5 (5356)
6;1) (6:2) (6:3) (6:4) (6:5) (6:6)

* Téap hop Q cac két qua co thé xay ra d6i vai mét xuat hién chia xiic xdc sau hai 1an gieo
aQ={G(;p)lij=1,2,3,4,5,6}, trong d6 (i ; j) 1a két qua “Lan thi nhat xuat hién
miit i chAm, 1an thd hai xuat hién mit j chAm”.

* Tap hop Q goi 12 khong gian mdu trong trd choi gico mot xic xic hai 14n lién tiép.

“SEP Xét sy kién “Téng s6 chdm trong hai 1an gieo xic xdc bing 8”. Sy kién da néu

bao gdm nhiing két qua nao trong tip hop Q? Viét tap hop C cac két qua do.
Nhan xét
* Tap hop C cac két qua co thé xay ra d6i voi su kién trén la:

C#F{(2; 05 iald ; D55 3.(0: D)}
Ta thdy C = Q. Tap hop C ciing goi 14 bién cé ngdu nhién (hay goi tit 1a bién ¢é) trong
tro choi n6i trén. Khi d6, su kién da néu chi ra tinh chat dic trung cho céc phan ti cha
tap hop C.
* M6i phan tii cta tip hgp C duoc goi 1a mot két qud thudn loi cho bién ¢6 C: “Téng sO
chim trong hai lan gieo xiic xic bing 8”.

(P Viét ti s6 gifta s6 phan tii ctia tap hgp C va so phan tit ctia tap hop Q.

- r e .~ " ;) 7 ~ ) - A ] ) ~ \ 5
Nhdn xét: Ti 8 gilia s& phan ti cta tdp hgp C va s6 phan tit cta tap hop Q la ey

Ti s6 nay dudc goi la xdc sudt ctua bién c¢6 C: “Tong sd chdm trong hai lan gieo
xtic xac bang 8” trong trd choi ndi trén.

Trong trd choi gieo mot xic xéc hai 14n lién tiép, ddi véi mdi bién c6 C, ta ¢6 dinh nghia
O dién clia xdc suit nhu sau:

[ Xdc suat clia bién ¢6 C, ki hiéu P(C), 1a ti s8 giiia s6 cdc két qua thuén 10i cho
bién ¢ C va s6 phan tii ctia khong gian miu Q:
B(gy = 2L
n(Q)
¢ d6 n(C), n(Q) 1an luot 1a s6 phin tii chia hai tap hop C va Q.
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Vidu2 | Gieo mot xiic xéc hai Ian lién tiép.
2 Gieo mot xtc xac hai

a) Viét tap hop Q 1a khong gian mau trong trd choi trén. ln lién tiép. Xét bién c&

” - ~ ~ ~ . . ~ ~ " " . A
b) Xét bién ¢6 D: “S6 chdm trong hai lan gieo déu 1a s& 16 “S6 chiam trong hai lan
i 7 . a ~ - A -~ ~ o~
Tinh xdc suét cta bién ¢d D. gico deu 14 50 nguyen
_ t6”. Tinh x4c suat cua
Gidi bién ¢& d6.

a) Khong gian miu trong tro choi trén 1 tip hop
Sl= T i=1,2.54 38}
trong do (i ; j) 1a két qua “Lan dau xuat hién mit / cham,

A~

1an sau xuat hién mit j chim”. Tap hop Q ¢6 36 phén til.

b) C6 9 két qua thuin Igi cho bién ¢6 D 1a: (1 ; 1); (1 ;3);(1:5); 3;1); (3 3);
@aalids RS2 Bl e la &= {1 3 DE (1 330511 2903 §.1% (3 330
(3:5);(5;1):(5:3);(5;5)}. Tap hop D ¢6 9 phén tit.

D) 9 1

Vay xéc sudt ctia bi€n ¢d néi trén la: =—=—
n(Q) 36 4

B i TAP

1. Tung mdt dong xu hai lan lién ti€p. Tinh xdc suit cta bién cd “Két qua ctia hai 1an
tung la khac nhau”.
2. Tung mot ddng xu ba lan lién tiép.
a) Viét tap hop Q 1a khong gian mau trong trd choi trén.
b) X4c dinh mdi bién co:
A: “Lan dau xudt hién mit ngiia”;
B: “Mit ngtlia xay ra ding mot 1an”.

3. Gieo mot xtc xic hai 14n lién tiép.
a) Tim s6 phin tl cta tap hop Q 1a khong gian miu trong trd choi trén.
b) Phét biéu mdi bién ¢d sau dudi dang ménh dé néu su kién:
A={(6;1);(6:;2);(6:;3);(6:4);(6:5);(6;6)};
B={(1:;6);(2:5);(3;4)(4;3)(5;2);(6; D}
C={(1;1)2:2);(3;3); 4;4)(5;5);(6;6)}.

4. Gieo mdt xtic xfic hai lan lién ti€p. Tinh xdc suit ctia méi bién ¢6 sau:
a) “Tong s6 chAm xuit hién trong hai l1an gieo khong bé hon 10”;
b) “MEiit 6 chdm xudt hién it nhit mot 1an”.
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§5 | XAC SUAT CUA BIEN cO

Gieo mot xdc xdc hai lan lién ti€p. Xét bién c¢6
“Cé it nhat mot 1an xuat hién mit 6 chAm”.

- o \ A g ” A
Lam thé nao dé tinh diuoc xdc sudt
ctia bién cé noi trén? Sdu mdt ciia xiic xdc

I. MOT SO KHAI NIEM VE XAC SUAT

1. Phép thit ngau nhién va khong gian miu

Doc ki nhting ndi dung sau:

* Mot trong nhiing khéi niém co ban ctia If thuyét xdc suét la phép thit. Chang han, tung
ddng xu hay gieo xtic xfc, ... 1a nhiing vi du vé phép thi.

* Trong to4n hoc pho thong, ta chi xét nhiing phép thii c¢6 thé x4c dinh dugc tap hop tat
ca cic két qua c6 thé xay ra cta phép thii d6 va tap hop nay 12 tip hitu han. Ching han,
khi tung mot ddng xu, ta biét dude miit xuit hién ctia ddng xu 1a sip hoic ngiia.

[ C6 nhiing phép thit ma ta khong thé doan trude duge két qua clia né, mic du da
biét tip hop tat ci cdc két qua c6 thé ¢6 cha phép thit d6. Nhitng phép thii nhu thé
20i 1a phép thit ngdu nhién (goi tat 1a phép thir).

Xét phép thit “Gieo mot xtc xic mot 1An”, két qué c6 thé xay ra cia phép thit
14 s6 cham trén miit xuat hién cla xic xic. Viét tap hop Q cac két qua c6 thé xdy ra clia
phép thu trén.

Nhdn xét

* Tap hgp Q cac két qué c6 thé x4y ra cia phép thi trén 12 Q = {1; 2; 3; 4; 5; 6}.

* Tap hop Q goi la khéng gian mau cha phép thii.

Mot cich tdng quit, ta ¢6 dinh nghia sau:

[ Tap hop Q céc két qué c6 thé xay ra clia mot phép thit goi 1a khong gian mdu cla
phép thu do.
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Vidul & Mot hop c6 3 chiée thé cung loai, mbi thé dugc ghi mot trong céc 6 1, 2, 3;
hai thé khdc nhau thi ghi hai s6 khdc nhau. Rit ngiu nhién mot chiéc thé tif trong hop,
ghi lai s6 ctia thé dudc rit ra va bo lai thé d6 vao hop. Xét phép thii “Riit ngdu nhién lién
ti€p hai chiéc thé trong hdp”. Hay cho biét khong gian mau ctia phép thii do.

Gidi

Khong gian miu cta phép thi trén la tip hop Q = {(1; 1); (1;2);(1:3);(2; 1); (25 2);
(2:3); 31 (332 3:3)),. 0486, chfing han (1 ; 2) 1a két qua “Lin thd nhat rit ra thé
ghi s6 1, 14n thd hai rit ra thé ghi s6 2”.

Vidu2 = Mot hop ¢6 1 qua béng xanh, 1 qua béng do, 1 qua bong vang; cdc qua bong
c6 kich thuéc va khéi luong gi6ng nhau. Lay ngiu nhién mot qua béng tii trong hop, ghi
lai mau ctia qua béng dugc 14y ra va bo lai qua bong d6 vao hop. Xét phép thi “Liy ngau
nhién lién ti€p hai qua bong trong hop”. Hay cho biét khong gian mau ctia phép thi do.
Gidi
Khong gian mau cla phép thi trén 1a tap hgp Q = {XX; XD; XV; bD; DV; bX; VV;
VX; VD}, & d6, chang han XD la két qua “Lan thit nhat 14y ra qué béng xanh, 1an thi
hai 14y ra qué béng do”.

2. Bién co
a) Dinh nghia

“SEP Xét phép thii T: “Tung mot d@dng xu hai 1an lién tiép”.

Khong gian miu cta phép thii trén 12 tap hop Q = {SS; SN; NS; NN}.

a) Su kién “Két qué cta hai lan tung 1a gidng nhau” tuong ting véi tip con A ndo cha
tap hop Q?

b) Phét bi¢u tap con B = {SN; NS} ctia khong gian mau Q dudi dang ménh dé néu sy kién.

Nhdan xét

* Mdi su kién lién quan dén phép thii T tuong ting v6i mdt (va chi mot) tdp con A clia

khong gian mau €.

* Nguoc lai, mdi tp con A ctia khong gian mau Q ¢6 thé phat biéu diéi dang ménh dé

néu su kién lién quan dén phép thii 7.

Mot cdch tdng quit, ta ¢6 dinh nghia sau:
[ Bién cd ngdu nhién (goi tit 12 bién ¢6) 1a mot tip con clia khong gian mau.

Chii y: Vi su kién chi ra tinh chét dic trung cho cdc phan ti cia mdt bién ¢6 nén ta cling
goi su kién 12 bién ¢6. Chang han: Su kién “Két qua ctia hai 1in tung la gidng nhau” trong
phép thti “Tung mot dong xu hai lan lién tiép” 1a mot bién co.
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Vidu3 | Xétphép thit “Gieo mét xiic xic hai 1an lién tiép” “/TV
1 Xét phép thit “Gieo mot

a) Su kién “Tong s& chdm trong hai 1an gieo chia hét

S xtic xdc hai 14n lién tiép”.
cho 5” tuong tng véi bién co nao ctia phép thii trén?

a) Su kién “S6 cham
b) Phit biéu bién cd trong lin gieo thd hai
B NN s G i A B ciie B la 6" tuong tdng véi bién

D i {(1 [ 5)3 (5 " ]19 (2 ) 4)3 (4 L] 2)9 (3 ’ 3)3 (6 ] 6)} Cé"'nao Cfla phép thfr trénf?
cia khong gian mau (ctua phép thi trén) dudi dang b) Phdt bifn bin cf

ménh dé néu su kién. E={(5;6);(6:5);(6:06)}
- cia khong gian miu
Giai (trong phép thii trén) dudi

a) Su kién “Téng s6 chadm trong hai 14n gieo chia hétcho 57  dang ménhdeneu sukién.
tuong tng véi bién cd:
C={(1;4);(4:1);(2;3)3:2);(4;6);(6:4);(5;5)}
cua phép thi trén.

b) Tap con D bao gdm tit ca cdc phan tii ctia khong gian mau ¢6 tinh chat dic trung 12 tong
hai s6 trong mdi ciip chia hét cho 6. Vay bién ¢d D c6 thé phat biéu dudi dang ménh dé
néu su kién “Tdng s6 chim trong hai 1an gieo chia hét cho 6.

b) Bién ¢6 khong. Bién ¢d chiic chin

Xét phép thii T v6i khong gian mau Q. Mdi bién ¢d 12 mdt tip con ctia tp hgp Q. Vi thé,
tap rong @ ciing 1a mot bién ¢d, goi 1a bién cé khong thé (goi tat 1a bién cé khong). Con
tap hop Q goi 1a bién cé chdc chdn.

Chfing han, khi gieo mdt xic xic, bién c6 “Mit xuat hién c6 7 chAm” 1a bién cd khong,
con bién ¢d “Mit xuat hién c6 s6 chim khong vudt qua 67 12 bién ¢ chic chin.

Y. A e
¢) Bién co doi
Xét phép thii 7 véi khong gian mau 1a Q. Gi sit A 12 mot bién ¢6. Nhu vy, A 1a tip con
ctia tap hgp Q. Ta xét tip con Q \ A la phan bu ciia A trong Q.

[ Tap con Q \ A xac dinh mét bién ¢6, goi 1a biéh ¢4 ddi chia bien ¢b A, ki hiéu 1a A.

Ching han, khi gieo ngiu nhién mot xdc xic mot 1an, bién ¢6 “Mit xuat hién ctia xic

xic ¢O sO chim 14 s 187 12 bién ¢6 doi cha bién cd “Miit xuit hién cha xidc xic ¢ so
~ - ~ S as

cham la sO chan”.

Chii y: Néu bién ¢d A dugc mo ta dudi dang ménh dé todn hoc Q thi bién ¢ ddi A dudc

mo ta bing ménh dé phii dinh ctia ménh d2 O (tdc 1a ménh dé Q).
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3. Xac suat cua bién co

i ” # Ty &6 ~ A A ﬁ A gL
=" BP Xét phép thi “Tung mot dong xu hai lan lién ti€p”.
Khong gian mau ctia phép thi trén 1 tip hop Q = {SS; SN; NS; NNJ.

Tinh xdc sudt cha bién c6 A = {SS; NN}.

Mot cdch tdng qudt, ta ¢6 dinh nghia sau:

Xét phép thii chi ¢6 mot s6 hitu han két qua c6 thé xdy ra va kha niing x4y ra clia tling
két qua 12 gidng nhau. Goi Q 1a khong gian mau ctia phép thii d6. Khi d6, véi mdi bién c6 A,
ta c6 dinh nghia c6 dién cta xdc suit nhu sau:

Xdc sudt clia bién ¢8 A, ki hidu la P(A), bing ti s6 ”((g)) . 8d6 n(A), n(Q) 1an lugt
n

n(A)
n(Q)

1a sO phan i ctia hai tap hgp A va Q. Nhu vay: P(A)=

Vidu4 =~ Mot hop c6 5 chiéc thé cung loai, mdi thé dugc ghi mot trong céc s6 1, 2, 3,
4, 5; hai thé khdc nhau thi ghi hai s6 khdc nhau. Rit ngiu nhién dong thoi 2 chiéc thé tii
trong hop.

a) Goi Q 1a khong gian mdu trong trd chdi trén. Tinh s6 phan ti ctia tap hop Q.

b) Tinh xdc sudt chia bién ¢6 E: “Tong cdc s6 trén hai thé 12 s6 187

Gidi

a) M&i phin tit ciia khong gian miu Q 12 mot t6 hgp chap 2 clia 5 phén ti trong tap hop
{1;2;3;4;5}. Vi thé

5! 5.4
2031 2
b) Bién c6 E gom cdc cdch chon ra hai chiéc thé ghi s61a: 1 va2;1va4;2va3;2vas5s;

3 va4; 4 va 5. Vithé n(E) = 6. Viy xdc suit ciia bién ¢d E Ia:
WE) 6 3

n(Q) 10 B

n(Qj= C; = = 10.

P(E) =

Vidu5 = Tit mot hop chia 5 qua ciu tring va 5 qua ciu do; cdc qua ciu c6 kich thude
va khoi lugng gidng nhau. LAy ngiu nhién ddng thoi hai qua cAu. Tinh x4c suit 13y dugc
hai qua ciu khic mau.

Gidi
M&i 1an 14y ra ddng thdi hai qua cAu cho ta mot t6 hop chap 2 ciia 10 phan tii. Do d6,
khong gian miu Q gdm céc t6 hop chip 2 ctia 10 phan tif va
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10! 10.9 ?
HEY =105 = = = 45. 2 Co 5 bong hoa mau

21 .8! 2 : % :
i : trang, 5 bong hoa mau
Xét bién ¢d G: “Hai qua cau 1y ra khdc mau”. vang va 6 bong hoa mau
do. Nguoi ta chon ra
4 bong hoa tir cac bong
hoa trén.

Khi hai qua cau lﬁ'y ra khdc mau thi mot qua cau 14y ra c6
mau t:rang, qua ciu con lai ¢c6 mau d. Co 5 cach lay ra

mot qua cau mau trang va ciing ¢6 5 cach lay ra mét qua Thh %8¢ Gk oia Big

cau mau do. Theo quy tac nhan, ta co n(G) =5 . 5 = 25. c& “Bén bong hoa chon
Viy xdc sudt ctia bién ¢d G la: ra ¢6 ca ba mau”.
proy = 221,222
n(Q) 45 9

Vidu 6  Nhan dip khai truong mdt ctia hang kinh doanh dd dién ti, khdch hang dau tién
sau khi mua hang s& dugc nhan mot phiéu ting qua. Mén qua 1a mot chiéc tai nghe coa
mdt trong nim hang v tai nghe mdi hing c¢6 du hai mau tring hodc den.

a) V& so d hinh cdy biéu thi cdc kha ning ctia mot mén qua ma khdch hang diu tién cé
thé nhan dudc tii phiéu ting qua.

b) Tinh xdc sudt cta bién c¢d H: “Khach hang diu tién nhan dudc chiéc tai nghe mau
tréng tif phi€u ting qua”.

Gidi

a) SO do hinh cay biéu thi cdc khé niing cia mdt mén qua ma khach hang dau tién c6 thé
nhéan dudc tii phiéu ting qua:

Qua ting
Tai nghe cua Tai nghe clia Tai nghe ctia Tai nghe ctia Tai nghe cla
hang thii nhat hang thi hai hang thi ba hang thu tu hang thi nim
Mau Mau Mau Mau Mau Mau Mau Mau Mau Mau
trang den tring den tring den trang den trang den

b) Ta thidy khong gian mau Q 12 céc loai tai nghe dém theo hdng va theo mau cia tai
nghe. Dua vao so d6 hinh ciy & trén, ta thiy:

* n(Q2) = 10.
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» Khéch hang dau tién c6 thé nhan dugc 1 trong 5 loai tai nghe mau tring tng vdi
nam hang, tic la n(H) = 5.
nH) 5 1

nQ) 10 2

Vay xdc sudt d€ xay ra bién c6 H 1a P(H) =

II. TINH CHAT CUA XAC SUAT

Xét phép thii 7 véi khong gian mau 1a Q. Khi d6, ta cé céc tinh chat sau:

[ * P(@)=0; P(Q) = 1;

* 0 <P(A) < 1 v6i mbi bién cd A;

* P(A) = 1 - P(A) vdi mbi bién cd A.

Chitng minh
* Xdc suat cha bién ¢ khong 1a P(@) = w1 :
n(Q2)  n(Q)
5 o cap sk 2 Ak n(<2)
Xac suat cua bién ¢6 chic chin la P(Q2) = =
n(€2)

n(A)

* D6 P(A) = = va 0 < n(A) < n(Q) nén 0 < P(A) < 1 v6i mdi bién ¢d A.
n

* Do n(Q\ A) = n(Q) — n(A) nén xéc suit ciia bien c6 A 1a:
p(a)_ MQ\A @ na) | n(4)
n(Q) n(Q) n(2)

= 1 - P(A).

Vidy 7~ Mot hop ¢6 10 qua béng tring va 10 qua béng do; cic qua béng cé kich thudc
va khoi lugng giong nhau. LAy ngiu nhién dong thoi 9 qua bong trong hop. Tinh xéc suat
dé trong 9 qué béng dudc 14y ra c6 it nhat mot qua béng mau do.

Gidi
Mai 1an 1y ra ddng thdi 9 qua béng cho ta mot té hop V
chép 9 ctia 20 phan tl. Do d6, khong gian mau Q gom céc 3 Co 15 bong hoa mau

2 ——— g 9 tring va 15 bong hoa
td hgp chép 9 cua 20 phan tit va n(QQ) = C5,. ot vtz Nelroi s chon
Xét bién ¢b K: “Trong 9 qui béng dugc 18y ra c6 it nhat ~ radong thdi 10 bong hoa.
mot qua béng mau do”. Tinh xédc suit cua bién
: c6 “Trong 10 bong hoa

Khi d6 bién c6 ddi ctia bién ¢6 K la bién c6 K :“Trong dudc chon ra c6 it nhat
9 quéa béng dugc 1dy ra khéng c6 qui béng mau d6 nao”, mot bong mau tring”.

tidc 12 ¢4 9 qua béng duge 14y ra ¢6 mau tring.
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Mai 14n 14y ra ddng thoi 9 qua béng mau tring cho ta mot t6 hop chip 9 ctia 10 phan til.

Dods B =12 =2 _ 10, Sy BEy =25 = 0 vny
Clo 91. 1! n(Q C3
10

P(K)=1-P(K)=1-

9
20

IIl. NGUYEN Li XAC SUAT BE

Qua thuc nghiém va quan st thuc t&, ngudi ta thay riing cdc bién c6 ¢6 xdc suit bé s& gin
nhu khong x4y ra trong phép thii. Ching han, mdi chuyén bay déu c6 mot x4c sut rit bé
bi x4y ra tai nan. Nhung trén thuc t€, tai nan ctia mot chuyén bay s& khong x4y ra. Tt do, ta
thifa nhan nguyén Ii sau ddy, goi 1A nguyén If x4c suit bé: Néu mét bién c6 ngau nhién cé
xdc sudt rdt bé thi thuc té cé thé cho rdng trong mot phép thit bién c¢d do sé khong xdy ra.
Tuy nhién, mot x4c suat nhu thé nao dudc xem 1a bé phai tuy thudc vao tling bai todn cu
thé. Vi du nhu xdc suit dé du khong mé 1a 0,01 (dung cho nhay du) thi ciing khong thé
coi 1a bé va khéng thé dung loa1 du do. Nhung néu xac suat dé tau vé ga cham la 0,01 thi
lai co thé xem la tau vé ga dung gio.

. BAI TAP -

Mot hop ¢6 5 chiée thé cling ]0dl mdi thé dudc ghi mot trong cacsf 1,2,3,4,5;
hai thé khdc nhau thi ghi hai s6 khdc nhau. Rit ngiu nhién dong thdi 2 chiéc thé tu
trong hdp.

a) Goi Q 1a khong gian mau trong trd choi trén. Tinh s6 phén tii cta tap hop Q.
b) Tinh x4c suat ctia bién cd “Tich céc s6 trén hai thé 13 s6 187,

2. Mot hop c6 4 tim bia cling loai, moi tAm bia dudc ghi mét trong céc s6 1, 2, 3, 4;
hai tdm bia khéc nhau thi ghi hai s6 khdc nhau. Rit ngiu nhién dong thdi 3 tim bia
tu trong hop.

a) Tinh s6 phan tif ctia khong gian mau.
b) Xéc dinh cdc bién ¢ sau:

A: “Téng céc sO trén ba tAm bia bing 9”;

B: “Céc s0 trén ba tdm bia 12 ba s0 tu nhién lién tiép”.
¢) Tinh P(A), P(B).

3. Hai ban nit Hoa, Thao va hai ban nam Ding, Huy dudc x&p ngdi ngiu nhién vao bon
¢hé dat theo hang doc. Tinh xéc suat xép dudc:

a) Ban Théo ngdi ghé€ dau tién;
b) Ban Thao ngdi ghé diu tién v ban Huy ngdi gh& cudi cling.

4. C6 10 bong hoa mau triing, 10 bong hoa mau vang va 10 bong hoa mau do. Ngudi ta
chon ra 4 bﬁng hoa th cdc bong hoa trén. Tinh xdc suét ctia bién ¢6 “Bon bong hoa
chon ra ¢6 ca ba mau”
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BAI TAP cUOI CHUGONG VI

Chon chit cdi diing trudc phiong dn diing (tit bai 1 dén bai 2)

1. Cho mau s liéu 1 2 4 5 9 10 11

a) SO trung binh cong ctia mau s6 lidu trén la:

A.S. B.S§.5. C. 6 D. 6,5.
b) Trung vi ctia miu sd lidu trén la:

A. 5. B.53.D0. C. 6. D, 6.5,
¢) Tt phan vi cia mau s6 liéu trén 1a:

A.Q =4,0,=50,=9. B.Q,=1,0,=550,=11.
C.Ql=1,Q2=5,Q3=lI. D.Ql=2,Q2=5,Q3=10.
d) Khoang bién thién ctia mau s liéu trén 1a:

A. 5. B. 6. ¢ 10, B, 1l
¢) Khodng td phan vi clia miu s6 liéu trén la:

A.7. B. 8. C.9, D, 10,
g) Phuong sai cia mau s liéu trén 1a:

A. %9 B. 9_76 C. 96, D. 9.
h) P6 1éch chufn ctia mau s6 liéu trén 1a:

A. % B. ? C. 96, D. /9.

2. Bdng 6 thong ké s8 40 s6 mi nam ban dudc clia mot clia hang trong mdt thang.

Cd a0 36 37 38 39 40 41 42

Tan s6

(S6 4o bén duge) | = 30 31 47 | 45 39 32

Bang 6
Mot ctia mau so liéu trén 12 bao nhiéu?
A. 42, B. 47. L3, D. 39.

3. Biéu d6 doan thang 6 Hinh 6 cho biét luong khach du lich qudc t€ dén Viét Nam
trong mot s6 ndm (tif 1990 dén 2019).
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a) Viét miu s0 liéu thong ké 8 lugt khdch du lich  Luong khdch

o o 2 % & s i (nghin htor)
quoc t& dén Viét Nam nhén dudc tii biéu do bén. A

b) Viét mau s6 liéu theo thi tu ting dan. Tim 200001
sO trung binh cdng, trung vi va ti phan vi cla
mau s6 liéu do.

18 009
150004

¢) Tim khodng bién thién va khodng td phan vi 10000

9 oy e -
cua mau so liéu do. =
- 5000 -

d) Tinh phuong sai va dd léch chuin cia mau

s0 liéu do. e e ¢
1990 1995 2000 2005 2010 2015 2019 HNam

(Ngubn: https://viethamtourism.gov.vn)

4. L6p 10A ¢6 40 hoc sinh. Ti s6 phan trim vé i

phuong tién ma cdc ban dén tridng duge mo ta
nhu biéu d6 6 Hinh 7.

4 - y m < W Xe dap
a) C6 bao nhiéu ban di xe dap dén truong?

M Dibd
B Xe bus
M Xe 6 t6 con

b) Chon ngiu nhién mot ban dé phan cong vao
doi xung kich cta trudng. Tinh xdc suat cla
bién c6 “Ban dugc chon 12 ban dén trudng bing
xe dap”.

Hinh 7

5. Em hay tim hiéu chiéu cao clia tit ca cdc ban trong t6 va 1ap miu so licu véi két qua
tdng din. VG6i miu s6 liéu d6, hay tim
a) SO trung binh cong, trung vi va td phén vi;
b) Khoang bién thién va khoadng ti phan vi;
¢) Phuong sai va do 1éch chuan.

6. Trong mot hdi thio qudc t& ¢6 10 chuyén gia dén tir cac nudce & chau A, 12 chuyén
gia dén tir cac nude & chau Au. Chon ngiu nhién 2 chuyén gia vao ban t6 chic.
Xdc suat dé chon dugc 2 chuyén gia ¢ hai chiu luc khdc nhau vao ban td chic Ia
bao nhiéu?

7. Trong mdt budi khiéu vii c¢é ding 10 ciip vo chdng. Chon ngiu nhién 2 ngudi 1én
khiéu vii dau tién. Xdc suat dé 2 ngudi duge chon 1a vg chong 1a bao nhiéu?

8 Mot 16 hang ¢6 20 san phim bao gdm 16 chinh phim va 4 ph& phim. Chon ngau
nhién 3 san pham.
a) C6 bao nhiéu két qua xdy ra khi chon ngdu nhién 3 san phim?
b) Xac suat ctia bién ¢6 “Ca 3 san phdm dudc chon 1a chinh phim” bing bao nhiéu?

9. Trong mdt hop c6 20 chiée thé dude viét cc so 1, 2, 3, ..., 20 sao cho mdi thé chi
viét mot s va hai thé khac nhau viét hai s6 khac nhau. Chon ngau nhién 2 chiéc thé.
Tinh x4c suit ctia bién c6 “Hai thé dudc chon c6 tich cia hai s6 dudc viét trén dé 1a
s0 187,
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HOAT DPONG THUC HANH

VA TRAI NGHIEM

Chii dé 2. XAY DUNG MO HINH HAM SO BAC NHAT,
BAC HAI BIEU DIEN SO LIEU DANG BANG

I. NOI DUNG CHINH CUA CHU bE

1. M6 hinh toan hoc

Nhiing hién tugng pho quat trong ty nhién, trong thuc tién doi song ctia con ngudi dugc
khdi quat hod, “md hinh hod” thanh nhting khdi niém, dinh Ii, tinh chat, ... trong todn hoc.
Chang han: du bdo thdi tiét, nhiing thay ddi ctia hé sinh thdi, quy mo dan s, x4y dung
chién lugc kinh doanh, dién bién gid ci clia cdc mit hang, ... dugc mo hinh hod bing cic
ham s6 hodc cdc phuong trinh trong todn hoc.

Muc dich ctia viéc xdy dung mo hinh toan hoc cho mot hién tugng phd quét trong thuc
tién 14 nhim hiéu dugc hién tugng va du bdo duoc tién trinh dién ra cta hién tugng d6
trong tuong lai.

2. Xay dung mé hinh ham so biéu dién sé liéu thong ké

DPé xiy dung md hinh todn hoc cho mét hién tugng xay ra trong thuc tién, ta st dung

thong ké. Biing cdch xem xét hién tugng d6 6 nhiing thoi diém khdc nhau trong qu4 khd,

ta thu thap, t6 chiic va biéu dién dugc mdt miu s6 lidu thong ké, ching han & bang s&

lidu théng ke.

Dé xay dung mé hinh todn hoc bing cdc him s& dua trén mau s6 liéu thong ké, ngudi ta

lam nhu sau:

Butde 1. Lua chon cdch biéu dién dif liéu 1én miit phing toa do

Butde 2. Ciin ci vao viéc biéu dién dit liéu trong mit phing toa do, lya chon ham s&
thich hgp

Bude 3. St dung ham s6 da chon dé giai thich va du dodn hién tugng xdy ra trong
thuc tién

Butde 4. Kiém tra va diéu chinh (néu can thiét).

Chii y: Céc md hinh du khép véi dit liéu cling chi dua ra mot md ta gin ding vé hién

tugng xdy ra trong thyc tién. Vi thé viéc kiém tra va diéu chinh mo hinh Ia cén thiét.
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Vidul = Mot cong ty thong ké s& san phim ban duge mdi nim tii nim 2017 dén nim
2020 nhu sau (don vi: triéu sin pham):

Nam 2017 2018 2019 2020

Doanh s6 (triéu san pham) 14 22 28 31

Bdng 1

B?ing cach st dung ham s& bac nhat, néu mo hinh todn hoc biéu dién s6 liéu & Bdng 1.
Dya theo md hinh do, dy dodn sd san pham bén dugc trong cdc nim 2021, 2022.

Gidi

Butde 1. Lua chon cédch biéu dién dii liéu 1én mit phfing toa do.
Patx=r—-2017 v6it € {2017; 2018; 2019; 2020}. Tacé x € {0; 1; 2; 3}.
TU Bdng 1, ta c6 bang thdng ké sau:

X 0 ] 2 3
SO san pham tuong ng véi x
(triéu san pham) 14 22 28 31

Bdng 2

Xét cdc diém A(0 ; 14), B(1 ; 22), C(2 ; 28) va D(3 ; 31) trong mat phi’ing toa do.

Butée 2. Xem s6 san pham ban duge f(x) 1a ham s6 clia x. Ta phai chon f(x) 1a ham s3 bac
nhit sao cho f(x) du dodn (cang chinh xdc cang tot) s6 san pham ban duge & nhiing ndm
sau nam 2020, tic la tinh dugc gia tri caa f(x) véi x > 4,

Ciin cd vao bén diém A(0 ; 14), B(1 ;22), C(2 ; 28) va D(3 ; 31), ta chon ham s6 bc nhét
y = f(x) ¢6 dd thi “gin” nhat véi bon diém trén.

Thong thudng viéc tinh todn truc tiép dé xdc dinh dugc cong thic ctia ham s& bac nhat
no6i trén 1a khong dé dang. Ngudi ta ding cdc phan mém todn hoc dé trg gidp cho qué
trinh tinh todn. Ching han, ta st dung phan mém GeoGebra dé xac dinh ham s6 bac nhat

noi1 trén nhu sau: & Grotaim G
x e ) o . i ol [ON || 252 e
Vao phan mém GeoGebra, xuat hién giao el Bl OIS _\ -
dién nhu Hinh 1. u il
— V& diém A(0 ; 14) bing cich ding ciu
lénh “=(0,14)” nhu Hinh 2.
2 Geolebra Classic
SalralB 2l dilcliisIIEAIRN
O = (0,14) :
Hinh 2 Hinh |
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Tuong tu, vé cac diém B(1 ; 22), C(2;28) vaD(3;31) trong mat phfing toa dod bf’ing cach
dunp cic eai lenh? “=(1.227" “=(2.98)"; “=(3.31)";

— St dyng cau Ignh: = FitPoly({A, B,C,D},1)
+

“=FitPoly({A,B,C,D},1)” nhu Hinh 3 ta — 57x+152
duoc ham:

f(x) = 5,7x + 15,2 v6i @0 thi & Hinh 4.

Hinh 3

7 GeeGebin Classic
Rlal >0 4 X =+
@ A=(014 =N

B = (1,22

= (3, 31)

®@ @ & @
o

f(x) = FitPaly({A.B,C,D},1)
- 5.Tx+152

Hinh 4

Butée 3. Dya theo mo hinh him s& bac nhat f(x) = 5,7x + 15,2, ta dy dodn s6 san phim
ban duoc trong cdc nam 2021, 2022 1an lugt la:

fid)=5,7.4+15,2=38;
f5)=35,7.5+15,2=43,7~ 44.
Butde 4. Dy dodn trén 12 hop 1i, vi thé ta khong cin diéu chinh mé hinh todn hoc da chon.

Vidu2 = Mot cong ty thong ké s san phdm bdn duge mdi ndm tif nim 2017 dén nim
2020 nhu sau (don vi: triéu san pham):

Nam 2017 2018 2019 2020

Doanh s6 (triéu san pham) 15 25 42 48

Bdng 3
a) Biing cdch st dung ham s& bac hai, néu mé hinh todn hoc biéu dién sd lidu 6 Bdng 3.
Dua theo md hinh d6, du doédn s& san pham bdn dugc trong cdc nim 2021, 2022 va
xdc dinh ndm bédn dugc nhi¢u sdn phidm nhét.
b) Dua theo mo hinh todn hoc trén, cong ty ¢6 nén cong bo san phim mdi vao nim 2023
hay khong? Vi sao?
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Gidi

a) Bude 1. Lya chon cich biéu dién dii liéu 1én miit phing toa do.
bPatx=r—-2017 v6it € {2017; 2018; 2019; 2020}. Tacé x € {0; 1; 2; 3}.
T Bdng 3, ta ¢6 bang thong ké sau:

X 0 1 2 3
S& san pham tuong dng vdi x
(triéu sin phim) L5 25 42 48

Bdng 4
Xét cac diém A(0 ; 15), B(1 ; 25), C(2 ; 42) va D(3 ; 48) trong mit phﬁng toa do.

Budc 2. Xem s6 san phim ban duoc fix) 1a
ham s8 cGa x. Ta phdi chon f{x) 1a ham s0
bac hai sao cho f{x) du dodn (cang chinh xdc cang
tot) s6 san phdm béan dudc ¢ nhitng nim sau nim
2020, tdc 1a tinh dugc gié tri cta flx) véi x > 4.
Ciin ¢t vao bon diém A0 ; 15), B(1 ; 25),C(2 ; 42)
va D(3 ; 48), ta xdc dinh ham s6 béc hai ¢6 dd thi
“gAn” nhit véi bon di€m trén.

Tuong tu nhu trong Vi dy 1. Ching han, ta st dung
phian mém GeoGebra dé xac dinh ham s6 bac hai
noi1 trén nhu sau:
— Vé céc diém A(0 ; 15), B(1 ; 25), C(2 ; 42) va
D(3 ; 48) trong miit phing toa do bing cich ding [ = -«
cac chu lénh: “=(0,15)" “=(1,289%. “‘=(2.42)
“=(3.48)". Hinh 5
— St dung cau lénh “=FitPoly({A,B,C,D}.,2)” ta dugc ham: f(x) = — x2 + 14,6x + 14,1
v6i db thi & Hinh 5.
Bude 3. Dya theo md hinh ham s& béc hai flx) =— x* + 14,6x + 14,1, ta c6 thé:
* Dy dodn s6 san pham bdn dugc trong cdc nam 2021, 2022 14n luot 1a:
fid)=—42+14,6.4+14,1=56,5~57;5)=—52+14,6 .5+ 14,1 =62,1 ~ 62.
* D thi haim s6 bic hai ¢6 hoanh d6 dinh 1a 7,3 va
A =—T*+14,6.7+14,1 =673~ 67; (8 =— 82+ 14,6 . 8 + 14,1 =669 67.
Vay khi x =7 (tdc la nam 2017 + 7 = 2024) hodc khi x = 8 (tic 1a ndm 2017 + 8 = 2025)
cong ty s& ban dugc nhiéu san phim nhat la (khoang) 67 triéu san pham.

Butée 4. Dy dodn trén 12 hop 1i, vi thé ta khong can diéu chinh md hinh todn hoc da chon.
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b) Dua theo md hinh ham s& bic hai, ta thiy s& luong san pham ban duodc van trong xu
huéng ting dén nim 2025. Vi thé, khong nén thay d6i mau san phim d6 bing mau san
phdm mdéi. Vay cong ty khdng nén cdng bd san pham mdi vao nam 2023.

3. Y nghia ciia xiy dung mé hinh toén hoc

Con ngudi nhin thic mot hién tigng xdy ra trong thuc tién thong qua nhiing di liéu
thong tin thu thip duoc tai hitu han thoi diém. Do d6 dit liéu thu thip dude thudng c6
tinh rdi rac, khong @a d€ phan anh tién trinh dién ra ctia hién tugng do theo thdi gian lién
tuc. Viéc xdy dung moé hinh toan hoc cho phép chiing ta khiic phuc diéu d6. Nho vay,
chiing ta ¢6 thé hiéu dugc ban chat hién tuong va du bdo duoc tién trinh dién ra ctia hién
tuong do trong tuong lai.

II. GOl Y 16 CHUC CAC HOAT PONG THUC HANH VA TRAI NGHIEM

:‘"" B Hoc sinh dugc chia theo nhém. Mdi nhém Iua chon di liéu (quy md dan s6 clia
dld phudng, nhiét do vao cdc thiang & dia phuong; s6 gio ty hoc va diém sd tuong dng;
nhu ciu vé mot loai san pham; ...) va phin cong thu thip di liéu. Sau d6 mdi nhém dién
két qua thu thap dii liéu vao bang.

Sau day 12 mau néu lya chon dif liéu 14 nhiét dd vao cdc thing clia dia phuong.

Théng 7 ? 72 ?

Nhiét dé ? ? ? ?

Mo6i nhém thiic hanh xay ding mé hinh todn hoc dang ham s6 bic nhait hodc
ham s0 bic hai dé biéu dién s6 liéu 6 bang théng ké theo cdc buée da néu & muc 1.2.

Ill. PANH GIA

Gido vién tién hanh tong két, rit kinh nghiém va danh gia.
Hinh thic danh gia: Theo hinh thic danh gid ctia hoc tap du an.

1. Panh gia hoat dong ca nhan

* Mdi c4 nhan ty ddnh gid vao phi€u cd nhén.
el e - - - - rd - . 0’ el ., e ~
* Nhom danh gid tiing thanh vién trong nhém vao phiéu danh gid ¢4 nhéan.

2. Panh gia hoat dong va san pham ctia nhém

* Nhém tf ddnh gia lai hoat dong ctia nhém va cho diém vao phiéu ddnh gid hoat dong
cua nhom.

* Gi4o vién va cdc nhém d4nh gid va cho diém phan trinh bay cia tiing nhém vio phiéu
danh gia hoat dong nhom.
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PHUGNG PHAP TOA B0
TRONG MAT PHANG

Trong chuong nay, chiing ta sé tim hiéu nhitng néi dung sau: toa dé
cUa vecto, phuong trinh dudng thang, phuong trinh dudng tron,
phuong trinh ba dudng conic trong mét phang toa do.

§1 | TOA PO CUA VECTO

Hinh I minh hoa hoat ddong cia mot man hinh ra da & tram
kiém sodt khong Iuu cha sin bay, dang theo doi mot may
bay ha cdnh. M4y bay xuit hién trén man hinh ra da béi
mot dom séng, ki hi¢u 1a M. Dya trén su thay d6i cla toa
do vecto OM , tram kiém so4t ¢6 thé xéc dinh dude dudng
bay cua may bay.

\ Toaq dj cua vecto OM la gi? ,
G |
‘@f " Hinh 1

a) Tim hoanh do va tung do ctia diém A.
b) Néu céch xdc dinh toa do clia diém M tuy y.

VA YA
e M 8 R PO By 3 + M

=y
o

O 1 | H

Hinh 2 Hinh 3

Dé xdc dinh toa d6 ctia mot diém M tuy ¥ trong mit phing toa dd Oxy, ta lam nhu sau
(Hinh 3):
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* Tt M ké dudng thing vudng géc véi truc hoanh va cit truc hoanh tai diém H dng véi
s0 a. SO a 1a hoanh d6 cta diém M.

* Tii M ké dudng thing vudng géc véi truc tung va cit truc tung tai diém K dng véi so b.
S& b 1a tung d6 cha diém M.

Cip sO (a ; b) 1a toa @0 clia diém M trong mit phang toa dd Oxy. Ta ki hiéu 1a M(a ; b).

Il. TOA PO CUA MOT VECTO
“& ¥ Cho diém M trong mit phing toa dd Oxy.

VA
a) Vé vecto OM. K|b M

b) Néu cich xdc dinh toa d6 ctia diem M.

[ Toa d6 ctia diém M dugc goi la toa d6 ciia vecto OM.

a

=y

0 H

Neu OM c6 toa dd (a ; b) thi ta viét OM =(a . b} hay
oM (a; b), trong d6 a goi la hoanh d¢ cua vecto OM va
b goi la tung dd cta vecto OM (Hinh 4).

Hinh 4
. VA
Chii y: Trong mdt phang toa do Oxy, ta co:
* OM =(a; b)) M(a; b).

« Vectd i c6 diém goc 1a O va cé toa dd (1 ; 0) goi 1 vecto 1
J

don vi trén truc Ox. I

Gl o
— 5 i " = x
Vectd j c6 diém goc 1a O va ¢o6 toa do (0 ; 1) goi la :
vecto don vi trén truc Oy (Hinh 5). Hinh 5
Vidul = Trong mit phing toa dd Oxy, cho cac dlém T i
M N P, Q (Hinh 6). Tim toa dd ctia cac vecto OM ON |
OP OQ —tr—t—t—rBr—r— N Tl
Gidi A | 5 | | X
Tit Hinh 6, ta c6: M(— 4;3), NG ;0), P(5;-2), 00;-3). Qﬁ [ 7P|
Do d6: OM = (- 4;3), ON = (3 ;0),

BT Hinh 6

=(5:-2), 00 =(0;-3).

“S kP Trong mit phing toa dd Oxy, cho vecto i (Hinh 7). Hay xdc dinh diém A sao

'af

cho OA =
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Pé xdc dinh diém A, ta 1am nhu sau (Hinh 8):

YA YA

pras 24

-y

0

Hinh 7 Hinh 8
« Qua O ké dudng thiing d song song véi gid clia vecto if.

« LAy diém A trén dudng thing d sao cho hai vecto OA, i cung hudng va do dai doan
thing OA bing d6 dai vecto if.

Nhdén xét: V6i mdi vecto i, ta x4c dinh dudc duy nhit mot diém A sao cho OA = .

V

6i mdi vectd i trong mit phiang toa dd Oxy, toa do cta vectd i 1a toa do cua
diém A, trong @6 A 1a di€ém sao cho OA = .
YA
Néu i c6 toa d0 (a ; b) thi ta viét u = (a ; b) hay = o
il (a ; b), trong d6 a goi 1a hoanh dd ctia vecto i va = N7
b goi 1a tung d6 clia vecto il. | / ]

> 7 9 » l
Vidu2 @ Tim toa do cua cac vecto a, b 6 Hinh 9.

O[] X
Gidi
Trong Hinh 10, ta c6:
Had= 5.4 vaA(2; 2); toa d6 vecto O—A chinh 1a toa Hinh 9

do difmAnén d =(2;2).

+) b= CTB’. va B(1 T 3): toa do vecto EB. chinh la
toa do diém Bnén b = (1 ;- 3).

YA

2 |
5]..l4

-

E 1 Tim toa dd clia cac vecto
¢, d trong Hinh 11.

VA

:«;1.

‘ . o1 .
ONLY 2 [ [ | [x s
| ! I
IS, E B B _
Hinh 10 Hinh 11
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YA
o Trong mat phang toa do Oxy, cho vecto

L

u = (a; b). Tachon diém A sao cho OA = &

Xét vectd don vi i trén truc hoanh Ox va vectd don vi
trén truc tung Oy (Hinh 12).

=y

a) Tim hoanh dd va tung do ctia diém A.

b) Bi€u dién vecto OH qua vecto i.

o — % Hinh 12
c¢) Biéu dién vecto OK qua vecto ;. N

d) Chiing to riing i = ai + bj.

Do (a ; b) la tog dp ciia vecto il nén diém A c¢é hoanh d la a va

—

tung do la b. Piém H biéu dién s6 a tren truc @y nén OH = ai;

diém K biéu dién sd b trén truc Oy nén OK bj Ta co:
i=O0A =OH+OK =ai +bj.

Ta c¢6 dinh i sau:

V N -— £ u
Trong mit phang toa dd Oxy, néu i = (a; b) thi ii = ai + b}".
Nguge lai, néu ii = ai + bj thi i = (a; b).

-

. - % 2 - X, = X
Chii y: Véi a :(xl ;y]) va b =(x2 ;}-'2), tacé: a=>b & { : 2
Nhu vay, mdi vects hoan toan dude xac dinh khi biét toa do ctia né.

Vidy 3 © Trong mit phiang toa dd Oxy, cho diém A(1 ; 2) va vecto ii = (3 ;— 4).

a) Biéu dién vecto i# qua vectd i va J.
i — - = 2 Trong miit phing toa do
b) Biéu dién vecto OA qua vecto i va j. Oxy, cho diém B(- 1 ; 0) va
Giidi vectd v =(0;-7).
a) Bi€u dién vecto V qua
AVId =(G:;-4)nénil =30 +(—4)] =30 —4j. vectd i va j. o
b) Biéu dién vects OB qua

b) Vi diém A c6 toa d6 12 (1 ; 2) nén OA = (1 ; 2). Do dé:
OA=1i +2] =1 +2].

vectd [ va j.
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Il LIEN HE GIUA TOA PO CUA PIEM VA TOA PO CUA VECTO

P Trong miit phing toa do Oxy, cho hai diém A, B L
(Hinh 13).
; B
a) Tim hoanh do X, va tung do Yy ctia diém A; hoanh do Xy /
va tung do y, cua diém B. A
b) Tim diém M sao cho OM= AB. Tit d6, tim hoanh d a || .
va tung do b cha vecto AB. o1 | X
¢) So sanh: x,— x, vaa; y,—y, vab. Hinh 13
p—
Trong Eu; phéng toa dd Oxy, cho hai diem A(x, ;y,) va B(x, 5 yp).
Taco: AB =(x,—x, ;55— ¥,)-
Vidu4 @ Trong mit phing toa dd Oxy, cho ba diém LS
khong thiing hang A(1 ; 1), B(4 ;3), C(- 1 ; - 2). 3 Trong mit phang toa

do Oxy, cho cdc diém:
A(l;3), BG;-1),
b) Tim toa @6 ctia diém D sao cho td gidc ABCD 1a hinh Cl2:-9), B-2:2).

binh hanh, dhitng minh 4B = DC.
Gidi
a)Tacé: AB =(4—1;3-1). Viy AB =(3; 2).
b) Goi toa d6 cita diém D 13 (x5 y, ) tacé: DC = (- 1 —x, ;-2 y,).

Tit gidc ABCD 13 hinh binh hanh khi vi chi khi

a) Tim toa d0 ctia vecto AB.

DC=AB ¢ DE =(3 12) &
-2-y,=2 yp=—4

Vay D(- 4 ;- 4).

YA

Vidu 5 = Trong mot bai luyén tap cla cdc ciu thi bong
nudc, huan luyén vién cho cic ciu tha di chuyén theo ba
doan lién tiép. Poan thii nhét di chuyén vé huéng Pong Bic
véi quang dudng 1a 20 m; doan thd hai di chuyén vé huéng R I
Tay Béc véi quing dudng Ia 10 m va doan thi ba di chuyén : .}I{. o
theo huéng Pong Bic véi quang dudng 5 m. PN b

N
A >

a) V& cdc vecto bi€u dién su di chuyén clia cdc cau thi Ol g§; qiu x
trong hé truc toa dd Oxy véi vi tri bit ddu nhu Hinh 14, Hinh 14
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trong d6 ta quy udc do dai dudng chéo ctia moi 6 vudng v,
la5 m.

b) Tim toa dd cta cac vecto trén.

Gidi

a) Trong Hinh 15, ta thiy cdc vecto AB, BC, CD 1an lugt
biéu dién sy di chuyén theo doan thi nhit; doan thif hai;
doan thi ba ctia céc cau tha.

b) Do dd dai dudng chéo clia mdi 6 vudng 1a 5 m nén dd Ol g, qau o
s ; T -y Hinh 15
dai canh cua mo1 6 vudng la 5 m. Dua vao s0 0

vudng, ta co:

A(ﬁ;oj; (25\{_ 10\/_]
[15‘/_ 15(} 9(10\/5;%].

Do d6
AB = 252‘5— Sf;loﬁ—oJ,t&c 12 AB = (1042 ;10v/2);
BC = 15;/5 - 25;/5 1542 — IO\EJ,tﬁc Ia BC = (= 5v2 :5V2);
CD = | 1042 - 15‘5;35‘5— 15\EJ,mc 1a CD = [ﬁﬂ}
2 2 2 2
. BAI TAP
Tim toa do ctia cdc vecto trong Hmh 16 va biéu YA
dién mdi vecto d6 qua vecto i va _j.
2. Tim toa do cta cdc vecto sau: 1] E il
2) @ = 3i; b=-;
OZ=i-4;; dd=005+6;. -

Q
~ly
o8

3. Tim cdc sO thuc a va b sao cho mdi ciip vectd sau
biing nhau.

a)iil=Q2a-1;-3)vav=03.4b+1);
b)X=(a+b;-2a+3b)vay=2a-3;4b).

Hinh 16

Poc sach tai hoc10.vn &



4. Trong mit phfmg toa do Oxy, cho ba diém A(2;3), B(- 1; 1), C3 ;- 1).
a) Tim toa do diém M sao cho AM = BC.
b) Tim toa dd trung diém N ciia doan thing AC. Chiing minh ﬁ = W

5. Trong mit phing toa @ Oxy, cho diém M(- 1 ; 3).
a) Tim toa d6 diém A do6i xiing véi diém M qua goc O.
b) Tim toa d6 diém B d6i xiing vé6i diém M qua truc Ox.
¢) Tim toa d6 diém C d6i xiing v6i diém M qua truc Oy.
6. Trong mit phing toa dd Oxy, cho ba diém khong thing hang A(- 3 ; 1), B(— 1 ; 3),

1(4;2). Tim toa dd cta hai diém C, D sao cho ti gidc ABCD 1a hinh binh hanh nhin
/1am tim doi xiing.

7. Trong mit phing toa dd Oxy, cho tam gidc ABC. Céc diém M(1;—2), N(4 ;- 1) va
P(6 ; 2) lan lugt 1a trung diém chia cdc canh BC, CA, AB. Tim toa do cla cic di€ém A, B, C.

I;f’f'f' 'ﬁM HIEU THEM

Chiing minh c6ng thiic tinh toa do cua vecto
qua toa do cia diém dau va diém cuoi

Trong Muc III, ta d4 phét biéu khing dinh sau:
Trong miit phing toa dd Oxy, cho hai diém A(x, ;y,) va B(xy; yp). Taco:
E=(x3-x,4 > Yp — Ya)

Khing dinh trén c6 thé chiing minh nhu sau:

Vi O_’A =(x,;y,)nén ﬁ = xAF + }’Af.

Vi 0_3' = (x5 ; yp) nén a& = «‘53? + ny.

Do do

AB=OB-0A = (xb,? + yB:i,) - (xAF+ yAf) = (xB?— xAF)+ (yB:i, ~ yAJ_v")
= (x5 = x)i + (5= ¥4)i-

Vﬁy AB =(XB_xA;yB_yA)-
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§2 = BIEU THUC TOA PO CUA CAC PHEP TOAN VECTO

Hai mdy tdi kéo thu bién dugc @it ¢ hai vi tri B va D doc theo kénh dao dudc minh hoa
6 Hinh 17. Hai mdy tdi d6 kéo mot con thu tii vi trf A huéng dén vi tri C.

YA
A
B
]
1
o - =7D
it
>
o >
Hinh 17 2

Kénh dao Panama
(Nguén: https://shutterstock.com)

Lam thé nao tim duoc toa @o cua vi tri C khi biét tog do
cua cdc vitri A, Bva D?

1. BIEU THUC TOA DO CUA PHEP CONG HAI VECTO, PHEP TRU HAI VECTO,
PHEP NHAN MOT sO vGI MOT VECTO

%“ (B Trong mit phing toa @6 Oxy (Hinh 18), cho hai

vecto U = (x] ;y]) vav=(x ;yz).

a) Biéu dién cdc vecto i, v theo hai vecto i va ;

b) Biéu dién cdc vecto i + v, i — v, kit (k € R) theo hai
vects i va j

¢) Timtoadd cacvectd i + v, u — v, ku (k € R).

beé biéu dién vecto u + v theo hai vectd i va j, ta lam Hinh 18
nhu sau:
Do Ei:(xl ;yl), 17=(x2;y2) nén i = Xk £ el s V= X0 + y,j. Viviy,
U+ V= (xi+yJ)+ 00 +y,7) =i +x0)+ O + y,0)

= (% + %00 + (Y +¥,)]-
Tuong tu, ta ¢6 cdc biéu dién sau:
U—V=(x-x)i +(—-y)Jj; ki =(kx)i + (ky,)j (k€ R).
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[ Néu i =(x,5y)va ¥ =(x,;y,) thi

u+v =0 +x:y +5,);

U=V =X =X Y= Vo)
kii = (kx, ;kyl)vé*ik e R.

Nhan xét: Hai vecto i = (G, 33,)s V = x,3,) = 0) cung phuong khi va chi khi ¢c6

mot s0 thic k sao cho x| = kx, vay, = ky,.

Vidal | Cho ii =(2;— 1), ¥ =(1;5). Tim toa do ? .
clia mdi vecto sau: 1 a)Cho u =(-2:0),
¥ =(056), # =(-2;3).

a) il +V; b) ii — V.

Tim toa do cta vecto
Gidi U+v+w
Doii =(2;-1),¥ =(1;5)néntaco:

o f ), ¥ =( )nen#cc: b) Cho ii = (+/3 ; 0),
DA+v=Q+1;-1+5).Vayi +v =3 4). v =(0;-+7)

b)ﬁ—?z(Z—l;—l—S).Vé‘iy W =6 —6). Tim toa dd cta vecto w

saochow+1u = v.

Vidu2 [ Chod =(-2:3), b =(2;1), ¢ =(1;2). Tinh
toa d0 ctia mdi vecto sau: 3a; 23 - b: Ei+2b—%€’.
Gidi

Dod=(-2;3),b=(2;1),¢ =(3;2) nén tacé:
+)3d=(3.(-2);3.3).Viy3a =(-69).

+)23 =(-4;6).

Dod6 23— b =(-4-2:6-1),viviy 24— b =(-6,5).

)2b =(4:2),3+2b =(2;5)va-%zz[-3;-3].

2

Do doé Ei+2i_9.——_"=(l;2].
2 2

-

Vidu3 | Cho ba diém A(- 1;-3), B(2;3)va C(3; 5). “;7 :
. : : gl) 2 ; <2 Trong mit phang toa
Chiing minh ba di€ém A, B, C thing hang. 8 Oy, cho ba difm
Gidi A- 135 2), B2 ; 3),

- — — — C(- 4 ; m). Tim m d€ ba
Taco: AB =(3;6), BC =(1; 2). Suyra AB = 3BC. diém A, B, C thing hang.

Viy ba diém A, B, C thing hang.
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II. TOA PO TRUNG DIEM DOAN THANG VA TOA PO TRONG TAM TAM GIAC

“S¥Y» Trong mit phing toa dd Oxy, cho hai diém YA
. : B
Alx, ;yA) va B(x, ; y,). Goi M(xM ; ¥, 1a trung diém cuta ECGEN
doan thing AB (minh hoa & Hinh 19). 2 Lh L
a) Biéu dién vectd OM theo hai vecto OA va OB. | H ;__; A
b) Tinh toa d6 ctia M theo toa d6 ctia 4 va B. Ol x, ,r.M X, >
W Coae R o P Hinh 19
Cho hai difm A(x, ; y,) va B(x,; y,). Neu M(x, ; y, )
1a trung diém doan thing AB thi E“’
o oAt Xg o Yat g 73 Cho hai diém A(2 ; 4)
M= 5 M= va M(5 ; 7). Tim toa o
diém B sao cho M la trung
diém doan thiing AB.

“SEP Trong mit phing toa dd Oxy, cho tam gidc ABC
¢6 trong tam G (minh hoa & Hinh 20). h YA
a) Biéu dién vecto OG theo ba vectd 54’, OB va OC.

b) Tinh toa do cua G theo toa dd ctia A, B, C.

V | = —
Cho tam gidc ABC c0 A(x, ; y,), B(xp ; yp), Clx,. ;yc).
Néu G(x, ; y;) 1a trong tam tam gidc ABC thi
o= xA+x3B+xC; - yA+y;+yC_

Hinh 20

-

Vidu 4 ACho tan}:glacABC COA(— ?; 1), B(%;S), C(? =93, RCho ba didm A(~ 1 1),
Tim toa dd trung di€ém M cta doan thing AB va trong tam G B(1:5),G(1 ;2).

cua tam gidc ABC. a) Ching minh ba diém A,
Gidi B, G khong thing hang.
- ) n gr A

Do M(x, ; y. ) 1a trung diém doan thing AB nén b) Tim toa do diém C sao

L 5 4, 145 cho G la trong tim cua

-2+ - i
ek = =0 ¥y = =8 tam giac ABC.
M 5 Ym 5

Vay M(0; 3).
Do G(x, ; y,) la trong tam tam gidc ABC nén x; = C2) ; i 5; Yo = %

vay 6[2; 2.
5 5
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1. BIEU THUC TOA PO CUA TiCH VO HUONG

oy 4 Trong miit phing toa d6 Oxy, cho i va j la cdc vecto don vi trén Ox va Oy.

L

a) Tinh i %; _[

- =

b) Cho u = (x, ;yl), V = (x, ; »,). Tinh tich v6 hudng u . v.

Dé tinh cic tich v huéng néi trén ta lam nhu sau:
=1 _]—()(VII J_j) Do dé

Ta c6: i 2 —|| =

2 — — —

.V—(Xl-l—ylj) (x1+y,,j) B s B s« 8 ]+ Bg¥a J o 8 5 j

—1

=xX, + YY),
Néuu = (x;;y)vav =(x,;y)thiu.v =xx,+y,
Nhan xét

a)Néud =(x;y) thildl=a.a = x> + y*.

b) f[\I'?;uA(x1 ,yp)vaB(x, ;y,) thiAB = ‘AB‘ — \/(xz - Jcl)2 + (O - s

¢) Vi hai vecto u = (x,;y,) va y = G 0.) déu khac 0, ta co:
* i va V vudng géc v6i nhau khi va chi khi x x, +y y, = 0.
XXy + V1Yo

U .
ZI N N

Vidu5 | Trong mat phﬁng toa dé Oxy, cho tam giAc ABC c6 A(2:;2), B(1 ;- 1), C(8 ; 0).

o cos(u, V) =

a) Tinh Eﬂ: ; E va cosm.
b) Ching minh AB L AC.
¢) Giai tam gidac ABC.
Gidi
a)Tacé: BA =(1:3), BC =(7:1). Dod6 BA.BC =1.7+3.1=10.
Mit khac, ta ciling c6:
|BA| = V12 + 3% = W10, [BC| = ¥72 + 12 = /50,
BA . BC 10 Js

B4l |BC] V10.450 5

cos;f‘-{EE‘ = cos(a, R’.) =
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b)Do AB = (- 1;— 3) vd AC = (6;—2) nén AB.AC = (-1).6+ (- 3). (- 2) = 0.
Vay AB L AC.
¢)Do AB L AC nén BAC = 90°, tic 1 tam gidc ABC vudng tai A.
Ma cos ABC = g nén ABC ~ 63°. Vithé ACB ~ 90° — 63° = 27°.
Miit khéc, ta c6: AB = |BA| = /10,
BG'= BG|=/50=83,
CA =+BC? - AB® = \/(5\/5)2 “i0) =2in

Vidu 6 & Mot chi€c xe 0 td con bi milc ket trong bun 1dy. D€ kéo xe ra, ngudi ta ding
xe tai kéo bing cich gin mot ddu diy cdp kéo xe viao diu xe 6 td con vi mée diu con
lai vao phia sau cta xe tai kéo. Khi kéo, xe tai tao ra mdt lic E c6 do 16n (cudng do) la
2 000 N theo phuong ngang 1é€n xe 0 td con.

Ngoai ra, ¢6 thém mot ngudi ddy phia sau xe 6 td con, tao

!f’l
|

ra luc g ¢6 d6 16n 12 300 N 1én xe. Céc luc ndy duge biéu
dién bing vecto nhu Hinh 21, sao cho (E, E) =5°.D0516n Hinh 21

Iyc tong hop tdc dong 1én xe 6 6 con 1a bao nhiéu Newton
(1am tron két qua dén hang don vi)?

Gidi

Chon hé truc toa dd Oxy nhu Hinh 22, méi don vi trén truc Y

tng v6i 1 N. 2 50 F,

Ta co: 0‘ x
* F, =(2000;0); Hinh 22

* (F, F,) =5°néntoa 46 ctia F, la:

F; =(300. cog5"; 300, s1risT).
Do d6, lic F tong hop céc luc tic dong 1én xe 6 td con ¢6 toa dd la:

—_ —

F = F + F, =(2000+ 300 . cos5° ; 300 . sin5°).

D6 16n luc tong hop F tic dong 1én xe 6 td con 1a:

[Fl = /(2000 + 300 . cos5°)2 + (300 . sin5°)2 » 2 299 (N).
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B i Tap

1. Trong mit phing toa dd Oxy,cho @ = (- 1 ;2), b= {3:1): & '=(2:—3)

a) Tim toa do vecto i = 2a + b — 3¢.

—

b) Tim toa d6 vecto X saocho X +2b = d + ¢

2. Trong miit phing toa d Oxy, cho A(- 2 ; 3), B4 ; 5), C(2 ; - 3).
a) Chiing minh ba diém A, B, C khong thing hang.
b) Tim toa d6 trong tam G cua tam giac ABC.
c¢) Giai tam gidc ABC.

3. Trong mit phing toa dd Oxy, cho tam gidc ABC ¢6 trung diém c4c canh BC, CA, AB
tuong dng la M(2 ; 0), N(4 ; 2), P(1 ; 3).
a) Tim toa do céc diém A, B, C.
b) Trong tam hai tam giac ABC va MNP co trung nhau khong? Vi sao?

4. Trong mit phing toa dd Oxy, cho tam gidc ABC c6 A(2:4), B(- 1; 1), C(- 8; 2).
a) Tinh ABC.
b) Tinh chu vi ctia tam gidc ABC.
¢) Tim toa d9 diém M trén dudng thing BC sao cho dién tich ctia tam gidc ABC bing
hai 1an dién tich ctia tam gidc ABM.

5. Chobadi€mA(l; 1), B4 ;3) va C(6; - 2).
a) Chiing minh ba diém A, B, C khong thing hang,
b) Tim toa do diém D sao cho tif gidc ABCD la hinh thang ¢6 AB // CD va CD = 2AB.

6. Chiing minh khing dinh sau:

Hai vectd i = (x,;y,), V = (x,;y,) (V # 0) ciing phuong khi va chi khi ¢6 mét s&
thuc k sao cho x, = kx, va y, = ky,.

7. Mot vit déné thoi bi ba luc tac dong: luc tic dOng
thu’ nhat F c6 dd16n 1a 1 500 N, lyc tic dong thi hai

F c6 do I6n la 600 N, luc tic dong thd ba F co do
ldn la 800 N. Cac luc nay duoc, biéu dién bang nhting

vecto 1 nhtf Hinh 23, voi ( F ) =30°, (F F) =45°
va ( F ) = 75°. Tinh @9 16n luc tong h(_jp tic dong Hinh 23
I1€én vé_it.

|

Y
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S3 PHUONG TRINH PUONG THANG

Mot mdy bay cat canh tif sin bay theo mdt dudng thing nghiéng véi phuong nim ngang
mot géc 20°, van tdc cat canh 1a 200 km/h. Hinh 24 minh hoa hinh 4nh dudng bay cta
mdy bay trén man hinh ra da ctia bd phan khong luu. D€ xéc dinh vi tri cia mdy bay tai
nhiing thdi diém quan trong (ching han: 30's, 60 s, 90's, 120 s), ngudi ta phai 1ap phuong
trinh dudng thiing mé ta dudng bay.

(Nguon: htips://pixabay.com) Hinh 24
Lam thé nao dé'1ap phuong trinh duong thdng trong -

mdt phe’fﬂg toa do?

I. PHUONG TRINH THAM S6 CUA PUGNG THANG
1. Vecto chi phuong ciia dudng thang

S EP Trong mit phing toa dd Oxy, cho dudng thing A. "
— YA
Vé vecto i (i # 0) c¢6 gia song song (hoiic trung) vdi A

dudng thing A (Hinh 25). /
[) 5 e : T Wl
Vecto u dugc goi la vecto chi phuong cua duong o 0

thang A néu ii # 0 va gid cta i song song hoiic
trung véi A.

o8 §

Hinh 25

Nhan xét

e Néu # la mét vecto chi phuong ctia A thi ki (k # 0) cling 1a mét vecto chi phwong
cua A.

* Mot duding thing hoan toan dugc xdc dinh khi biét mot diém va mdt vectd chi phuong
clia dudng thing do.
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2. Phuong trinh tham sé ciia duong thang

Trong miit phing toa dd Oxy, cho dudng thing A di qua diém M, (x,;y,) vaco
vecto chi phuong i = (a ; b). Xét diém M(x ; y) nidm trén A (Hinh 26).

a) Nhan xét vé phuong ctia hai vecto i va M M.

b) Ching minh ¢6 & thyc ¢ sao cho MM = tid.

¢) Biéu dién toa dj ctia diém M qua toa do clia diém M, va toa do ctia vecto chi phuong .

Xét diem M(x ; y) € A. Vi M,M cung phudng véi i nén YA W=(a:b)
c6 s0 thuc 7 sao cho MM = tii. ~7 4
M(x;y)

Do MM =(x-x,;y-y,), il =(a;b)nén MGGy

F e i X — Xy =at X = Xy +at ~ O =

MM =ty & o (I

Y=y, = bt y =y, + bt
Hinh 26

Ngugc lai, néu diém M(x ; y) trong miit phing toa do thoa
man he (I) thi M(x; y) € A.

V: F i . TSaa—e % i

| X=X tat 5, o, St ,« s . .
Hé (a“ + b= >0 vatla tham s0) dugc goi la phuong trinh tham sé
y =y, + bt

ctia dudng thing A di qua M (x, 5 ¥,) va nhan U = (a;b)lam vecto chi phuong.

Nhdn xét: Cho dudng thing A cé phuong trinh tham s& la:

X'= Xt at
¥ (a® + b*> 0 va ¢ 1a tham s0).
y=Yy,+ bt
« V6i mbi gid tri cu thé chia 1, ta x4c dinh duge mot diém trén dudng thing A. Ngudc lai,
v6i mbi diém trén dudng thang A, ta xdc dinh dugc mot gid tri cu thé cia r.

s Vecto u = (a ; b) la mét vecto chi phuong ctia A,

Vi dy 1

a) Viét phuong trinh tham s6 cia dudng thing A di qua diém A(- 1 ; 3) va c6 vecto chi

phuong i = (2;%]-

2, r = 5 + 3r
b) Cho dudng thang A co6 phuong trinh tham so la {x et " Chi ra toa @6 mot vecto
y=8-2t

chi phuong ctia A va mét diém thude dudng thing A.
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Gidi
s 5. > % : 1 Cho dudng thing A c6

a) Phuong trinh tham s0 cua dudng thang A la:
phuong trinh tham s6

= —1+2¢ o
1 (zlatham s0). {
y=3+1 y=-2+1t.

e it . g & i Chi ra toa dd cuta hai
b) Toa dd cua mot vectd chi phuong ctaAlau =(3 ;- 2). ggém :h;g - giﬁng t;l;; g zl

x=(=5+3.0=-5 b) Piém nao trong cic
y=8-2.0=8. diém C(= 1:- 1), D(1 ;3)
Diém B(- 5 ; 8) thudc duding thing A. thugc dudng thang A?

Ungvéiit:Otacé{

Il. PHUGNG TRINH TONG QUAT CUA PUGNG THANG
1. Vecto phap tuyén ciia duong thing

“"’ ) Trong mit phing toa d6 Oxy, cho didng thing A. vA

V& vecto 7 (i # 0) ¢6 gid vudng géc véi dudng thing A \E/&

(Hinh 27).

V & 1 Ve /’/o -
Vecto 11 duoc goi la vecto phap ruyen cua duong

thing A néu ii = 0 va gla cia vecto # vudng goc
Vi A, Hinh 27

Nhan xét

» Néu 71 la mot vecto phdp tuyén ctia A thi kii (k # 0) cling la mot vecto phdp tuyén

cua A.

» Mot dudng thang hoan toan dude xdc dinh khi biét mot diém va mot vecto phép tuyén

clia dudng thing doé.

» Néu dudng thing A cé vecto chi phuong la i = (a ; b) thi vecto 7 = (- b ; a) lamot

vecto phap tuyén ctia A.

2. Phuong trinh tong quét ctia duong thang

@ Y Trong miit phing toa dd Oxy, cho dudng thing A R
di qua diém M (x,y,) va co vecto phap tuyén 71 = (a ; b). /\'y

o2 Y o M(x;y
Xét didm M(x ; y) nim trén A (Hinh 28). B

/ M [}( Xy ".u) B
a) Nhan xét vé phuong ctia hai vecto 7 va M WM. Tl X
b) Tim moi lién hé gitia toa dd cta diém M vél toa do cua
diém M, va toa do clia vectd phdp tuyén 7. Hinh 28

75
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Ta cé: MOM = (x—x();y—yn), n =(a:b).

Xét diem M(x ; y) € A. Vi MM 1 7 nén

MM .1 =0 < alx—x) +b(y-y,) =0 ax + by —ax,— by, =0.
bit ¢ = — ax, — by, ta dugc phuong trinh ax + by + ¢ = 0 (ID).

Ngugc lai, néu diém M(x ; y) trong mit phing toa dd thod min phuong trinh (II) thi
M(x;y) € A.

[ Phuong trinh ax + by + ¢ = 0 (a va b khong dong thoi biang 0) dudc goi 1a
phitong trinh téng qudt ctia dudng thing.

Nhdin xét
* Budng thing A di qua diém M(x, ;
phuong trinh la:

a(x—x)) +b(y-y,) =0 ax + by + (- ax,- by, =0.
* Mbi phuong trinh ax + by + ¢ = 0 (a va b khong dong thdi bing 0) déu xdc dinh mot
dudng thiing A trén mét phang toa dé nhan mot vectd phép tuyén la 7 = (a ; b).

Y,) va nhan ii = (a;b)lam vecto phap tuyén cod

-

Vidu 2 © Viét phuong trinh tong qudt ctia dudng thing A [ el a

. . A . - e \ = H
2 Al=2:-4)vacé h: 1an=(@3:2). 2 Cho dudng thang A ¢O
diquadiémA(- 2 ;4) vaco vecto phdptuyénla n =(3;2) Wi teinh thug cuatla

Gidi x—y+1=0.
Theo gia thiét, phuong trinh ctia dudng thing A 1a a) Chi ﬁl toa do ctia mot
- ™ vecto phdp tuyén va mot
2(+2) A0 —4) _P° vectd chi phuong ctia A.

Tl do, ta nhian duge phuong trinh tdng quét cua dudng b) Chi ra toa do ctia hai

thing A 1a 3x +2y—-2=0. di€ém thudc A.

3. Nhiing dang dic biét ciia phuong trinh tong quat

o -

“S X Cho duong thing A c6 phuong trinh tong quét ax + by + ¢ = 0 (a hoiic b khic 0).

Néu nhan xét vé vi tri tiong ddi clia dudng thing A véi cdc truc toa do trong mdi trudng

hop sau:

a)b=0vaa=(; bibz0vag==0 c)bx0vaa=0.

DE xét vi tri tuong ddi clia duding thang A véi cic truc toa YA

do, ta lam nhu sau:

a) Néu b = 0 va a # 0 thi phuong trinh dudng thing A tré
thanh ax + ¢ = 0. Khi d6 dudng thang A song song hoic

A

=Y

(@) &
~ P ~ o - . C B
trung voéi truc Oy va cat truc Ox tai diém [— — 0] a

a Hinh 29
(Hinh 29). i
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b) Néu b # 0 va a = 0 thi phuong trinh dudng thing A trd thanh YA
by + ¢ = 0. Khi d6 dudng thing A song song hoic tring véi ¢
b A
truc Ox va ciit truc Oy tai diém [O ;= %J (Hinh 30).
. : ; B X
¢) Néu b # 0 va a # 0 thi phuong trinh dudng thang A c6 thé
R Hinh 30
viet thanh
y:_Ex_E. YA A
b b " /
Khi d6 dudng thing A 1a @ thi ham s6 bic nhét }
y= —Ex—% véi hé s8 goc 1&1(:-% (Hinh 31). <Z0 X
4

Hinh 31
Nhan xét

« Duong thing A ¢6 phuong trinh tdng quét ax + by + ¢ = 0 (a hoiic b khdc 0) 1a dd thi
ham s& bic nhat khi va chi khi a = 0 va b = 0.

* Phuong trinh truc hoanh la y = 0, phuong trinh truc tung la x = 0.

1. LAP PHUONG TRINH DUONG THANG

Khi 1ap phuong trinh dudng thiing, ta thudng giip ba trudng hop nhu sau:

— Lap phuong trinh dudng thing di qua mét diém cho trudc va biét vecto phap tuyén.
— Lap phuong trinh duding thing di qua mot diém cho trude va biét vectd chi phuong.
— Lap phuong trinh dudng thing di qua hai diém cho trudc.

1. Lap phuong trinh dudng thing di qua mét diém va biét vecto phap tuyén
Phuong trinh dudng thﬁng A di qua diém M,(x, ; ¥, vainhan i1 = (a; b) (i = 6) lam
vecto phap tuyén la a(x — X)) + by -y, =0.

2. Lap phuong trinh dudng thang di qua mot diém va biét vecto chi phuong

Phuong trinh tham s& ctia dudng thing A di qua diém M(x,;y,) vanhan i = (a; b)

X=xy+at .
(1 la tham s0).

(ii # 0) lam vectd chi phuong 12
y=1Yy,t+ bt

Néu a = 0 v b # 0 thi ta con c6 thé viét phuong trinh clia dudng thing A & dang:
kil T LB 8
a b
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3. Lap phuong trinh dudng thang di qua hai diém
DPuong ﬂléng&diquahaidiémA(xo;yo),B(xl;yl)nén nhdn vecto E = (X — X555 — Yo)
lam vecto chi phuong. Do d6, phuong trinh tham s6 ctia dudng thing A la:

(¢ 1a tham s0).
Y=Y+ O — Yot

Néu x —x,# 0 vay —y,# 0 thi ta con c6 thé viét phuong trinh cta dudng thing A

0 dang:
X=Xy _ Y=Y

X=X N~ X

Vidu3 | Lap phuong trinh dudng thing A thod man mdi diéu kién sau:
a) Dudng thing A di qua diém M(- 2 ;- 3) vacé i1 = (2 ; 5) la vecto phdp tuyén;
b) Duding thing A di qua diém M(3 ;- 5) vacé u = (2 ; — 4) 1a vecto chi phuong;
¢) Pudng thing A di qua hai diém A(— 3 ;4) va B(1 ;- 1).
Gidi
a) Phuong trinh A 12 2(x + 2) + 5(y +3) = 0 < 2x + 5y + 19= 0,

Y Dhusong winik A1y 2 ¥+3

S4x+2y-2=02x+y-1=0.

a3 y-—4 ®x+3:y—4

¢) Phuong trinh A la =
1-(-3) -1-4 4 -5

S 5x+4y-1=0.

Vidu4 = Lap phuong trinh dudng thing A di qua hai diém A(a ; 0) va B(0 ; b) v6i
a*+b*>0.
Gidi
Pudng thang A di qua hai diém A, B nén ¢6 vecto chi phuong la AB = (—a;b). Suyra
A nhin vecto 7 = (b ; a) lam vecto phap tuyén. Vay dudng thang A c¢é phuong trinh tong
quat la:
b(x—a)+a(y-0)=0hay bx+ay—ab=0 (1)

Chii y: Trong trudng hop ab # 0, chia hai v& clia phuong trinh (1) ka
cho ab ta dugc: .y B

= - 5 1 2)
Phuong trinh dang (2) dugc goi 1a phuong trinh duong thdng a8 o
theo doan chdn, dudng thing ndy cit Ox va Oy lan luct tai . A\&X
A(a ; 0) va B(0 ; b) (Hinh 32). Hinh 32
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¥ A

Vidu 5 = Dudng thing A & Hinh 33 biéu thi tong chi phi

Bh
=]
lap dat va tién cudc st dung dich vu Internet (don vi: trim *E
nghin dong) theo thdi gian cia mdt gia dinh (don vi: thang). '—_E,J
2} Vié& 3 "o duic : E
a) Viet phuong trinh cua dudng thang A. 7
b) Giao diém ctia duding thing A véi truc tung trong tinh £
hudng nay c6 y nghia gi? &)
¢) Tinh tdng chi phi 1ip diit va sti dung Internet trong 12 thing 0l 5 12X
dau tién. Thing
Hinh 33

Gidi
a) Puding thing A di qua hai diém 14n lugt c6 toa dd (0 ; 5) va (5 ; 20) nén A ¢6 phucng
trinh 1a:

x—OI Y o —©£=—<Z>3x—y+5::0<:>y:3x+5.
5-0 20-5 5 15 1 3
b) Giao diém ctia dudng thing A véi truc Oy ting vé6i x = 0. Thai diém x = 0 cho biét mifc
phi ban du 13p dit d€ st dung Internet. Khi x = 0 thi y = 5, vi vy chi phi ldp diit ban
dau 1a 500 000 dong.

¢) 12 thdng dau tién Ging v6i x = 12. Do d@6: y=3 . 12 + 5 =41.

X y-35 y—3

Viy tong chi phi 1ip dit va st dung Internet trong 12 thang diu tién 12 4 100 000 dong.

[ saiTip

1. Lap phuong trinh téng quét ctia dudng thing A di qua diém A(— 1 ;2) va

a) C6 vecto phédp tuyén la n = (3 ; 2).
b) C6 vecto chi phuong 1a it = (-2 ; 3).

2. Lap phuong trinh mdi dudng thing trong cdc Hinh 34, 35, 36, 37 duéi day:

VA

VA i i
X --

%)
(5 M
-

GIR

Hinh 34 Hinh 35
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VA VA

14 14
s o] 1 x S |

=y

Hinh 36 Hinh 37

3 i =—-1-3¢
3. Cho duong thiang d c¢6 phuong trinh tham so 1a: .
y=2+2t.
a) Lap phuong trinh tong quat clia dudng thing d.
b) Tim toa d6 giao diém clia dudng thing d 1an ludt véi cdc truc Ox, Oy.

¢) Puding thing d c¢6 di qua diém M(~ 7 ; 5) hay khong?

4. Cho dudng thing d c¢6 phuong trinh tong quat la: x — 2y — 5 =0.
a) Lap phuong trinh tham s& ctia dudng thing d.
b) Tim toa do diém M thudc d sao cho OM = 5 vé6i O 1a goce toa do.
¢) Tim toa dd diém N thudc d sao cho khoang cdch tii N dén truc hoanh Ox 1a 3.

5. Cho tam gidc ABC, biét A(1 ; 3), B(— 1 ;- 1), C(5 ; — 3). Lap phuong trinh tong
quét cua:
a) Ba dudng thing AB, BC, AC;
b) Dudng trung truc canh AB;
¢) Dudng cao AH va dudng trung tuyén AM.

6. DE tham gia mdt phong tip thé duc, ngudi tip phai tra
mot khodn phi tham gia ban diu va phi st dung phong
tap. Pudng thing A & Hinh 38 biéu thi tong chi phi

(don vi: triéu ddng) tham gia mot phong tip thé duc
theo thoi gian tap ciia mét ngudi (don vi: thing).

)

g

a) Viét phuong trinh cta dudng thing A.

Chi phi (triéu don,

b) Giao diém ctia duding thing A vdi truc tung trong
tinh hudéng nay c6 y nghia gi?

¢) Tinh tong chi phi ma ngudi d6 phi tra khi tham gia Théng
phong tap thé duc véi thdi gian 12 théing. Hinh 38
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VI TRi TUGNG DOI VA GOC GIUA HAI PUGNG THANG.

54 | (HOANG CACH TU MOT DIEM DEN MOT DUGNG THANG

Trong thuc tién, ¢6 nhiing tinh huéng doi hoi ching
ta phai xdc dinh vi trf tuong d6i ctia hai dudng thiang,
giao diém ctia hai duding thing, ... Ching han: O'mon
thé thao noi dung 10 m sting trudng hoi di dong, muc
tiéu di ddng trén mot dudng thing b song song véi
miit dat va cdch mit dat 1,4 m; vién dan di dong trén
mot duong thang a (Hinh 39). D€ tring muc tiéu,
vin dong vién phéi udc ligng dudc giao diém M cia Hinh 39
a va b sao cho thoi gian chuyén dong dén diém M

ctia vién dan va clia muc tiéu 1a biing nhau.

Lam thé nao dé xdc dinh giao diém M cia hai duong thing ava b? ;_a.._ﬂ‘
{(4s

I. VI TRi TUGNG D81 CUA HAI PUGNG THANG

=X Néu vi tri tuong d6i ctia hai dudng thing trong miit phing.

Hai dwong thdng trong mdt phdng thi cdt nhau hodc song song
hodc trung nhau.

@ 7P Trong mit phing toa d9, cho hai dudng thing A, A, lan lugt c6 vecto chi
phuong 1a i, i,. Néu diéu kién vé hai vecto i, i, trong moi trudng hop sau:

a) A cat A; b) A, song song vé6i A,; ¢) A, trung véi A,.

‘ Trong miit phéing toa dd, cho hai dudng thing A va A, lan gt c6 vectd chi
phuong la u,, u,. Khi d6
a) A, cat A, khi va chi khi i, 1, khong cing phuong.
b) A, song song v6i A, khi va chi khi 4, i, cing phuong va c6 mot diém thudc
mot duong thing ma khong thudc dudng thang con lai.
¢) A, tring v6i A, khi va chi khi &, i, cting phudng va c6 mot diém thuge ca hai
dudng thing do.
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Chu y

* A, vudng goc v6i A khi va chi khi #, if, vudng géc v6i nhau.

« Khi xét vi tri tuong d6i cha hai dudng thing, ¢6 thé dua vio ciip vectd phdp tuyén cla
hai dudng thang d6.

Vidul @ Xét vi trf tuong d6i ciia mdi cip dudng thing sau:

-

a)A:2x—y+1=0vaA,;:-x+2y+2=0. ?
b)A3:x—y—1=0va‘1A4:{x:l+2r 1 Xét vi tri tuong doi

y=2 320 ctia hai dudng thing
Gidi Jx=1+y X
a) Dudng tl}ﬁng A, ¢6 vectd chi phuong u, = (1;2), e {y =-2+1, s
duong thang A, c6 vectd chi phuong u, = (- 2:;-1). L
Do _—12 = —il nén u,, u, khong cung phuong, suy ra A, :{y 1= 23 421,
Al cit A,

b) Pudng thing Ay Ay lan lugt c¢6 vectd chi phuong i, = (1;1), i, = (2;2). Suy ra
i, = 2u,. Chon 1 =0, ta cé diém M(1:3) e A, Dol-3-1#0nénM(1;3)¢A,.
Vay A, song song vl A,

Ta c6 thé xét vi tri tuong d6i cha hai dudng thing dua vao s6 giao diém cia ching.

Nhdn xét: Cho hai duong thang A, va A, c6 phuong trinh lan lugt 1a

ax+by+c =0vaax+by+c,=0.

o s {alx+b|y+cl—0
Xét hé phuong trinh: (I)
a,x+byy+c, =0
Khi d6
a) Al cit A2 khi va chi khi hé (I) ¢6 nghiém duy nhit.
b) A, song song vdi A, khi va chi khi hé (I) vé nghiém.
C) A, trung vl A2 khi va chi khi hé (I) ¢6 vo s6 nghiém.
Vidy 2 © Xét vi tri tuong ddi cta hai dudng thing -
Arx—2y+1=0vaA,:2x-4y+2=0. szét vi i tiong d6i
Gidi cta dudng thang
Toa d6 giao diém cta dudng thing A, va duong thiing A, d:x+2y-2=0
la nghiém cta hé phuong trinh: v6i mbi dudng thing sau:
{xﬂZ.Hl—U A 3x—2y+6=0;
2x —4y+ 2 =0. Ayx+2y+2=0;
Hé trén c6 vo s6 nghiém. Aji2x+4y—-4=0.

Nhu vy, A, va A, ¢6 v s0 diém chung, tic a A tring véi A,
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Il. GOC GIUA HAI PUONG THANG

gbc dinh A.
Quan sit Hinh 40a va doc tén mot gée nhon trong bon géc do.
Quan sat Hinh 40b va néu dic diém bon géc tai dinh A.

b)
Hinh 40

[ Hai dudng thiang A val, cit nhau tao thanh bén géc.
* Néu hai dudng thdng A, va A, khong vuong goc v6i nhau thi géc nhon trong bon
g6c tao thanh duge goi la goc guId hai dudng thing A vaa,.

* Néu hai dudng thang A vaA, vuong géc véi nhau th1 ta néi goc gitia hai dudng
thing A va A, biing 90°.

Goc gitia hai dudng théng A, va A2 dugc ki hiéu la (A, A,) hodc (A, A).

Qu}-’ ude: Khi A song song hodc trung véi A,, ta ni goc gitia hai dudng thiing A vaA,
bang 0°.
Nhan xét: Gée gitia hai dudng thing ludn bé hon hoiic bing 90°, tic 1a A,A)< 90°.

&P Cho hai dudng thing A, A, cit nhau tai I va ¢6 vecto chi phuong lan ligt 1a
iy, . Goi A va B la cdc diém lan lugt thudc hai dudng thang A, va A, sao cho
i = IA, ii, = IB.
a) Quan sat Hinh 41a, Hinh 41b, hily nhin xét vé @9 16n clia géc giita hai dudng thing
A, A, va do 16n cua goc gitta hai vectd E\. E
b) Chiing to cos(A, A)) = ‘COS(E, I_B') .

Hinh 41
i . 83
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Pé tra 10i cdc ciu hoi trén, ta 1am nhu sau:

* Néu (IA, IB) < 90° thi (A, A,) = (IA, IB). Do @6, cos(A,, A,) = cos(IA, IB) va
cos(IA, IB) = 0.

*N&u (IA, IB) > 90° thi (A,, A,) = 180° — (IA, IB). Dods, cos(A,, A,) = — cos(IA, IB)
va cos(/A, IB) < 0.

Tu hai truong hgp trén, ta suy ra cos(A,, A,) = ‘cos(ﬁ, E) ;

i — — A — — |‘)_£ . ﬁ")‘
Nhan xét: Do (ii;, ii,) = (IA, IB) nén cos(A , A) = |cos(u1, i )\ =¥ sl 3
Wy ||l
l‘ | 2‘

‘:" L Trong miit phiing toa dd, cho hai dudng thang A, va A, co vectd chi phuong lan
luot la u;, = (a,; b)), Uy = (a,;b)). Tinh cos(A, A)).

V - 7
Trong mit phing toa d6, cho hai dudng thing A, va A, c6 vectd chi phudng lan
lugt 1a 4 = (a, ; b)), U, =(a,;b,). Tacé:

‘ala2 - blb2|

2 2 2 2
\/aI ie E:vI .\/az + bz

cos(Al, Az) =

Nhdn xét
A LA, Saa,+bb,=0.
¢ Cho hai dudng thing A, va A, c6 vectd phdp tuyén lan lugt 1a 7i,, 7,. Ta ciing c6:

o
n . Hz‘

cos(A, A)) = ‘cos(ﬁl, H2)| = .
] |

Vidu3 | Tinh s6 do géc gitta hai dudng thing A, va A, 5
trong mdi trudng hgp sau: 9

3 Tinh s6 do géc gitia
i i x=-1eBy o Jx=-1443 hai dudng thing A va A,
- = T o ym bty trong moi truong hgp sau:

a)Al:{x—3+3\/§r

b)A:3x+y-10=0vaA:-2x+y-7=0.

y=2+3t
Gidi vaAy-4=0;
a) A cO vecto chi phuong f}'l = (\E o b)A:2x-y=0
A2 c6 vectd chi phuong 11'2 = (\E r— B vaA,;:-x+3y-5=0.

D%dc sach tali hoc10.vn



3B+l 1

Do do, ta c6: cos(Al, =

J(J_ 3P 212 Bt 2

Viy (A, A,) = 60°.

b) A, ¢6 vectd phap tuyén i, =3 ; 1), A, ¢6 vectd phap tuyén n, = (- 2 ; 1). Do d6,

ta co:
ol _ B.+1.0] 1

il e Jeorer V2

COS(A A ) = |cos(n.], n,) ‘ =

Viy (A, A) =45°

lll. KHOANG CACH TU MOT PIEM DEN MOT PUONG THANG

%X Trong mit phing toa @9, cho duding thang A: 2x +y — 4 = 0 va diém M(- 1 ; 1).
Goi H 1a hinh chiéu ctia M 1én dudng thing A.

a) Tim vectd chi phuong ctia dudng thing MH.
b) Viét phuong trinh tham s6 ctia dudng thing MH.
¢) Tim toa dd ctia H. Tu d6, tinh d6 dai doan thfing MH.

Trong trudng hdp tong quat ta co:

V N &= -_— £ u

Trong miit phiing toa dd Oxy, cho dudng thing A c6 phuong trinh ax + by + ¢ =0
(@ + b* > 0) va diém M(x, ; y,). Khodng céch tii diém M dén dudng thing A,

ki hiéu la d(M, A), dugc tinh béi cong thiic sau:

‘axo + by, + C‘

2 2
a +b

d(M, A) =

Chii ¥: Neu M € A thi d(M, A) = 0.

-

Vidu4 | Tinh khoang cich tit diém M dén dudng thing ; 4

A trong mdi trudng hop sau: a) Tinh khodng cdch ti

a) M(~2; 1) va A: 2x - 3y + 5 = 0. diém O(0 ; 0) dén dudng
i 19 o thang A:

b) M(1;-3)vaA: "~ | ]
y=2-4t. -4 2

Gidi b) Tinh khoang céch gitia

a) Ta c6: hai dudng thing song song

Dl (= 38 /148 1 Apx—y+1=0
P |2 213 |

m \/— 13 ) vﬁAzzx—y—l=0.
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b) Pudng thing A di qua diém N(- 2 ; 2), ¢6 vecto phdp tuyén 7 = (4 ; 3).
Phuong trinh ctia dudng thing A 13 4(x + 2) + 3(y — 2) = 0. Tit d6, ta nhan dudc phuong
trinh téng quat cia dudng thing A 1a 4x + 3y +2 =0,

|4.l+3.(—3)+2| B

Vay d(M, A) = ;
1y d( ) e :

. BAI TAP

Xét vi trf tuong d6i chia mdi cip dudng thing sau:
d)d].3x+2y—5—0vad2.x—4y+ 1 =1

b)d;:x-2y+3=0vad;:-2x+4y+10=0;

1
X=—=+1

c)d:4x+2y-3=0vad: 2
y = F
-

2. Tinh s& do géc gitia hai dudng thing d:2x—y+5=0vad, x-3y+3=0.

3. Tinh khodng céch tit mot diém dén mot dudng thang trong mdi trudng hop sau:
X=-2+1

a)A(l;—Z)vaAl:Sx—y+4=O; b)B(—3;2)vaA2: ] ulll

4. Véi gia tri ndo cta tham s& m thi hai dudng thing sau diy vudng géc?
Armx-y+1=0vaA,;:2x-y+3=0.

5. ChobadiémA2;- 1), B(1;2) va C(4 ;- 2). Tinh s6 do géc BAC va géc giita hai
dudng thing AB, AC.

6. ChobadiémA(2;4), B(— 1;2)vaC@3 ;- 1). Viét phuong trinh dudng thing di qua B
dong thoi cdch déu A va C.

7. C6 hai con tau A va B ciing xuat phat tif hai bén, chuyén dong déu theo dudng thiing
ngoai bién. Trén man hinh ra da cia tram diéu khién (dudc coi nhu mit phing toa d6
Oxy véi don vi trén cdc truc tinh theo ki-16-mét), sau khi xuat phat ¢ (gid) (1 > 0), vi tri

3 - # ~ # ot . -~ #y x = 3 - 33r . rd ¥ J a #
cua tau A c6 toa dd dugc xac dinh bdi cong thiic , Vitri cuatau B co

y=—4+ 25t

toa do la (4 — 30z ; 3 — 401).
a) Tinh cOsin goc gitia hai duong di cta hai tau A va B.
b) Sau bao 1au ké tii thdi diém xudt phdt hai tau gan nhau nhat?
c¢) Néu tau A ding yén & vi tri ban ddu, thu B chay thi khoang cdch ngin nhat giiia
hai tau bing bao nhiéu?
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§5 PHUONG TRINH DPUGNG TRON

O mot s6 cong vién, ngudi ta diyng vong quay cé
ban kinh rat 16n dit theo phuong thang ding nhu
Hinh 42. Khi vong quay hoat dong, mot ngudi ngdi
trong cabin s& chuyén dong theo dudng tron.

Lam thé nao @é xdc dinh duge L e 2
phuong trinh quy dao chuyén '
dong cua nguoi do?

Hinh 42
(Nguén: https://pixabay.com)

I. PHUONG TRINH PUGNG TRON

1. Phuong trinh dudong tron

a) Tinh khoang céch tii goc toa @6 O(0 ; 0) dén diém M(3 ; 4) trong mit phing toa dd Oxy.

b) Cho hai diém I(a ; b) vd M(x ; y) trong miit phfmg toa d® Oxy. Néu cong thiic tinh do
dai doan thing IM.

Nhdn xét: V6i hai diém I(a ; b) va M(x ; y) trong mét phﬁng toa do Oxy, ta co:

IM = \(x - a)* + (y - b)*.

73 Trong mit phing toa dd Oxy, néu moi lién hé gitta x va y dé:

B
a) Diém M(x ; y) ndm trén dudng tron tim O(0 ; 0) bén e
kinh 5. (©)
.2 S G . ; . i M(x:y)
b) biem M(x ; y) nam trén duong tron (C) tam I(a ; b) ban R
kinh R. : @ 5 ( a8
a.,
q \ A4 0 E
Diém M(x ; y) nam trén duong tron (C)
khi va chi khi _
- Hinh 43
IM=R& IM” =R
& (x—a)* + (y— b)* = R? (Hinh 43).
87
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[ Phuong trinh dudng tron tam I(a ; b) ban kinh R 1a
(x—a)*+ (y- b)*=R%.

Phuong trinh dudng tron & dang trén thudng dudc goi 1a phuong trinh chinh tdc ctia
duong tron.
Vidu 1 = Lap phuong trinh dudng tron trong mdi trudng hop sau:
a) Pudng tron tam O ban kinh R;
b) Budng tron tim /(- 1 ; 3) ban kinh 7.
Gidi
a) Phuong trinh dudng tron tam O ban kinh R la:
(x— 0P+ -D2=RP S P +y =R
b) Phucdng trinh dudng tron tam /(- 1 ; 3) ban kinh 7 la:
- DW+GERE =7 <71k + (Y4 3)2=49,

Vidu2 = Tim tdm va ban kinh cta duong tron ¢6 phuong trinh la:

(x+2)°+(y- 57 =0.
Gidi 1 Viét phuong trinh didng
tron tam 1(6 ; — 4) di qua dié
Ta cé: x+2P%+(y-52=9 A(él' ﬂ_rr;) ( ) di qua diém

& - 2)2 Ry - 5= 38
Vay dudng tron da cho cé tam la /(- 2 ; 5) ban kinh R = 3.

S kP Viét phuong trinh dudng tron (C):
(x—a)® + (y— b)* = R* v& dang x> + y* — 2ax — 2by + ¢ = 0.
Nhén xét: Ta c6 thé viét phuong trinh (x — @) + (v — b)* = R? ctia dudng tron tim I(a ; b)
ban kinh R vé phuong trinh ¢6 dang 12 x* + y* — 2ax — 2by + ¢ = 0. Dang d6 thudng diidc
goi 12 phutong trinh téng qudt ciia duong tron.
Vidu 3

a) Phuong trinh x* + y* — 4x + 2y — 4 = 0 ¢6 phai 12 phuong trinh duong tron khong?
N&u phii, x4c dinh toa d tim va ban kinh clia dudng tron do.

b) Xdc dinh diéu kién cta a, b, ¢ dé phuong trinh x* + y*> — 2ax — 2by + ¢ = 0 | phuong
trinh duong tron. Khi do, xac dinh toa dd tAm va ban kinh theo a, b, c.
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Gidi
a) Ta co:
P+ —dx+2y-4=00 - 4x+4+y+2y+1=9 (x- 2+ (y+ 1)* =32
Phuong trinh trén la phuong trinh dudng tron tim /(2 ; — 1) ban kinh R = 3.
b) Ta cé:
+y-2ax-2by+c=0 (02 -2ax+a)+ (P -2by+ B =t +b*—¢
SGx-al+@-bl=a+b-c.

Do do, phuong trinh trén la phuong trinh dudng L=

tron khi va chi khi a® + % > ¢. Lic nay dudng tron »~ 2 Tim & sao cho phuong trinh:
da cho c6 tam I(a ; b) ban kinh x2+y2+2kx+4y+6k+3=0

R= Hag e B la phuong trinh dudng tron.

2. Phuong trinh duong tron di qua ba diém khong thang hang
Do ¢6 duy nhit mot dudng tron di qua ba diém khong thing hang cho trudc nén ta
c6 thé 14p dugc phuong trinh dudng tron dé khi biét toa do ctia ba diém néi trén.
Vidu4 = Lap phuong trinh dudng tron di qua ba diém
A(-1; 1), BER —2), C0; 2),
Gidi
Gia sii tim cta dudng tron 1a diém I(a ; b). Tac6 IA = IB = IC < IA* = IB* = IC*.
Vi IA? = IB?, IB*= IC? nén
(-1-a)? + (1= b)* = (0 — 0)" T=e=b)f
O—a?+(2-bP=0-a)l+2-b) ?
2 2 2 2 3 Lap phuong trinh dudng tron
b>+2a—-2b+2= b’ +4b+ 4 Ap phuong g
B s AT T b B di qua ba didm A(1 ; 2), BG ; 2),
>+ b +4b+4=a*+b*-4b+ 4 C(1 ;- 3).
2a-2b=4b+2 _ [a=1
=
b=0 b= 0.

Pudng tron tam I(1 ; 0) ban kinh R = IC = Ja? + b* — 4b+ 4 = 5.
Phuong trinh dudng tron 1 (x — 1)? + (v = 0)% = (+/5)%
Viy phuong trinh dudng tron 1a (x — 1)* + y* = 5.
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Il. PHUONG TRINH TIEP TUYEN CUA PUGNG TRON
S EY» Cho diém M(]I(x0 : yﬂ) ndm trén dudng tron (C)
tam I(a ; b) ban kinh R.

Goi A la tiép tuyén tai diém M(x, ; y,) thudc dudng tron
(Hinh 44).

a) Chiing to ring M la vecto phdp tuyén ctia dudng thing A.
b) Tinh toa d6 cita IM, .
¢) Lap phuong trinh téng quat ctia dudng thing A.

-

Hinh 44

Cho dudng tron (C) tim I(a ; b) va diém M(}(x(} :

tiép tuyén clia dudng tron (C) tai diém M (x, ; y,). Khi d6, ta c6:

y,) ndm trén dudng trdn d6. Goi A la

VDUGng thang A di qua diém M (x, ; y,) va c6 vecto phap tuyén
I—M{ =(x0—a ;yﬂ—b).
* Phuong trinh tiép tuyén A 1a
(xy— @x = X)) + (v, — )= y,) = 0.

Vidu5 | Lép phuong trinh ti€p tuyén tai diém M o(2: 1) thudce dudng tron
(i — 1Py —3)%=5,
Gidi Ey
Dudng tron ¢6 tdm I(1 ; 3). Phuong trinh tiép tuyén tai 4 Lap phuong trinh tiép tuyén
diém MU(2; 1) thudc dudng tron (x — 1)2+(y— 3)2: Sla tai diém M (- 1 ; — 4) thudc
@-Dx-2)+(1-3)-1=0 S
S 1(x-2)-2y-1)=0& x-2y=0. S g s

Vidu 6 @ Trong mit phé”ing toa d® Oxy, mot vat chuyén dong tron déu ngugc chiéu kim
dong hd trén dudng tron tam (3 ; 2) ban kinh 5 dudi tdc dung cta lyc cing day. Khi vat
chuyén dong t6i diém M(6 ; 6) thi day ciing bi diit.

a) Viét phuong trinh quy dao chuyén dong ctia vt sau khi day bi dit, biét ring vt chi
chiu tiac ddng ctia duy nhét luc cing dy trong bai todn nay.
b) Mot vat khic chuyén dong thing déu trén dudng thing ¢é phuong trinh
d:3x+4y+23=0,
Ching minh hai vét nay khong giip nhau tai bat ki thoi diém nao.

D%Oc sach tali hoc10.vn



Gidi

a) Quy dao chuyén dong ciia vat thi nhat trude khi diy bi
dit 1a dudng tron (C) (Hinh 45) c6 phuong trinh:

[#—3"% = D =5 F- P+ -2 =25
Khi ddy bi dit, do vat thd nhit chi chiu tic dong cia
duy nhat luc cdng diy nén vat dé tiép tuc chuyén dong ] i
theo tié€p tuyén Mt tai diém M(6 ; 6) thudc dudng tron | ;
(C). Phuong trinh tiép tuyén Mt 1a: ’ Q ——
6-3)x-6)+®6~-2)y-6)= -2
30— 6)+4(y—6) =0 3x+4y—42=0. e

Vay quy dao chuyén dong clia vat thi nhat sau khi diy bi dit la tia Mt nim trén
dudng thing c¢é phuong trinh 1a: 3x + 4y — 42 = 0.

yi

b) Khodng céch tii tim dudng tron (C) dén dudng thing d: 3x + 4y + 23 =0 la:
p P 342423 o0y
gt
Vi khoang cich tii tim dudng tron (C) dén dudng thing 4 16n hon bdn kinh cta
dudng tron (C) nén dudng tron (C) va dudng thiang d khong c6 diém chung, tic 1a vat

thit hai khong gip vat thd nhat khi ddy chua diit. Mit khéc, vi d // Mt nén vit thd hai
khong gip vat thid nhét sau khi ddy bi dit. VAy hai vat khong bao gio gidp nhau.

. BAI TAP

Phuong trinh nao sau day la phuong trinh dudng tron?
X +y*—2x+2y—-7=0;
b) X2+ Yy’ —8x+2y+20=0.

2. Tim tdm va ban kinh ctia duidng tron trong mdi trudng hop sau:
a) Pudng tron ¢6 phiuong trinh (x + 1) + (y - 5)> = 9;
b) Pudng tron ¢6 phuong trinh x? + y* — 6x — 2y — 15 = 0.

3. Lap phuong trinh dudng tron trong mdi trudng hgp sau:
a) budng tron ¢6 tdm /(- 3 ; 4) ban kinh R = 9;
b) Budng tron ¢6 tam /(S ; — 2) va di qua diém M(4 ; - 1);
¢) Budng tron ¢6 tim I(1 ; — 1) va ¢6 mot tiép tuyén 1a A: 5x — 12y — 1 = 0;
d) PBudng tron dudng kinh AB v6i A(3 ; — 4) va B(— 1 ; 6);
e) budng tron di qua ba diém A(1 ; 1), B3 ; 1), C(0 ; 4).

Poc sach tai hoc10.vn o



4. Léap phuong trinh ti€p tuyén tai diém c6 hoanh d6 bing 3 thudc dudng tron
(x+27°+ @ +7)*=169.

5. Tim m sao cho dudng thing 3x + 4y + m = 0 tiép xiic véi dudng tron
xx+ 1D+ (-2 =4.

6. Hinh 46 md phong mot tram thu phat song dién thoai
di dong dat ¢ vi tri I ¢6 toa o (— 2 ; 1) trong mat
phing toa dd (don vi trén hai truc 1a ki-16-mét).

i ph:l:ll:élng
a) Lap phuong trinh dudng tron mo ta ranh gidi bén
ngodi clia viing phii séng, biét riing tram thu phat séng
d6 dugc thiét k& v6i ban kinh phii séng 3 km.

b) N&u ngudi dung dién thoai 6 vi tri c6 toa do (— 1 ; 3)
thi ¢6 thé s dung dich vu cl@a tram nay khong?
Giai thich.

¢) Tinh theo dudng chim bay, x4dc dinh khoing céch ngin nhat d& mot ngudi 6 vi tri
¢6 toa d6 (- 3 ; 4) di chuyén dugc t6i viing phi séng theo don vi ki-16-mét (lam tron
két qua dén hang phan muoi).

=Y

Hinh 46

7. Ném dia 12 mot mon thé thao thi ddu trong Thé van hoi Olympic mua he. Khi thuc
hién ci ném, van dong vién thuong quay lung lai v6i hudng ném, sau d6 xoay ngugc
chiéu kim déng hé mot vong rudi clia dudng tron dé 1dy da roi tha tay ra khoi dia.

Gia st dia chuyén dong trén mdt dudng tron tim [0 : %] ban kinh 0,8 trong

V39

mit phing toa d0 Oxy (don vi trén hai truc 1a mét). Bén diém M(W ; 2], dia

dugc ném di (Hinh 47). Trong nhiing gidy dau tién ngay sau khi dugc ném di, quy
dao chuyén dong ctia chiéc dia ¢6 phuong trinh nhu thé nao?

VA

(Ngm‘in: https://shutterstock.com) Hinh 47
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SG ' BA DPUGNG CONIC

Tif xa xua, ngudi Hy Lap da biét ring giao tuyén clia

/ miit nén tron xoay va mot mit phing khong di qua
. dinh ctia mét nén la dudng tron hodc dudng cong ma
Duong elip J ta goi 1a duong conic (Hinh 48). Tu “dudng conic”
Buong hypebol  xuit phat tii goc ti€éng Hy Lap konos, nghia la mét nén.

DPutong tron oo =

-

Duong conic gom nhitng logi duong Y‘“"
: S > o e
nao va duoc xdc dinh nhu thé nao? 4

Hinh 48

I. DUGNG ELIP
1. Dinh nghia duong elip

Puong elip 1a mét duong quen thudc vaGi ching ta va
thudng giip trong thuc t&, ching han:

— Quan st mot coc thuy tinh hinh tru ¢6 chiia nudc mau:
Néu dit ding c6c nude trén mit ban nim ngang thi mit
thodng ctia nudc trong coc 12 mot hinh tron, gidi han boi
mot duong tron. Néu ta nghiéng cde nudc di thi mit thodng
ctia nude duge gidi han béi mot duong elip (Hinh 49).

— Nha thién van hoc ngudi Dic la Johannes Kepler
(1571 — 1630) da chdng té rdng: Mdi hanh tinh trong [ : :
Hé Mit Troi déu chuyén dong theo quy dao la mot Hinh 50
duong elip (Hinh 50).

@ (B Dong hai chiéc dinh ¢ dinh tai hai diém F » F, trén mit mot bang g6. Liy mot
vong day kin khong dan hoi ¢6 do dai 16n hon 2F F,- Quang vong day do qua hai chiéc

¢ dinh va kéo cing tai vi tri clia ddu bit chi (Hinh 51).
\ Di chuyén dau biit chi sao cho diy ludn ciing, dau bt chi
A M vach nén mot dudng ma ta goi la duong elip. Goi vi tri cla

dau biit chi 1a diém M.
Khi M thay doi, ¢6 nhén xét gi vé tong do dai MF, + MF,?

\It

Khi M thay doi, tong MF, + MF, LY
2 3 la mét dp dai khong doi. &'\
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' Cho hai diém e ¢6 dinh ¢6 khodng cdch FFE =2c(c>0).

Duong elip (con goi 1a elip) 1a tap hop cdc diém M trong mit phing sao cho
MF | + MF, = 2a, trong d6 a la s8 cho trudc 16n hon c.

Hai diém F, va F, dugc goi 12 hai tiéu diém cta elip.

2. Phuong trinh chinh tic cua elip

Thong thudng ta thiét 1ap phuong trinh ctia mot dudng (thing hoidc cong) trong miit
phing toa do theo hé truc toa @6 Oxy cho trude. Tuy nhién, ddi véi dudng elip, néu lam
nhu vay thi phuong trinh thu dugc c6 thé sé phic tap, khong thuin tién trong van dung.
Vi vdy, khi 1ap phuong trinh ctia dudng elip trén mit phiing, trudc tién ta sé chon hé truc
toa d6 Oxy thuén tién nhat.

—
L
L)

cdc diém M sao cho MF| + MF, =2a, 6d6 F F,=2c (V6i B, (B

Ta chon hé truc toa d6 Oxy c6 goc la trung diém cla F 1 " ; >
truc Oy 1a dudng trung tric clia F F, va F, ndm trén tia Ox

¥ Trong mit phfing, xét duong elip (E) la tap hop A

(Hinh 52). Khi d6, F (= ¢ ; 0) va F,(c ; 0) la hai tiéu diém B,
cta elip (E). Chiing minh ring: Hinh 52

a) A (- a;0)vaAya;0)deula giao diém cta elip (E) véi truc Ox.

b) BI(O :—b)va Bz(O i b),6d0 b = \!az Y , déu la giao diém cna elip (E) véi truc Oy.
Dé ching minh cdc khing dinh trén, ta 1am nhu sau:

a)DoA F =a-cvaAF,=a+cnénA F +AF,=2a.VayA (- a;0) thudc elip (E).
Ma Al(— a ; 0) thudc truc Ox nén Ala; 0) 1a giao diém cha elip (E) véi truc Ox.
Tuong tu, ta chiing minh dugc A(a;0) 1a giao diém cua elip (E) véi truc Ox.

b) Ta co:

BF,=\c-0?+(0-bP =P+’ =a* = a
Vi BQF] = Bze nén BZFI — BzF2 =g +a= 2.{1: Do do, 32(0 ; b) thudc elip (E). Ma
B,(0; b) thudc truc Oy nén B(0 ; b) 1a giao diém cta elip (E) véi truc Oy.

Tuong tu, ta chiing minh dudc: B (0 ; - b) 1a giao diém cta elip (E) vdi truc Oy.

Nhu viy, elip (E) di qua bon diém A](— a;0), Az(a : 1) BI(O ; — b), 82(0 ; b), v61

b:\}az—cz.

D%dc sach tali hoc10.vn



Ta chiing minh dudgc ring:

[ Khi chon hé truc toa do nhu trén, phucng trinh dudng elip c6 thé viét dudi dang
2 .2
X Yy =
—+—=1 trongddba>b>0.
a’> b’

Day goi 1a phuong trinh chinh tdc cia elip.

Chii y
Déi véi elip (E) ¢6 phuong trinh chinh tic nhu da néu & trén, ta cé:
*c*=a*- 1,886 2c=FF,.

* Néu diém M(x ; y) thude elip(E)thi—a<x<a.

Vidul | Trong cdc phuong trinh sau, phuong trinh nao 12 phuong trinh chinh tic ctia
dudng elip?

2 2 2 2 2 2 2 g
A X Y L wr £ . . AR N, % s
d)3—2+3—2—1, b)4—2+3—2——l, 0)3—2+4—2—l, d)4—2+3—2—1
Gidi
) Y 2
Phuong trinh chinh tdc cua elip ¢6 dang . ) _ 1, v6ia > b > 0 nén chi co trudng
a b’

hop d) 14 phuong trinh chinh tic ctia dudng elip.

Vidy2 | Lap phuong trinh chinh tic cla elip (E) ¢6 mot tiéu diém la F(5:0) vad
qua diém M(0 ; 3).

Gidi
Elip (E) ¢6 phuong trinh chinh tic la:
2 2 "
it [ s B @V
& o ? 1 Lap phuong trinh
Do F2(5 ; 0) 1a mot tiéu diém cta (E) nén ¢ = 5. Diém chinh tic cua elip (E) di
02 3 qua hai diém M(0 ; 3) va
M(0 ; 3) niim trén (E) nén — + — = 1. Do d6 b* =9, suy 0
ﬂ'é bz N 3 T ? i

raa®=b*+c*=9+25=734,

Viy elip (E) ¢6 phuong trinh chinh tic la:

2 2
X y

e el I8
34 9
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Il. PUGNG HYPEBOL
Pudng hypebol 12 mot dudng quen thudc véi ching ta va thudng gip trong thuc té,

chidng han:

Mt cdt dimg ciia mot
thdap cdng duge thiét ké
co dang hypebol. Dang
thiét ké do doi hoi it vat

Mt cdt diing ciia Ong
khoi nha mdy dién hat
nhan duoe thiét ké co
dang hypebol.

liéu xdy dyng hon so voi
nhitng dang hinh khdc.

(Nguén: https://flickr.com) (Nguon: https://pixabay.com)

1. Pinh nghia duong hypebol

¥ Dong hai chiéc dinh ¢6 dinh tai hai diém Fs B,
tren mit mot bang g6. Lay mot thude thang c6 mep AB
va mot soi day khong dan hoi ¢6 chiéu dai / thod min
AB - F | F, <1< AB. BDinh mot dau day vao diém A va
ddu ddy kld vao F,. Dt thude sao cho diém B trung véi

E va Id)j dau but chi (ki hiéu la M) ti sdt s¢i day vao
thudc thdang sao cho sgi day ludn bi cang. Soi day khi
d6 1a duong gap khiic AMF.,.

Hinh 53

Cho thudc quay quanh diém B (tring F,), tdc 1a diém A chuyén dong trén dudng tron
tim B c6 bdn kinh bing d6 dai doan thang AB, mép thudc ludn dp sit mit gb (Hinh 53).
Khi d6, dau buit chi M s& vach nén mot dudng ma ta goi 1a duong hypebol.

Khi M thay d6i, ¢6 nhén xét gi vé hiéu MF, - MF,?

LY I &
/@@\@ Khi M thay déi, hiéu

15 Y \ff;’ 2
L~ A MF,~ MF, = (MF, + MA) — (MF,, + MA) = AB — | khong di.

Pl

Cho hai diém FF ¢6 dinh c6 khoang cich F F,=2c(c>0).

Puong hypebol (con goi 1a hypebol) 1a tdp hop cdc diém M sao cho
IMF, — MF,| = 2a, trong d6 a 12 s6 duong cho trudc nhd hon c.

Hai diém F| va F, dugc goi la hai tiéu diém cta hypebol.
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2. Phuong trinh chinh tic ctia dudng

“SEY Dé lap phuong trinh cla dudng
mat phing, trudc tién ta sé chon hé truc to
tién nhat.

Tuong ty elip, ta chon truc Ox la dudng thing F

la dudng trung truc clia doan thang F F,=
toa d6 O 1a trung diém ctia doan thing F,
a) Tim toa do cua hai tiéu diém Fl, J

b) Néu du dodn thich hgp cho [ ? | trong ba

F, (Hinh 54).

hypebol

hypebol trong
a do Oxy thuan
Fys truc Qy
2¢ (¢ > 0), goc

70

Hinh 54

ng sau:

Elip

I

Hypebol

-

Hai tiéu diém F (- ¢ ; 0), F (¢ ; 0).—

> Hai tiéu diém F (- ¢ ; 0), F,(c ; 0).

Elip (E) 1a tap hop cic di€m M sao cho:
MF, + MF, = 2a.

\—

Hypebol (H) 1a tAp hop cic diém M sao cho:

_./'/I;

5| = 2a.

Elip (E) c6 phddng trinh chinh tic 1a:

x y
RN}
a? bE

\

Hypebol (H) ¢6 phuong trinh chinh tic Ia:
2 2
o jenl |
Zgr=1
a b

trong 46 a* = ¢* + b*.

trong d6 a* = ¢*(7) b

\

Ta chiing minh dudgc ring:

[ Khi chon hé truc toa do nhu trén, phuong trinh dudng hypebol ¢6 thé viét dudi dang

2

5 2
2

X

b

=1, trongdéa>0,b>0.

Day goi la phuong trinh chinh tdc cia hypebol.

Chii ¥

Dai véi hypebol (H) ¢6 phuong trinh chinh tic nhu di néu & trén, ta c6:

sd=a +b 60 20=F F,,

va diéu kién a > b 1a khong bit budc.

* Néu di€ém M(x ; y) thudc hypebol (H) thi x < — a hoiic x > a.
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Vidu 3 = Trong cac phuong trinh sau, phuong trinh nao ?
1a phuong trinh chinh tic ctia dudng hypebol? 2 Viét phuong trinh

hypebol sau diy dudi
2 2 2 2 Yp y
x__y_:_l- b A 1: dang chinh tic:
52 42 ’ )42 g 2 o2
; y ; 4x"—9y"=1.
Gidi
2 2

Phuong trinh chinh tic ctia hypebol ¢6 dang — — 2= =1, véi a > 0, b > 0 nén céc
a

trudng hop b), ¢), d) 1a phuong trinh chinh tic cta dudng hypebol.

Vidu4 | Viét phuong trinh chinh tic ctia dudng hypebol (H) c¢6 mét tiéu diém 1a
F,(6;0) vadiqua diém A,(4:0).

Gidi N
Gid sit hypebol (H) ¢6 phuong trinh chinh tic 12 2= — 2= = 1 véia >0, b> 0.
a b~
4 @
Do A2(4 ; 0) thudc (H) nén g s I, suyraa=4. Ma F2(6 : 0) 1a tiéu diém cua (H)
a b

nén ¢ = 6. Suy ra
b*=c* - a*=36- 16 = 20.
2 ol
Vay hypebol (H) c¢6 phuong trinh chinh tic 1a T—fu - % =']

Ill. PUONG PARABOL

Ciing nhu hai duong elip va hypebol, dudng parabol la mot dudng quen thudc vdi ching
ta va thudng gip trong thuc t&, ching han:

Dé gidm luc tdac dong lén cay cau Dai phun nude
nguoi ta thiét ké cau cé dang hinh parabol voi cdc tia nidc co dang hinh parabol
A = - A~ i T . - .
quay be lom xudng phia dudi. (Nguon: https://commons.wikimedia.org)

(Nguon: https://commons.wikimedia.org)
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1. Pinh nghia duong parabol

S EP iy duong thing A va mot diém F khong thudc A. Lay mot é ke ABC (vudng 6 A)
va mdt doan diy khong dan hoi, c¢6 do dai bfing AB. Dinh m6t diu day vao diém F, diu

kia vao dinh B ctia é ke. it & ke sao cho canh AC niim trén A, 14y dau biit chi (ki hiéu 1a

di€ém M) ép sat s¢i diy vao canh AB va gili ciing soi day.
Liic ndy, soi diy chinh 1a dudng gip khic BMF.

Cho canh AC cua € ke trudgt trén A (Hinh 55). Khi do,
diu bt chi M sé vach nén mot dudng ma ta goi la
duwong parabol.

Khi M thay d6i, c6 nhin xét gi vé khoang cdch tit M dén F
va khodng cdch tit M dén dudng thang A?

Khi M thay doi, ta c6: MA + MB = MF + MB (= AB).

Do d6 MA = MF.

F

V ¥ = A |
Cho mot diém F ¢6 dinh va mot dudng thing A ¢6 dinh khong di qua F.

Putong parabol (con goi 1a parabol) 12 tip hop cdc diém M trong miit phing cich

déu F va A.

Diém F dugc goi 1a tiéu diém cla parabol. Pudng thing A dugc goi 1a dudng

chuén clia parabol.

2. Phuong trinh chinh tic ctia parabol

) Cho parabol (P) véi tiéu diém F va dudng chudn A.

Ciing nhu elip, dé 1ap phuong trinh ctia (P), trudc tién ta
s& chon hé truc toa do Oxy thuén tién nhat.

Ké FH vudng géc véi A (H € A).Ddt FH=p>0. Tachon
hé truc toa dd Oxy sao cho O 1a trung diém doan thﬁng FH
va F nim trén tia Ox (Hinh 56).

Suy ra: F[% : 0}, H[—g : 0] va phuong trinh dudng
thing A 12 x +§: 0.

Poc sach tai hoc10.vn

YA
R M(x;y)

P
—r .

H| O F(£ . 0) X

2
A
Hinh 56

99



)
x+ 2

Do d6 khoang cach tii M(x ; y) € (P) dén duong thf’mg Ala

Ta c6: M(x ; y) € (P) khi va chi khi @6 dai MF bing khodng cédch tii M t6i A, tdc 1a:

2 2 2
[x—ﬁj +yz: @[x—gj +yz:[x+£)
2 2 2 2

[ Khi chon hé tryc toa dd nhu trén, phuong trinh dudng parabol ¢6 thé viét dudi dang

y2=2px (p >0).
Day goi 1a phuong trinh chinh tdc ciia parabol.

Chii y: D61 vé6i parabol (P) ¢é phuong trinh chinh tic y* = 2px (p > 0), ta cé:

* Tiéu diém la F[g 5 0] va phuong trinh dudng chuan 1a: x + ‘;—J = 1

* Néu diém M(x ; y) thudc parabol (P) thix = 0.

Vidu 5 = Trong céc phuong trinh sau, phuong trinh nao 14 phuong trinh chinh tic cta
dudng parabol?
a) y* = — 6x; b) y* = 6x; c) X2 = - 6y; d) x? = 6y.
Gidi
Phuong trinh chinh tic ctia parabol c6 dang y* = 2px véi p > 0 nén chi ¢6 trudng hgp b)
12 phuong trinh chinh tic clia dudng parabol.

Vidu 6 = Viét phuong trinh chinh tic ctia parabol (P) biét:
a) (P) c6 tiéu diém 1a F(5 ; 0); b) (P) di qua diém M(2 ; 1).
Gidi
Goi phuong trinh chinh tic clia parabol (P) la: y* = 2px (p > 0).
a) Vi (P) ¢6 tiéu di€ém 12 F(5 ; 0) nén ;—) = 5,ticlap=10. p

3 Viét phuong trinh

Viy phuong trinh chinh tic ctia parabol (P) 1a y* = 20x.
. . - cdc parabol sau day dudi
b) Do diém M(2 ; 1) nam trén (P) nén 1 =2p . 2, tic la dang chinh tic:
5

&

Ly
4 2
b) x—y*=0.

1 ,
= E.Vz’jy phuong trinh chinh tac cta parabol (P) la By =
)1 — f
2
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IV. MOT SO UNG DUNG THUC TIEN CUA BA PUOGNG CONIC

Ba dudng conic ¢6 nhiéu ting dung trong thuc tién. Ta néu ra mot vai ting dung ctia ba
dudng conic.

1. Nim 1911, nha vat Ii hoc ngudi Anh 12 Ernest Rutherford (1871 - 1937) da dé xuit
mo hinh hanh tinh nguyén td, trong d6 hat nhan nhé bé ndm tai tAm ctia nguyén tii, con
céc electron bay quanh hat nhan trén cac qu¥y dao hinh elip nhu cac hanh tinh bay quanh
Mat Troi (Hinh 57).

Hinh 57 Hinh 58
2. Trong vt li, hién tugng hai séng gidp nhau tao nén cdc gon séng 6n dinh goi 1a hién
tugng giao thoa cta hai séng. Cic gon séng c6 hinh ciac duong hypebol goi la cic van
giao thoa (Hinh 58).
3. V6i guong parabol, tia sdng phét ra tif tiéu diém (tia t6i) chi€u dén mot diém cua
parabol s€ bi hit lai (tia phan xa) theo mot tia song song (hodc trung) véi truc cua
parabol (Hinh 59).

Hinh 59 Hinh 60 Hinh 61
Tinh chét trén c6 nhiéu dng dung, ching han:

— DPen pha: Bé miit ctia den pha 1a mot mit tron xoay sinh bdi mot cung parabol quay
quanh truc ctia né, béng den dugc dit & vi tri tiu diém cha parabol d6 (Hinh 60). Céc tia
sdng phat ra tii béng dén khi chi€u dén bé mit ctia den pha sé bi hit lai theo cdc tia sing
song song, cho phép ching ta quan sat dudc cic vat & xa.

— Chéo vé tinh ciing c6 dang nhu den pha. Diém thu va phat tin hiéu ctia may dugc dit
6 vi tri tiéu diém cha parabol (Hinh 61).
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. BAI TAP

Phuong trinh nio sau day la phuong trinh chinh tic cta elip?

2 2 2 2 2 2 2 -
a)—)f-—+——_--=1; b—-—-——-}—-:l; )L+~——1; )f-—+-y-—-—l
64 25 25 64

2 2

2. Cho elip (E) c6 phuong trinh chinh tic 1—9 + ;—5 = 1. Tim toa d6 cdc giao di€ém cuia

(E) véi truc Ox, Oy va toa dd cac tiéu diém cta (E).
3. Viét phuong trinh chinh tic ca elip (E), biét toa do hai

giao diém ctia (E) v6i Ox va Oy lan lugt 1a A (- 5 ; 0) ;k S g
Vi B,(0;~/10). Nk

4. Ta biét ring Mit Tring chuyén dong quanh Trdi Dat A [T 2‘;! 4,
theo quy dao 12 mot elip ma Trai Dét 1a mot tidu diém. 4 *
Elip d6 ¢6 A A, = 768 800 km va B B, = 767 619 km
(Ngur’in: Ron Larson (2014), Precalculus Real Mathematics, Real B,
People, Cengage) (Hinh 62). Viét phuong trinh chinh tic Hinh 62

cua elip do.

5. Nhiing phuong trinh nio sau diy 14 phuong trinh chinh tic ctia hypebol?
a)ﬁ—l-ﬁ:l; bﬁ—ﬁzl; —z—ﬁ I; d)ﬁ—ﬁzl.
9 9 9 9 9 64 64 9
6. Tim toa do céc tiéu diém ctia dudng hypebol trong mdi trudng hgp sau:
2y o y? 4
9 16 36 25

7. Viét phuong trinh chinh tc ctia hypebol (H), biét N(+/10 ;2) nim trén (H) va
hoanh d6 mot giao diém ctia (H) vdéi truc Ox bing 3.
8. Nhiing phuong trinh nio sau diy la phuong trinh chinh tic ctia parabol?
a) y* = — 2x; b) y* = 2x; c) x* == 2y; d) y2 = \/gx.
9. Tim toa do tiéu diém va viét phuong trinh dudng chuéin cta dudng parabol trong
mdi trudng hop sau:
3
8) Y =25 b) y* = 2v2x. ) a
10. Viét phuong trinh chinh tic ca dudng parabol, biét tiéu /
diém la F (6 ; 0).

P
>

=Y

AN
11. Mot chiéc den cé mit cit ngang 12 hinh parabol (Hinh 63). I2)
Hinh parabol ¢6 chiéu rong gitia hai mép vanh la |
AB =40 cm va chiéu siu & = 30 cm (% bing khoéng cdch \
tif O dén AB). Béng dén nim & tiéu diém S. Viét phuong ' 3
trinh chinh tic ctia parabol dé. Hinh 63

3
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BAI TAP CUOI CHUONG VII

Chon chit cdi diing trudc phuong dn diing (tit bai 1 dén bai 4)

1. Trong mat phﬁng toa dd Oxy, cho A(3 :;4), B(2 ; 5). Toa do cha AB la:
A.(1;-1). B.(1 ;)i C.—1:1) D.(-1;-1.

2. Vecto nao sau diy 12 mot vecto phap tuyén clia dudng thing A: 2x — 3y +4 =0?
A.n=(3;2). B. n, =(2; 3).
C.iy=3;-2) D. n, =(2 ;- 3).

3. Toa d6 tam I ctia dudng tron (O): (x + 6)* + (y — 12)> = 81 la:
A.(6;-12). B.(-6;12). C.(-12;6). D. (12 ;- 6).
4. Khoang cdch tit diém A(1 ; 1) dén dudng thing A: 3x + 4y + 13 = 0 bing:
. . B. 2 i D. 4.
5. Trong mit phfing toa A0 Oxy, cho tam giac MNP c6 M(2 ; 1), N(— 1 ; 3), P(4 ; 2).
a) Tim toa dd cua cac vecto OM, MN, MP;
b) Tinh tich v huéng MN . MP:
¢) Tinh do dai cac doan thfmg MN, MP;
d) Tinh cos NMP;

e) Tim toa do trung diém I ctia NP va trong tim G ciia tam gidc MNP.

6. Lap phuong trinh tng quat va phuong trinh tham s6 clia dudng thang d trong mi
truong hop sau:
a) d di qua diém A(- 3 ; 2) va c¢6 mdt vecto phdp tuyénla i = (2 ;- 3);
b) d di qua diém B(— 2 ; — 5) va c¢6 mdt vecto chi phuong la i@ = (- 7 ; 6);
¢) d di qua hai diém C4 ; 3) va D(5 ; 2).

7. Lap phuong trinh dudng tron (C) trong mdi trudng hop sau:
a) (C)cotam I(- 4 ;2) vaban kinh R = 3;
b) (C) c6 thm P(3 ; — 2) va di qua diém E(1 ; 4);
¢) (C) ¢6 tam Q(5 ; — 1) va tiép xiic v6i dudng thang A: 3x + 4y — 1 = 0;
d) (C)diquabadi€mA(-3;2),B(-2;-5)vaD(5;2).
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8. Quan sat Hinh 64 va thuc hién cic hoat dong sau: Y4
a) Lap phuong trinh dudng thing d;
b) Lap phuong trinh dudng tron (C);
¢) Lap phuong trinh tiép tuyén cta dudng tron (C) tai | //|
diém M2 + V2 ; 1+ 2). Lo
9. Cho hai dudng thing
At Px+ y—4=0, A, x+\/§y—2\/§:0. Hinh 64
a) Tim toa do giao diém hai dudng thang da cho;
b) Tinh géc « giita hai dudng thing di cho.

10. Cho biét mdi dudng conic ¢6 phuong trinh dudi day 1a dudng conic dang nao (elip,
hypebol, parabol) va tim toa do tiéu diém cta dudng conic do.

g 20 yz PLRN
a) ¥y = 18x; b) —+—=1; ) ———=1
)y )64 25 )9 16
11. Cho tam giac AF]FZ, trong do A(0O ; 4), F](— 3 30), F2(3 2 ().

a) Lap phuong trinh tong quit clia cdc duong thing AF, va AF,.

b) Lap phuong trinh dudng tron ngoai tiép cla tam gidc ARF..

¢) Lap phuong trinh chinh tdc cua elip (E) ¢6 hai tiéu diém 1a FI, F2 sao cho (E) di
qua A.

12. Trén man hinh ra da ctia dai ki€ém so4t khong luu san bay A ¢6 hé truc toa @6 Oxy
(Hinh 65), trong d6 don vi trén mdi truc tinh theo ki-16-mét va dai kiém sodt dugc
coi 1a goc toa dd O(0 ; 0). Néu mdy bay bay trong pham vi cdch dai ki€ém sodt
500 km thi s& hién thi trén man hinh ra-da nhu mot diém chuyén dong trong miit
phing véi hé truc toa dd Oxy. Va
Mot mdy bay khdi hanh ti san bay B lic 14 gid. Sau 500
thoi gian 7 (gid), vi tri cia mdy bay duge xdc dinh baéi
diém M c6 toa d6 nhu sau:

~500\ 0O 500 x
1600 1400 k/
X = . t

3 3 ~500
1900 1400
y = = L. :
3 3 Hinh 65

a) Tim vi tri cha mdy bay lic 14 gid 30 phit. Thoi diém ndy mdy bay da xudt hién
trén man hinh ra-da chua?

b) Lic may gid mdy bay bay gan dai kiém sodt khong luu nhat? Tinh khodng cédch
gilta mdy bay va dai kiém sodt khong luu liic dé.

¢) May bay ra khoi man hinh ra-da vao thdi gian nao?
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THUC HANH PHAN MEM GEOGEBRA

(NEU NHA TRUONG CO BIEU KIEN THUC HIEN)

I. GIOI THIEU PHAN MEM GEOGEBRA

Hién nay, trén thé gidi ¢6 nhiéu phan mém toén hoc, trong d6 ¢6 phan mém GeoGebra.
GeoGebra 13 phan mém mién phi, dé st dung, than thién v6i ngudi diing va c6 cdc phién
ban cho khodng 80 ngdn ngit khdc nhau. Sau khi da cai dit phan mém, viéc chuyén doi
ng6n ngit (ching han tii tiéng Anh sang tiéng Viét) hét stic don gian. Phan mém GeoGebra
c6 pham vi st dung rit rong (Hinh hoc phéng, Hinh hoc khong gian, Dai s8, Giai tich,
Xdc suat, Thong ké, Bang tinh dién tif) va trén nhiéu hé diéu hanh khdc nhau, c6 thé chay
tric tuyén (online) ho#ic cai dit vao mdy tinh, dién thoai thong minh va hd tro rit tot cho
viéc day hoc mon Toén cling nhu gido duc STEM.

Dé st dung phan mém GeoGebra, ching ta co thé st dung online tai dia chi https:/www.
geogebra.org/ hodc tdi tii dia chi https://www.geogebra.org/download va cai dat vao may
tinh hoiic dién thoai thong minh, sau dé cai dit ngoén ngii Tiéng Viét dé st dung.

Il. THUC HANH PHAN MEM GEOGEBRA

1. Bi¢u dién mién nghiém hé bat phuong trinh bic nhat hai 4n

€2 Goaleben Ousic - o X

Budc 1. M6 trang GeoGebra (Hinh 1). () #6004 N 2 5o Q=
+N>1i|p|h..._|\"||'| [ I | p{ 1Eatdnia) P

Butde 2. Nhép tiing bat phuong trinh vao 6
Nhap Iénh: va bam enter. g

Khi d6 man hinh s& hién thi mién nghiém s

chia ting bat phuong trinh, 1A mién dugc to Sl

mau. Mién nghiém ctia hé 1a mién giao ctia

titng bat phuong trinh va dide biéu dién boi il 1 il B
mién mau dam hon. i e e e e
Hinh 1
Vidul | Biéu dién hinh hoc,téjp nghiém Ef’ Bit) difnitint hoo
ctia hé bat phuong trinh bic nhat hai 4n sau: tdp nghiém ctia hé bat
phu’dng trinh biAc nhit
3x-y+3>0 hai 4n sau:
= Uy By 6L 0 X-2y+3<0
XS5y >—20
2x+y+42=0. x <0
106
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Hudng dan | | » S o

51— T T =

Budc 1. M6 trang GeoGebra. i ;"’J | :
Butdc 2. Nhip bit phuong tiinh 3x —y + 3 > 0 A

vao O Nhap lénh: vi bAm enter, S [ It Ean |

man hinh s& hién thi nhu Hinh 2. Mién nghiém il i B ';': e 1 i

ctia bit phuong trinh 3x —y + 3 > 0 la mién duoc :':h_ _; HE
t6 mau. Puong nét dut bieu th1 mién nghiém 4

-
.
B
L
|

khéng chita cac diem nam trén duong thang

3x—y+3=0. Ao

Butde 3. Tiép tuc nhap tiing bat phuong trinh con
lai nhu sau: — 2x + 3y — 6 <0 (2x+3y-6<=0);
2x +y + 4 > 0 (2x+y+4>=0). Khi d6 man hinh
s€ hién thi nhu Hinh 3. Mién nghiém cta hé la

mién duge t6 mau ddm nhit. Cdc duong nét
lien: —2x +3y -6 =0; 2x + y + 4 = 0 biéu

thi cdc diém nim trén hai dudng thiing d6 ciing
thuéc mién nghiém.

Hinh 3

2. V& cac duong conic
a) Gidi thiéu mét s6 cong cu co bdn trong phan mém GeoGebra dé vé hinh

Sau diy 1a mot s& cong cu co ban trong phan mém GeoGebra dé vé hinh:

[ | Di chuyén: Ta c¢6 thé st dung chudt dé kéo va tha cic doi tugng ti do. Khi ta nhép
chon mt d6i tuong trong cdng cu Di chuyén, ta c6 thé xod ddi tugng bang niit Delete
hoiic di chuyén ddi tugng bing cdc phim miii tén.

A| Piém méi: Nhdy chudt 1én ving lam viéc d€ vé mot diém méi.

/| Puong thing (biét hai diém thudc duong thang): Nhay chudt vio biéu tugng, sau
d6 nhdy chudt 1én vi tri di€m thi nhat (6 viing lam viéc) roi di chuyén con trd va nhdy
chudt 1én vi tri diém thir hai.

()| Elip (biét hai tiéu diém va mot diém thude elip d6): Nhdy chudt vao biéu tugng,
sau d6 nhay chudt 1én vi tri hai diém phan biét ¢ vimg lam viéc dé vé hai tiéu diém, rdi
di chuyén con trd dén vi tri mot diém thudc elip va nhdy chudt.
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F

Hypebol (biét hai tiéu diém va mot diém thude hypebol dé): Céch lam tuong tu
nhu doi vdi elip.

Xe Parabol (biét tiéu diém va dwomg chuén): V& dudng chudn. Nhay chudt vao biu

tugng, sau do nhdy chudt 1én vi trf mot diém & ving lam viéc dé vé tiéu diém, 161 di
chuyén con tré den vi tri durong chuan va nhay chudt.

b) Thuc hanh vé ba duong conic

CACH 1. Diing biéu tuong dé vé elip (hypebol, parabol):

Nhdy chudt vao biéu tugng [(C )| (3, Re) va thyc hién cdc bude nhu md ta & trén.

CACH 2. Dung lénh vé ba dudng conic khi biét tiéu diém va diém thudc dudng conic
(hodc dudng chuin):

—DE vé elip (hypebol) c6 toa do hai tiéu diém (—c ; 0), (¢ ; 0) va di qua difm M(m ; n) ta
nhap Iénh:

+ Dai véi elip: Elip((—¢,0),(c,0),(m,n)) roi bAm enter.
+ Dai véi hypebol: Hypebon((—¢,0),(c,0),(m,n)) rdi bim enter.

— Dé vé parabol biét toa dd tiéu diém (c ; 0) va dudng chudn x —a =0, ta nhép 1énh:
Parabon((c,0),x — a=0) rdi bAm enter.

Chii y: Khi nhép Iénh, toa do ctia diém dugc ngéin cach bdi dau «,”.
CACH 3. Dung lénh vé ba dudng conic khi biét phucng trinh chinh tic:

— Trong trudng hop cac s6 a, b, p ¢ gia tri cu thé;
2 2
.
=

1, ta nhap phuong trinh vao 6 Nhéap lénh:
b_

+ Péi véi elip: x_2 +
nhu sau: 4
X2 [ a2 + y™2 / b2 = 1 (hoic st dung ban phim 40 ¢6 cdng thic todn dé nhap) roi

bam enter.
2

+Déi voi hypebol: —— —

g = 1, ta nhdp phuong trinh vao 6 Nhéap lénh:
nhu sau:

2
Y
F 2
X2 [/ a2 — y?2 / b2 = 1 (hodc sti dung ban phim 40 ¢6 cdng thiic todn dé nhap) rdi
bam enter.

+ D061 véi parabol: 2 = 2px, ta nhdp phuong trinh vao 6 Nhap lénh:

nhu sau:

y"2=2%p*x (hodc sti dung ban phim 40 ¢6 cong thiic toan dé nhip) rdi bim enter.
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— Trong truong hop céc s6 a, b, p la cac tham s6 co thé thay doi gia tri:
+ Tao thanh truct a: Nhay vao
ving lam viéc xudt hién bang cho phép thiét 1ap thong tin cho thanh trugt: én thanh
trugt (a), gid tri dang s, gid tri cyc tiéu, gia tri cyc dai.

232, sau d6 nhday chudt 1én vung lam viéc, khi d6 trén

+ Tao thanh trugt b va p: Lam tuong tu nhu trén.
+ Nhip phuong trinh chinh tic chia cdc dudng conic vao & Nhap lénh:
(gili nguyén cac tham s6), sau d6 bam enter.

+ Dich chuyén trén thanh trugt dé thay doi gia tri a, b, p ta duidc cdc hinh dudng conic
tuong dng.

Vidu2 = V& hinh trong mdi trudng hop:
a) V& elip biét hai tiéu diém E.(~ 3:0), F2(32; 0) vil di€m c6 toa do (0 ; 4) thudc elip;
b) V& hypebol biét phuong trinh chinh téc ’l‘—ﬁ 2 ;—5 =1
c) VEé parabol tai cac gidtrip=2,p=3.

Hudng dan \
a) Nhap lénh: Elip((-3,0).(3,0),(0,4)) vao 6 nhap Iénh

roi bAm enter.

E_ 2 Vé hinh trong mdi trudng
hop:

a) VE hypebol biét hai tiéu
diém E(—5;0),F(5;0) va
diém (3 ; 0) thudc hypebol;

b) V& parabol biét phuong trinh
chinh tic: y? = 5x;

2 2

b) Nhip phuong trinh ’l‘—ﬁ y % = 1 vao 6 nhap lénh:

x"2/16—y"2 /25 =1 (hodc st dung ban phim do ¢6
cong thic todn dé nhap) va bim enter.

¢) Tao thanh trigt p, sau d6 nhap phuong trinh parabol:
yA2=2px. Dich chuyén thanh trugt p vio cdc gia tri
2; 3 d€ nhan hinh dudng parabol tuong tng & Hinh 4a

c¢) VE elip tai céc gid tri a = 3,
b=lvia=061=35

va Hinh 4b.
{2 GeoGebra Classic r O X (7 GeoGebra Classic - a X
—_— e 4
% @
p= 2 2 p=3 2
- ®&—
1 1 i
b, r
-4 -3 -2 -1 0 1 2 3 @\ ? -4 -3 -2 -1 0 1 2 3 G\ ?
-1 Q -1 Q
s _ £3 3 =
a) b)
Hinh 4
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3. V& biéu do va tinh céc sd dic trung do xu thé trung tam, do miic d9 phén tin
cho mau s6 liéu khong ghép nhém

a) Gidi thiéu céng cu co bdn

E:|: Hién thi Spreadsheet: Tao bang dé nhdp di lieu (Nhdy chudt vao biéu tugng
roi chon E dé xuat hién céng cu cin ding).

: Phan tich thdng ké.

b) Thuc hanh
Vidu3 - Nhiét d@ (don vi: °C) 6 Thanh ph& H6 Chi Minh ngay 03/6/2021 sau tdm lan
do la:
27 26 28 32 34 35 30 28
V& biéu dd cot mo ta tn sd va tim s6 trung binh cong, trung vi, td phan vi, phuong sai, do
1éch chuén clia mau s6 lidu trén.

Budc 1. Nhay chudt vao Butde 3. Chon bang du liéu: Nhdy chudt chon cot A.
=1 ] a . ‘ar W G
=-|: Hién thi Spreadsheet Chon , roi nhin vao HE‘ Phan tich 1 bién . Khi d6

dé hién thi bing. man hinh xuét hién biéu @6 nhu Hinh 6.

Bitoce 2. Nhfip du liéu vVao C@t A cla Bi€u dd hinh cét v 3| 9y 1219

bang nhu Hinh 5. 4 ol

‘ 5|5 02 X
A B 15

1 27

2 26 ’ L e A - s

3 28

4 32 |

5 34 05

6 35

7 30 0 —

8 28 24 26 28 30 32 34 H
Hinh 5

Bude 4. Nhiy chut vao (2x] ta
nhén dugc bang nhu Hinh 7.

Tt d@6 ta doc dudc cdc két qua:

S& trung binh cdng (Trung binh) 14 30.
D6 1éch chuin (o) 14 3,1225.

TG phéan vi la: Q1 = 2.5 Q2 =29
Q,=33.

Hinh 7
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BANG GIAI THICH THUAT NGU

THUAT NGU GIAI THiCH TRANG

bién cd
chinh hgp chip k ctia

n phan ti
(ke N0<k<n)

hodn vi ciia n phan tit

khong gian mau ctia
phép thi

cong thie nhi thic
Newton

phép thit ngiu nhién
phuong trinh

duong tron

phuong trinh chinh tiic

cua elip

phuong trinh chinh tic
cua hypebol

phuong trinh chinh tic
cuia parabol

phuong trinh téng quat
cua duong thang

. A" ~ s » re
sai s0 tuyét doi cua so
A -
gan dang

sai s6 tuong déi clia s0
gan ding

so d6 hinh cay

toa do cua vecto u

t6 hop chap k cha n
phan tii (k e N,0 <k <n)

mot tip con clia khong gian mau

mbi két qua ctia viéc 1dy k phén ti tif n phin ti cha mot tip hop
va sip x&p ching theo mot thi ty ndo dé

mdi két qué cta su sdp xép n phan tif cia mdt tip hop
tAp hop tat ca cdc két qua c6 thé c6 chia phép thit dé

cong thic khai trién tong quét cta biéu thiic (a + b)"

mot thi nghiém ma ta khong dodn trude duge két qua nhung xéc
dinh dudc tip hop tat ca cdc két qua ¢6 thé ¢6 chia thi nghiém d6

phuong trinh ¢cé dang (x—a)’+ (y— b)’=R*(R>0)

2 2
X y b
a2+b—2—l{a>b>{))

phuong trinh ¢6 dang

2. .2
phuong trinh c6 dang x_z_ Y
a’ ‘b

=1(a>0,b>0)

~=
phuong trinh ¢6 dang y* = 2px (p > 0)

phuong trinh ¢6 dang ax + by + ¢ = 0 (a*> + b* # 0)
gid tri tuyét d6i chia hiéu gilta s6 ding @ va s6 gan ding a:
A, = |E - a|
ti s6 giffa sai O tuyét d6i va gi4 tri tuyét d6i cha s6 gin ding a:
(
4=
lal
s0 d6 bit diu tai mot nit duy nhat véi cdc nhanh tod ra cdc nit
bo sung

toa d6 ctia diém M sao cho OM =ii v6i O gbc toa do

moi tp con gdm k phin ti 18y tif n phin t ciia mot tap hop

D]c])% sach tai hoc10.vn

47

12

11

46

18

46

88

94

97

100

76

2
[88]

15



BANG TRA CUU TU NGU

bién c6 chic chin

bién ¢6 doi

bién ¢ khong

bién ¢6 ngiu nhién

biéu thic toa do cia phép cong hai
vecto

biéu thiic toa do ctia phép nhin mot
s& v6i mot vecto

biéu thic toa do ctia phép trit hai vecto
biéu thiic toa d6 cha tich vo hudng
d6 chinh xac ctia mot s6 gan ding
d6 1éch chuan

duong chuan ciia parabol

duong elip

duong hypebol

duong parabol

gia tri bat thuong

goc gitta hai dwong thing

két qua thuan loi

khoéang bién thién

khoang cach tir mot diém dén mot
duong thang

khoang trai giita

khoang tir phan vi

khong gian mau

mo hinh toan hoc

mot

nguyén li xac suat bé

phan mém toan hoc GeoGebra

phuong sai
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67

67

phuong trinh dwong thing di qua
hai diém
phuong trinh dudng tron

phuong trinh tiép tuyén ciia dudng
tron

phuong trinh tham s8 cta dudng
thing

quy tic cong

quy tdc nhan

sai s6 ciia 86 gan dung

6 cac chinh hop

s0 cac hoan vi

s6 cac t6 hop

s0 gan dung,

s6 quy tron

s6 trung binh cong

toa d6 cia mét diém

toa 6 ctia vecto

toa do trong tam tam giac

toa @6 trung diém doan thing
trung vi

t phan vi

vecto chi phuwong cua duong th§ng
vecto domn vi

vecto phap tuyén ciia dwong thing

vi tri twong d6i clia hai duong
thang

XAC suat

XAc suat ctia bién ¢

78

87

81
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NHA XUAT BAN DAIHOC SU PHAM
Pia chi: Tang 6, Toa nha s6 128 dudng Xuan Thuy, quan Cau Giay, TP. Ha Noi
Pién thoai: 024.37547735
Email: nxb@hnue.edu.vn | Website: www.nxbdhsp.edu.vn

Chiu trdch nhiém xudt ban:
Giam d6c: NGUYEN BA CUONG
Chiu trach nhiém néi dung:
T6ng bién tap: DO VIET HUNG

Chiu trdch nhiém té chirc ban thao va ban quyén néi dung:
CONGTY €O PHAN PAU TU XUAT BAN - THIET Bl GIAO DUC VIET NAM
Chu tich H6i déng Quan tri: NGUT NGO TRAN Al
Téng Giam déc: VU BA KHANH

Bién tap:
TA THI ANH — NGUYEN THI NGAN — DAO ANH TIEN
Thiét ké sdch:
NGUYEN THI PHUONG YEN
Trinh bay bia:
PHAN THI LUONG
Stra ban in:
LE TRUNG DUNG — VU MANH HUY

TOAN 10 - TAP HAI

Ma sé:
BB
In ....cuén, khé 19 x 26,5¢m, tai ......
7, - Wl - | O SRR S S SR
S6 xac nhan dang ki xuat ban: ..-.../... /..m.../...
Quyét dinh xuat ban soé: ... /...-.. ngay ... /... /...

In xong va ndp luu chiéu

Poc sach tai hoc10.vn



yoén 10 1a cubn sach gido khoa danh cho hoc sinh

"

I&p 10, thudc bd sach giao khoa “Canh Diéu”, thyc hién
theo “Chwong trinh Giao duc phé théng 2018”.

Sach gbm hai tap va chuyén dé hoc tap dwoc bién soan
dap (rng yéu cau phat trién phdm chéat va ndng Iwc ciia hoc
sinh. Cac hoat ddng hoc tap duoc té chirc theo tién trinh
tr dé dén kho, hwdng dén viéc khdm pha, phat hién, thuc
hanh, van dung giai quyét van dé trong thwc tién, phu hop
v@i trinh d6 nhan thirc cla hoc sinh. Sach dwoc trinh bay
hap dan, khoi goi sw td mo, kich thich hirng tha, tao dwng
niém tin trong hoc tdp mén Toan & hoc sinh.

Sach 1a san pham tdm huyét cla tap thé tac gid — nhirng
nha giao, nha khoa hoc giau kinh nghiém trong giao duc
phd théng.

TEM CHONG GIA com/huong-dan) dé kiém tra sach gia

1. Quét ma QR hoéc dung trinh duyét web

o dé truy cap website b sach Canh Diéu:
N www.hoc10.com

SU DUNG 2 Vao muc Huéng dan (www.hoc10.

va xem hwong dan kich hoat st dung
hoc liéu dién tc.
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